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Abstract

Uncertainty plays a key role in economics, finance, and decision sciences. Finan-
cial markets, in particular derivative markets, provide fertile ground for understanding
how perceptions of economic uncertainty and cashflow risk manifest themselves in asset
prices. We demonstrate that the variance premium, defined as the difference between
the squared VIX index and expected realized variance, captures attitudes toward un-
certainty. We show conditions under which the variance premium displays significant
time variation and return predictability. A calibrated, generalized Long-Run Risks
model generates a variance premium with time variation and return predictability that
is consistent with the data, while simultaneously matching the levels and volatilities
of the market return and risk free rate. Our evidence indicates an important role for
transient non-Gaussian shocks to fundamentals that affect agents’ views of economic

uncertainty and prices.
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1 Introduction

That idea that volatility has a role in determining asset valuations has long been a corner-
stone of finance. Volatility measures, broadly defined, are considered to be a useful tool
for capturing how perceptions of fundamental economic uncertainty manifest themselves in
prices. The derivatives markets, where volatility plays a prominent role, are therefore es-
pecially relevant for unraveling the connections between uncertainty, the dynamics of the
economy, preferences and prices. This paper focuses on a derivatives-related quantity called
the variance premium, which is measured as the difference between (the square of) the

CBOE’s VIX index and the conditional expectation of realized variance.

The variance premium provides a useful vehicle for understanding the connection between
uncertainty in the economy and asset prices. An example of this connection, which we take as
further motivation for focusing on the the variance premium, is the recent evidence presented
in Bollerslev and Zhou (2007) highlighting the large, statistically significant predictive power
of the variance premium for stock market returns. In this paper, we show theoretically that
the variance premium is intimately linked to fundamental economic uncertainty and we
derive conditions under which it predicts future stock returns. We further document several
important new empirical features of the variance premium and its return predictability. We
then proceed to analyze whether a generalized Long Run Risks (LRR) model with a rich set of
transient dynamics can quantitatively account for the time variation and return predictability
of the variance premium in addition to matching 'standard’ asset pricing moments such as

the level and volatility of the equity premium and risk free rate.

The variance premium is the difference between the price and expected payoff of a trading
strategy that pays off best when the realized variance of returns is high. That this difference
is essentially always positive (the price is higher than the expected payoff) reflects its function
as a hedging strategy. Agents are willing to pay an insurance premium for an asset whose
payoff is high when shocks to the economic state are large (i.e. when realized return variation
is large). The conditional variance, a member of the state vector, is particulary volatile and
prone to sharp increases. Moreover, volatility increases are associated with large negative
returns, a well-documented phenomenon known as the ‘leverage effect.” Hence, hedging
shocks to volatility is an important function of the aforementioned variance asset. The
high price of this asset (i.e. its role as a hedge) highlights the idea that agents must be

averse to volatility /uncertainty in the state of the economy. In the Long Run Risks model



of Bansal and Yaron (2004), agents prefer early resolution of uncertainty and consequently
dislike economic uncertainty. Hence, variation in economic uncertainty, as captured by time
variation of cashflow volatility (e.g., consumption and dividend growth), is, in that model,
an important priced risk-source that leads to time varying risk premia.! This feature of the
model also plays a prominent role in accounting for time variation in the variance premium.
Specifically, we show that time variation in economic uncertainty and a preference for early
resolution of uncertainty are required to generate a positive variance premium that is time

varying and that predicts future excess returns.?

Our analysis shows that the compensation for economic uncertainty within the LRR
model captures many qualitative features of the variance premium. However, we show that
the baseline model requires several important modifications in order to capture quantitative
features of the data such as the standard deviation and skewness of the variance premium,
and its ability to predict stock returns. An extended specification of Bansal and Yaron
(2004) which includes a square root volatility process and jumps in volatility goes a long
way in capturing these quantitative aspects of the data. The inclusion of some non-gaussian
transient dynamics is important for capturing key features of the variance premium; and it
is important to note that the model is able to do so while being consistent with consumption
and dividend dynamics, as well as standard asset prices such as the equity premium and risk

free rate.

The paper continues as follows: Section 2 presents the data, defines the variance premium,
discusses its statistical properties, and then proceeds to evaluate its role in predicting future
returns. In section 3 we first present an illustration model which serves to demonstrate the
link between the variance premium and return predictability. In Section 4 we present a more
elaborate model that incorporates jumps in cashflows and uncertainty. Section 5 provides
results from calibrating several specifications of these models. Section 6 provides concluding

remarks.

!Bansal, Khatchatrian, and Yaron (2005) provide empirical evidence supporting the presence of condi-
tional volatility in cashflows across several countries, Lettau, Ludvigson, and Wachter (2007) analyze whether
the great moderation, the decline in aggregate volatility of macro aggregates can reconcile the run-up in val-
uation ratios during the late 90s. Bloom (2007) provides direct evidence linking spikes in market return
uncertainty and subsequent decline in economic activity.

2Tauchen (2005) generalizes the volatility uncertainty in Bansal and Yaron (2004) to one with time varying
economic uncertainty. Eraker (2007) adds jumps to the volatility specification. The focus on the variance
premium is different from these papers.



2 Definitions and Data

Our definitions of key terms are similar to those in Bollerslev and Zhou (2007) and closely
follow the related literature. We formally define the variance premium as the difference
between the risk neutral and physical expectations of the market’s total return variation.
We will focus on a one month variance premium, so the expectations are of total return
variation between the current time, ¢, and one month forward, ¢ 4+ 1. Thus, vp;;41, the
(one-month) variance premium at time ¢, is defined as Ef[Total Return Variation(t, ¢ 4 1)]
—E[Total Return Variation(t,t + 1)]. Demeterfi, Derman, Kamal, and Zou (1999) and
Britten-Jones and Neuberger (2000) show that, in the case that the underlying asset price
is continuous, the risk neutral expectation of total return variance can be computed by
calculating the value of a portfolio of European calls on the asset. Jiang and Tian (2005)
and Carr and Wu (2007) show this result extends to the case where the asset is a general
jump-diffusion. This approach is model-free since the calculations do not depend on any par-
ticular model of options prices. The VIX Index is calculated by the Chicago Board Options
Exchange (CBOE) using this model-free approach to obtain the risk-neutral expectation of
total variation over the subsequent 30 days. Thus, we obtain closing values of the VIX from
the CBOE and use it as our measure of risk-neutral expected variance. Since the VIX index
is reported in annualized “vol” terms, we square it to put it in “variance” space and divide

by 12 to get a monthly quantity. Below we refer to the resulting series as squared VIX.

As the definition of vp; 41 indicates, we also need conditional forecasts of total return
variation under the true data generating process or physical measure. To obtain these
forecasts we create measures of the total realized variation of the market, or realized variance,
for the months in our sample. Our measure is created by summing the squares five-minute
log returns over a whole month. For comparison, we do this for both the S&P 500 futures
and S&P 500 cash index. We obtain the high frequency data used in the construction of our
realized variance measures from TICKDATA. As discussed below, we project the realized
variance measures on a set of predictor variables and construct forecasted series for realized
variance. These forecast series are our proxy for the conditional expectation of total return
variance under the physical measure. The difference between the risk neutral expectation,
measured using the VIX, and the conditional forecasts from our projections, gives the series

of one-month variance premium estimates.

Our data series covers the period January 1990 to March 2007. The main limitation



on the length of our sample comes from the VIX, which is only published by the CBOE
beginning in January of 1990. We use CRSP for daily and monthly returns on the value
weighted return on the NYSE, AMEX and NASDAQ and the S&P 500. Finally, we obtain
the monthly P/E ratio on the S&P 500 from Global Financial Data.

Table I provides summary statistics for the monthly log excess returns on both the S&P
500 and the value weighted return. The excess returns are constructed by subtracting the
log 30-day T-Bill return, available from CRSP. The two series display very similar statistics.
Both series have an approximately 0.53% mean monthly excess return with a volatility of
about 4%. The other statistics are also quite close. Thus, although the availability of high-
frequency data for the S&P 500 leads us to focus on it in our empirical analysis, our empirical

inferences and theoretical model apply to the broader market.

The last four columns in Table I provide statistics for several measures of realized variance
— potential inputs for our forecasts of realized variance: the squared VIX, the futures realized
variance, cash index realized variance, and also the sum of squared daily returns over the
month. The squared VIX value for a particular month is simply the value for the last
day of the month. The futures, cash, and daily realized variances are sums over the whole
month. We will ultimately use the futures realized variance and we display the other two for
comparison. Several issues are worth noting. First, all volatility measures display significant
deviation from normality. The mean to median ratio is large, the skewness is positive and
greater than 0, and the kurtosis is clearly much larger than 3. Bollerslev and Zhou (2007)
use the sum based on the cash index returns as their realized variance measure. This realized
variance has a smaller mean than the futures and daily measures. This smaller mean is a
result of a non-trivial autocorrelation in the five-minute returns on the cash index and is
not present in the returns on the futures. We suspect that this autocorrelation is the effect
of ‘stale’ prices at the five-minute intervals, since computation of the S&P 500 cash index
involves 500 separate prices. As the S&P 500 futures involves only one price, and has long
been one of the most liquid financial instruments available, we choose to use its realized

variance measure to proxy for the total return variation of the market.

Table II provides a comparison of conditional variance projections. Our approach is
to find a parsimonious representation, yet one that delivers significant predictability. The
last two regressions show our choice of projection for the S&P index and futures variance

measures. For these dependent variables we find that a parsimonious projection on the



lagged VIX and index realized variance achieve adjusted R2s of close to 60%. The addition
of further lags or predictor variables adds very little predictive power. The first regression
in the table provides the conditional volatility based on the daily squared returns. We fit a
GARCH(1,1) to provide a comparison with the approaches used in early studies of variation,
which used daily data. This regression also achieves an R? of around 40%. It is the use of
high-frequency returns and the VIX as predictor that accomplishes the increased predictive

power of the first two regressions.

Table III provides summary statistics for various measures of the variance premium,
constructed as differences of the squared VIX and various variance forecasts. For comparison,
the first column also reports the measure used by Bollerslev and Zhou (2007). They calculate
the variance premium by subtracting from the squared VIX the previous month’s realized
variance. It is apparent from the table that the mean of the variance premium is somewhat
smaller when based on the cash index measures as opposed to the futures or daily variance
measures. Furthermore, the variance premium based on the futures measure is significantly
less volatile than the other measures. Neither effects are surprising given the results in
Table IT and the discussion above regarding the cash index realized variance. The remaining
statistics, in particular the skewness and kurtosis, seem to be quite similar across the variance
premium proxies. In what follows, we use the variance premium based on the futures realized
variance. As discussed above, the liquidity of the futures contract makes it an appropriate
instrument for measuring realized variance. It is also the defacto instrument used by traders
involved in related options trading. It is important to note however that our subsequent

results are not materially effected by the use of this particular measure.

Table IV provides the one-month ahead return predictability regressions. In the first two
regressions we use the variance premium as a univariate regressor. The latter specifications
use multiple regressors where, in addition to the variance premium, we add common predic-
tive variables, such as the price-dividend and price-earnings ratio. As a univariate regressor,
the variance premium can account for about 3.5% of the return variation. The multivariate
regressions lead to a substantial further increase in the adjusted R? — a feature highlighted
in Bollerslev and Zhou (2007). For example, in conjunction with the price-earnings ratio,

the in-sample adjusted R? increases to as much as 12.5%3 It is worth noting that the lagged

3The in-sample adjusted R? of the price-earnings ratio alone is about 3.0%. The bivariate R2s are
significantly higher than the sum of R?s from the univariate regressions. This is because of a positive
correlation between the two regressors.



variance premium seems to perform better than the immediate variance premium. Note that
in both cases, as well as the multivariate specification, the variance premium enters with a
significant positive coefficient. Below, we show that this sign and magnitude are consistent
with theory. A natural question that arises is whether such R?s are economically significant.
Cochrane (1999) uses a theorem of Hansen and Jagannathan (1991) to derive a relationship
between the maximum unconditional Sharpe ratio attainable using a predictive regression
and the regression R?. It says that (s*)* — s3 = llj;?;

and-hold Sharpe Ratio and s* is the maximum unconditional Sharpe ratio?. In our sample,

R?, where s is the unconditional buy-

So is approximately 0.157 at a monthly frequency, or 0.543 annualized. Using the univariate
regression with an R? of 3.44%, the maximal Sharpe ratio would rise to 0.857 annualized.
With the bivariate R? of 7.44%, the maximal Sharpe Ratio would further increase to 1.13,
more than double the unconditional ratio. In other words, the potential increases are quite
large. It is important to keep in mind that these R%s are for a monthly horizon, and that
Sharpe ratios increase roughly with the square root of the horizon. Hence an R? of 3% at
the monthly horizon is potentially very useful. A comparison with “traditional” predictive
variables found in the literature also shows this predictability is large. For example, Camp-
bell, Lo, and MacKinlay (1997) examine the standard price-dividend ratio and stochastically
detrended short-term interest rate, two of the more successful predictive variables, and show
that in the more predictable second subsample, the predictive R%s are 1.5% and 1.9% respec-
tively at the monthly horizon. Campbell and Thompson (2007) examine a large collection
of predictive variables whose in-sample (monthly) R2s are much smaller than those reported
in Table IV, but still conclude that these variables can be useful to investors. Finally, note
that the variance related variables, i.e. the VIX?, realized variance measures, and variance
premium, all have AR(1) coefficients of 0.79 or less, unlike the price-dividend ratio or short
term interest rate, which have AR(1) coefficients much closer to 1. This means the variance
related quantities will not suffer from the large predictive regression biases associated with
extremely persistent predictive variables, such as the price-dividend ratio (e.g. Stambaugh

(1999)), and will have much better finite sample properties.

4This formula corresponds to the case when the predictive regression’s residual is homoskedastic. If the
predictive regressor also forecasts increased residual variance, the improvement in unconditional sharpe ratio
will be less. This is clearly the case here since the predictors are closely related to volatility forecasts. Hence,
we are not using the formula to draw any conclusions about attainable R2s, but only to show that the R2
sizes are economically meaningful



3 Modell

In this section we specify a model based on Bansal and Yaron (2004). The underlying
environment is one with complete markets and the representative agent has Epstein and Zin
(1989) type preferences which allow for the separation of risk aversion and the elasticity of
intertemporal substitution. Specifically, the agent maximizes her life-time utility, which is

defined recursively as,

0

vi= [a-ac™ +a(mwi)| (1)

where C} is consumption at time ¢, 0 < § < 1 reflects the agent’s time preferences, v is the

coefficient of risk aversion, 6 = ﬁ, and v is the elasticity of intertemporal substitution

»
(IES). Utility maximization is subject to the budget constraint,

Wi = (W = C)Repqr (2)
where W, is the wealth of the agent, and R.; is the return on all invested wealth.

We provide several specifications for the joint dynamics of consumption and dividends.
The specifications differ only along the the dynamics for the conditional volatility of con-

sumption and dividends. We start with the following specification:

Acip1 = e+ X + PcOtzeri1
Tip1 = Pal+ Pa0Zp 41
Adiyr = g+ ox + 0a0t 2441
ot = 0+ polo] — %)+ qtl/QZU,tJrl (3)

Q1 = G+ pg(@ — @) + PgZgrt1 (4)
(Zc,t—i-l; Z{E,t—i—l; Zd,t+17 Zo,t—‘,-l; Zq,t+1)/ ~ N<07 I)

where Ac;yq is the growth rate of log consumption. As in the long run risks model of
Bansal and Yaron (2004) (BY), p.+ 2 is the conditional expectation of consumption growth,
and x; is a small but persistent component that captures long run risks in consumption

growth. The parameter p, determines the persistence in the conditional mean of consumption



growth, . + ;.

Our first specification for the conditional volatility has, in the interest of parsimony, a
common time-varying volatility in consumption and dividends. Bansal and Yaron (2004)
show that this leads to a time-varying risk premia. However, as we show below, that is not
enough to get a time varying variance premia. To facilitate time variation of the variance

premia, we specify a process for ¢;, inducing time variation in the volatility process itself.

As shown in Epstein and Zin (1989), for any asset j, the first order condition yields the

following asset pricing Euler condition,

Eylexp (mes1 +1j041)] =1 (5)

where my; is the log of the intertemporal marginal rate of substitution and r;,4, is the log
of the gross return on asset j. The solution for the log price-consumption assets is going to be
driven by the three state variables z, o2, and ¢;. As shown in Bansal and Yaron (2004), using
this Euler equation, and as shown in Bansal and Yaron (2004), the approximate analytical

no-bubble solutions for the log price-consumption asset follows:
vy = Ag + Ay + Ago? + Ayq

The solutions for As are given below and a detailed derivation is given in the Appendix:

11
EERCE RNy
A rore "
. G(mlAg)Q
A= ) )

It is easily shown (see the appendix) that the (log of the) IMRS can be written in terms

of the three state variables, the shocks, and the solutions to above as follows,

1/2
Myp1 — Ey(Myy1) = —AePe0iZetr1 — AaPaOtZatrl — Moy Zops1 — AqPqZqi+1 (9)

where the market price of risks are A. = ~ for transient shocks, \, = (1 — )x; A, for the



long run shocks, A\, = (1 — #)k1 A, for the economic uncertainty (volatility) shocks, and
A, = (1 —0)r1 A, for the shocks to volatility of volatility. Note that the dividend-specific
shock, zgqt+1, is not priced, i.e. Ay = 0. The return on the consumption asset will be a
function of these same state variables (see equation ?? in the appendix). It is important to
recognize that when the preferences are specialized to time separable CRRA, namely 6 = 1,
then only the transient risk is priced while all others are zero, i.e. A\, = A\, = Ay = 0.
Moreover, if ¢ > 1, the market price of volatility is negative, a fact that will have important

ramifications for the variance premium.

The solution for the log price dividend ratio for the market will follow v,,; = Ay, +
Ax,mxt—l—Ag,maf + Agm@- The solutions for the A,, coefficients can be derived by specializing
the Euler equation (4.1) for the market return and these are given in the appendix —

equation (77?).

From the expression for v,,, it follows that the innovation to the (linearized) log return

on the market can be written as

1/2
Tmt+1 — Et (rm,t-l—l) - Hl,mAz’,m(px OtZg t+1 + '%l,mAa,m Gy Zqi+1 + "fl,mAq,mSOq Zqt+1 + PdOt2d t+1
S——— N—— N——

/67‘,95 67",0 67‘7‘1

It immediately follows that the conditional variance of the market return is
vary (1) = 05y = (Bry + 2)07 + Br gt + 67, (10)

Much of our focus will be on a concept defined as the variance premium, which is measured
using realized volatility. The empirical literature on realized volatility usually computes
realized variance using the (log) ex-dividend return, i.e. the capital gain or (log) price
change. We follow the same convention within the model and compute the volatility of the
(log) price change, Ap;11, which is equal to vy, 111 — Upmt + Adyyq. Since this is expression is
very similar to the one for the total return, its conditional variance has the same structure

as (10) and can be conveniently written

Vart(ApH-l) = J;Z,t = ( g,m + 903)0—152 + ﬁg,aqt + ﬂg,q (11)

where now the 3’s (described in the appendix) have a p subscript (instead of an r as before)



to reflect their relation to the price gain component of the total return®.

3.1 The Variance Premium

The variance premium, denoted by vp, is the difference between the rep agent’s expectation
of the integral of variance under the risk neutral measure (@)) and the physical measure
(P). In a discrete-time model, with n sub-periods between ¢ and ¢ + 1, the integral in the
definition of the variance premium is replaced with a sum and the variance premium is

defined as follows:

n—1 n—1

s = O o2 ) - (S o2 (1

n n n

i=1 i=1

where E?(-) denotes the expectation under the risk-neutral measure and where 02 .

+Ed L
denotes the quantity var,, : (Ap,, i1 ,, i) when it appears in ET () and the quantity

Varﬁr i+ (Ap, =1, 1) when it appears in E9(-). Since the variance premium involves expecta-
tions under @ of functions of the state variables, we need the dynamics of the state variables
under Q).

3.1.1 Dynamics under Q
Under the physical measure, the dynamics of the model can be concisely expressed as a VAR,
Yer1 = c+ Py + Gz

where Y11 = (Acii1, Tee1, Adis1, 0701, Gev1)'s € = (fe, 0, pa, 72(1 — py), q)', Gy is the diagonal
matrix with diagonal equal to (p.0¢, .0, a0y, qt1 / 2, ©,)" and 2,11 is the vector of independent
normal innovations. Let f;(z;11) denote the joint density of 2z, at time ¢ under the physical
measure. Then fy(z11) & exp(—321%+41). To obtain F2(241), the joint density under
@, we weight the density by the value of the pricing kernel, My 1(zi11) = exp(myr1(2i41))-

From (9) we see that myi1(2i11) = Ei(mer1) — NGizepr where X is the vector of risk prices

°For all practical purposes, both empirically and in any calibrations, o7, and o7 ; are virtually identical
as are all the pairs corresponding 3,’s, and 3,’s

10



(Aes Azy Ady gy Ag)'. Therefore,

FR(zer1) o< fi(zerr) exp(m(ze41))

1
o exp(— §Z£+1Zt+1) exp(—N'Gizi41)

1 / !/ /
X eXp(_5(2t+1 + G (241 + GRA))

where the last line follows from the familiar “complete-the-square” argument. This shows
that 2441 SN (—GiA 1), i.e. under @, z;41 are still independent normals but with a shifted
mean. Thus, under @) the VAR’s dynamics are y;11 = ¢ + Fy; — GiG}\ + G211 where now
Zia1 SN (0,I). Therefore, under @ the “drift” of y is shifted by —G,G)\. More intuitively,

—GGIN = covy(Yey1, myy1), SO we see that

EP[yr1] = Eilyesr] = covi(yesr, misr) (13)

i.e. the shift in the drift of y; equals the conditional covariance of 3;,; with the pricing

kernel.

Although the drift of y is altered under the risk-neutral measure, the innovation to y
remains N (0, G;G}). This means that any quantity that is a function of only the innovation
to y:+1 will retain the same functional form under ). In particular, Var?(rm7t+1) is still
given by (10) and var®(Ap,1) by (11). Thus, the term o7, represents an unambiguous
function of the state y; that does not depend on which measure is under consideration. This
invariance of the expression for the conditional variance results from the gaussian nature of
the innovations in this model. Later, we discuss a model with some non-gaussian innovations

where the conditional variance will differ between the P and () measures.

Returning to the expression for vp; ;11 in (12), we now have that the terms F[o? and

p,t,tﬁ]
E° [UZ 414 1] (the first summands) are equivalent, since (TZ 4141 is in the time-t information set
sy n 7 n

and is an identical function of y; under both measures. However, for i > 1, £ [a; prict i) F
E® [0’; brisl s | since the drift of y is different under @, and so 012)7 brist i drifts differently
under the two measures. Thus, under this model, the variance premium is non-zero only

because the variances drift differently. © When we look at a non-gaussian model later on,

6This result is the discrete-time analog to what is typically the case in continuous-time diffusion models
of option pricing, though it is perhaps less obvious under the continuous-time formulations. For example, in
the well-known Heston (1993) model, the variance premium for the “dt” interval [t,t+dt) is actually 0. It is
non-zero for any finite interval [t,t + 6t) precisely because of the differential drift in o7 under @ and P.

11



the variance premium will also get a significant contribution from the difference between

var? (Apsy1) and var,(Apgiq)-

Therefore, under the current model, the variance premium can be understood by com-
paring the drift of Jz,t under ) and P, i.e. by deriving
2 2 2 2 2 2
EQ[Up,tJrl - Up,t] - E[Up,t+1 - Up,t] = EQ[Op,t+1] - E[Up,t+1]
The expression for vp, 41 in (12) is effectively a sum of n of these drift differences over the
sub-periods from ¢ + % to t + i For simplicity, and since the same principle is at work, in
what follows we approximate vp; ;41 with just E9[o2, ] — Eloz, ], the drift difference over

the whole interval ¢ to ¢t + 1, and use this drift difference as the new definition of vp; ¢4;.

3.1.2 The Drift Difference

Specializing (13) to just the state variables o? and ¢;, and using (3), (4), and (9), an easy

calculation gives

E?[at2+1] - Et[gt2+1] = =\ (14)
EPlge) — Edlagen]) = —A\gl (15)

Recall that v,7 > 1 implies that A,,\, < 0 so that the drift in o7 and ¢, is greater under
the risk-neutral measure than the physical measure. The intuition is straightforward. Under
the risk-neutral measure, the agent weights the true probabilities of states of the world by
his IMRS (the pricing kernel). Under Epstein-Zin preferences, innovations to the level of
uncertainty, o?, impact the IMRS. The degree to which they impact the IMRS is governed
by A,, the price of volatility risk. When v, > 1, then A\, < 0 and a positive innovation to
uncertainty increases myyq (see (9)), i.e. the agent over-weights states with high volatility
since he is averse them. This implies that the expectation for crthJr1 under () should exceed
the expectation under P. The amount of this excess (at time t) depends on the possible
variability in o7, that is, on ¢. For the drift in ¢; the same reasoning applies since the
agent’s aversion to high o7, leads to aversion of high ¢;41. As previously noted, under
CRRA preferences, A\, = A\, = 0, so the drift differences (14), (15) would be 0 as well.

From (11), (14), and (15), it easily follows that, E®[o2, |- Elo2,, ] = —(3 . +¢7) et —

12



2 s Aqp2, so finally we obtain

i1 = — (B o + 02 Attt — Bo s Ag Pl (16)
Some observations regarding (16): (1) If 7,4 > 1 then A\, < 0 as noted above, and the
variance premium is always positive, consistent with the data. (2) In the CRRA case (¢ = %),
the variance premium is identically 0. (3) If v > 1 but ¢ < %, then the variance premium
is always negative. (4) Time variation in vp;;4; is due to variation in ¢ so if ¢; is constant,
as is the case in the specification of Bansal and Yaron (2004), then the variance premium is

constant as well.

3.2 Predictability

Motivated by the predictability results in section 2 and Bollerslev and Zhou (2007) we now
present analytical projection coefficients and R?s for predictive regressions of future returns

on the variance premium. Let (3,, be defined by the following projection:
Pt = T +0.500, = @ + Bypuprisr + €

It follows that,

cov(Ey(rmyr —Tf1) + 0.503m + €1, UPL+1)
Var(vpt,t+1)
cov(ﬁr,mAx§0x0t2 + ﬁT,O')\O'qt + ﬂr,q)\quqa _( 12;,90 + 903))‘0% - 52@)\4’@3)

Var(vpmﬂ)

/va =

_ 2_ﬁr7a ~ (]_7)

D,T + Sod
where the second line makes use of the orthogonality of €4 to vp;,+1 and substitutes in the
expression for the market risk premium [Note: we need to derive/introduce the expression
for the risk premial, while the third line uses the fact that cov(g;,o;) = 07. We note again

when v > 1,9 > 1 the sign of 3,, is positive, as in the data, since in that case 3, , is negative

"Note that in deriving 3, above, we added the Jensen inequality term (o7,) to the risk premia. Including
the term makes the above projection similar to one that predicts simple rather than log returns. Empirically,
the two yields very similar results. We include this term above to allow for simple analytical expressions
that provide useful intuition for the underlying sources of covariation between vp; ;41 and risk premia.
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ngar@pt,tH)
var(Tp 1 — Tpe + 0.503’15)
tuting into the numerator and simplifying gives (3. ,),)*var(q;). The denominator can be de-

rived using the identity var(X) = Elvar,(X)]+var[E,(X)]. Since vary(rp41—75:+0.507,) =

Finally, we derive the R? of the above projection. It is . Substi-

vary(rm.++1) we can use (10). After some substitutions one obtains

(5r,a)‘0>2var<qt)

R? =
(BPa + 22)0% + 800+ B2g + (Bradapa)var(of) + (Br.o o) *var(q:)

(18)

(18) highlights that, under this model, an increase in var(g) (equivalently vp;,.1) with all
else held constant, raises the R? of the predictive regression. This variance is controlled by
the parameter ¢,. Finally, note that the larger the magnitude of \,, the greater is the effect
of ¢; on the conditional risk premia. This is because A\, measures the importance of atQH

innovations for the agent’s IMRS, and ¢; drives the magnitude of those innovations.

4 Model with Jumps

The state variables follow the discrete-time affine jump-diffusion

Aciyr = fle + T+ 9e0f 211 (19)
Ter1 = Polt+ PuOtZptr1 + Juii (20)
Ut2+1 = 5+ Po(Utz - 52) + 050125141 + Joi41 (21)

Adi1 = g+ ¢ + Qaoiza (22)

t+1

xt-i—l Zga:z fw, ”dN(O g )

t+1

ot+1 Zfdz f’%r( l/)

and (Zeg+1, 2o 41, Zotd1s Zdit1) ~ N(0,T). N{ ., and N7 | are Poisson counting processes

that are independent conditional on time-t information. ., and &,; are, respectively, the

8The sign and magnitude of 3., is mostly determined by the term (1 — 6)A,, which is itself almost the
definition of A,. As discussed earlier, A, is negative for v,7 > 1, 0 for CRRA, and positive when v > 1,

1
Y <L
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jumps in x and o that occur when the respective Poisson process increments. Hence, J; ;41
and J, 41 are compound Poisson processes representing the jumps in  and ¢ between time
t and ¢+ 1. To limit the number of state variables, we let N ; and N7 ; share a single jump

intensity process, \;, and make this intensity depend only on o?:
At = /\0 + )\10'152 /\0, AL >0

2
Note that £, has a gamma distribution with E[¢,] = p,, var(§,) = %, skewness =
6
U
it subsumes the exponential jumps used in Eraker (2007) and Duffie, Pan, and Singleton

Qe

and excess kurtosis = 7. This type of jump is used in Eraker and Shaliastovich (2007) and
(2000). Since N7, is Poisson with intensity A¢, Ei[Jss11] = Aifto. Therefore, changes in
the the jump intensity do change the expected dynamics of 07, ,. As z jumps have 0 mean,
Ei[Jz++1] = 0, they do not change the expected dyanmics of x;.;. It is helpful to rewrite the
dynamics of o7 with a conditionally de-meaned jump (i.e. a compensated Poisson process).
The de-meaned jump is then a true ‘innovation’. Let ja,tﬂ = Jot41 — Mfto. We break up
A\illy into its two parts, A\ ueo? and Aop, and define p, = ps + A1jty. Then the dynamics of

07, can be rewritten as

Ot =0+ po(07 = 0%) + @e012041 + Joti1 (23)

where 62 = 0*(1 = po) + Aotto
I— Po — /\1,ua
less than 1 for o2 to be stationary.

= E[o?]. Note that p is the first autocorrelation and must be

Finally, we define of, the vol term multiplying consumption innovations, by (o¢)? =

2(1 —w,) + 02, and o¢, for dividend innovations, by (¢¢)? = 52(1 —wy) + 2. Thus, w, and
wy control how sensitive the variance of consumption and dividend innovations is to o?. If
w, = wy = 1, the innovation variances are fully sensitive, as in Bansal and Yaron (2004).
On the other hand, if w., = wy = 0, then the innovation variances have no sensitivity to
o?. Note that, changing the variance sensitivity has no effect on the unconditional mean of

innovation variance, i.e. E(0¢)? = E(0c%)? = &2

For notational brevity in what follows, we also compactly write the dynamics of the model
as a VAR,
Yer1 = p+ By + Gz + Jia (24)

where y;11 = (Aciy1, Tiga, Ut2+17 Adi1), 1= (e, 0, 52(1 — Ps), M), Gy is a diagonal matrix
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with (e0¢, 0204, o041, o) on the diagonal, J; 41 is the vector of compound Poisson jumps,

(0, Jpt+1, Jot+1,0), and 241 is the vector of normal innovations.

The specification of preferences is the same as above. In the following section we solve the

model. The procedure is similar to the one above, albeit with some additional complexity.

4.1 Model Solution

The solution again proceeds via the rep agent’s Euler condition (4.1). We conjecture and
verify that the approximate, analytical no-bubbles solution for the log price-consumption
ratio takes the form:

vy = Ao + Ay,

where A = (A, A,, Ay, Ag)’ is a vector of pricing coefficients. The derivation of A is in the
appendix. Here we make some remarks regarding key steps in the solution. It starts with a
central step involved in the solution of affine-jump diffusions. This step is to show that for

any (4x1) vector u meeting some regularity criteria, we have the following identity

Elexp(u'ys1)[t:] = exp(a(u) + B(u)'y:) (25)

where a(u) is a scalar and B(u) is a (4x1) vector. Once a(u) and ((u) are known, (25) is
used to evaluate the conditional expectation in the rep agent’s Euler equation, . The vector
u is directly a function of A, so it is actually a restriction on A. This restriction requires that
the Euler equation hold for any value of the state vector 3;. By the method of undetermined
coefficients, the restriction equates to a system of equations in A and Ag. Solving this system

of equations completes the derivation of A and A,.

There are similarities with the solution to model 1. As was the case for model 1, the

solution shows that A. = Ay = 0. This is not surprising. As in model 1, x; subsumes all
1

pricing information contained in Ac;; and Ad;y ;. Furthermore, A, = —1%, also the
same expression as under model 1. On the other hand, the case of A, is different, and no
longer do we necessarily get a closed-form expression. Instead, A, must satisfy the following
equation:

aAZ 4+ bA, + ¢+ M (Mg, (As0k1) — 1) =0 (26)

where a = 1(ps0r1)%, b = 0(p,r1 — 1), and ¢ = [P wH%(1 — i)z + 02 (A0k1)?] +
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A (Mg, (Az0k1) — 1). The M¢'s are the moment generating functions (mgfs) for &, and
¢, Hence, Mg, (t) = Elexp(t,)] = exp(1t?02) and M, (t) = Elexp(t&,)] = (1 — BEze)= °.
Notice that if eliminate the jumps in volatility by setting y1, = 0, then M¢_(;) = 1 and the last
term in (26) drops out. In this case o7 reduces to a pure square-root process without jumps.
A, then satisfies a quadratic equation and the nonexplosive root can be found analytically
according to the procedure in Tauchen (2005). In the case where we include jumps, the form
of the equation for A, depends on v, the shape parameter of the gamma distribution. As
v decreases, the right tail becomes thicker and the distribution becomes more asymmetric.
When v = 1, the gamma distribution reduces to an exponential distribution with mean u,.
In this special case, it is easy to show that (26) becomes a cubic in A,, and once more a
closed-form expression can be found for the nonexplosive root. Moreover, this root converges
to the nonexplosive quadratic root as p, — 0 and jumps are eliminated. For v < 1, where
the right tail is fatter than in the exponential case, there is no closed-form solution. The
nonexplosive root must be found numerically. The solution procedure is discussed further in

the appendix.

Having solved for the log price-consumption ratio, v;, we can use it to write down the
linearized (log of) the IMRS in terms of the state variables, their shocks and the A coefficients:

M1 — Ey(myy1) = _X(Gtzt—l—l + Jip1 — Et(Jt+1>) = —/\/(Gtztﬂ + jt+1) (27)

where J, 1 = (0, Jz 141, j07t+1, 0) is the vector of compensated (i.e. conditionally demeaned)
Poisson jumps and A = (A, Az, Ay, Ag) is the vector of prices of risk. The functional forms of
these prices of risk are unchanged from model 1: A\, = v, A\, = (1-0)k124,, Ay = (1—0)r1 A,
and Ay = 0. The only change in the form of (27) from (9) is that the jump innovations are
now added to the gaussian ones to get the total innovation. Moreover, the discussion above
regarding the connection between preferences and the prices of risk carries over to this
setting. It is again the case that when preferences are specialized to the CRRA case, only
the transient risk, z.;41, is priced and all other risk prices are 0. When v > 1,9 > 1, then
again \, < 0. Finally, if v > 1 but ¢ < %y then A > 0 and volatility has a positive price
of risk. As will be discussed below, this positive price of volatility risk would result in a

counter-factually negative variance premium.

9We must have t < v/u, for existence of the gamma mgf.
10 Although A, does not necessarily have a closed-form expression it is still possible sign it in this case.
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After solving for the consumption claim, one can proceed to solve for the market. The
solution for the log price-dividend ratio of the market is again affine in the state variables:
VUmit = Aom + Aem®i + Ay mo?. Solving for the A, coefficients proceeds in much the same
way as solving for the A coefficients of the log price-consumption claim. The Euler equation
(4.1) is specialized to the market return r,, 41, leading to a system of equations that the

A,,’s must satisfy. The full details are in the appendix.

Using the expression for vy, , the (linearized) log return on the market can be written as

T d
Tmt+1 — Et(rm,ﬂ»l) = Kl,mAx,m<SozUth,t+1 + Jx,t+1) + "il,on,m(Spao'tzo,t+l + Jo,t+1> + PdO0 Zdt+1

where the parentheses group each state variable’s total innovation. Since, conditional on
time-t information, the jumps are independent from each other and also from the gaussian

innovations, it follows that!!
Vary(rm,i1) = 0oy = 06,07 + Br, A + 0557 (1 — wy) (28)

where 3, = ki, (42,92 + A2 %) + Qawq and B, = k1, (Ai’mafg + A2, [’%‘2’ + u?,} )
Note that although );, the jump intensity, is not an independent state variable, we keep
it separate to highlight its effects as distinct from the diffusion component. As discussed
for model 1, we also have the corresponding expressions for the price change (capital gain),

Apyi1, used to construct the empirical variance measures:

var,(Api1) = 0oy = Bo,07 + B, M + 0567 (1 — wy) (29)

2
where (3, = (A2,,02 + A2, ©2) + piwg and B, = (Aimaz + A2, {% + M?;} >

We now obtain the dynamics of the model under @), in order to derive the variance premium.

"N Two identities useful in working with the jump components are: vary(Jy,i41) = Aro2 and vary(Jo 1) =
2
At (”7" + ,ui) These can be derived by using var(Ji+1) = Ei(vary(Jei1)|Neg1) + vars(Ey (Jey1|Netq1)) where
the conditioning is on N¢y1, the realization of the Poisson counting process.
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4.2 Variance Premium II
Since the variance premium involves an expectation under risk-neutrality, we need to derive
the model dynamics under the risk neutral measure, Q).

Recall from (24) that under the physical measure the state dynamics can be written as
the following VAR:
Yer1 = po+ Fye + Gezipr + Jia

Moving from the physical to the risk-neutral measure transforms the state dynamics into:

Yi+1 = U + Fyt — GtGg)\ + GtgtJrl + Jtc—2|—1 (30)

where Z; 4 2 N(0,Z) and JEH is the vector of compound Poisson processes under (). Under
() the compound Poisson processes remain conditionally independent, but both their jump
intensities and jump distributions are different than under P. In fact, under @, the two
Poisson counting processes no longer share the same jump intensity. Let A?’x and )\?’U be

the intensities of N and N/ respectively, under (). Then
Q.x 1 2 2
>\t ’ = )\tng(—)\z) = >\t exp 5/\20-:1: (31)
NPT = MM (<A = (14 500,) (32)
v

In addition, under () the jump distributions of z and ¢ are transformed into the following:

oi % N(=)02,0%) (33)
0 Mo

AT S — 4

60’,1 (V> 1+ %)\o) (3 )

We make a number of observations regarding (31)—(34). Consider what happens to the
jump intensities and distributions when A\, > 0 and A, < 0, which is the result when v > 1,
¢ > 1. Looking at the z quantities shows that A" > ), and E®[¢,;] < E[¢,:] = 0.2 In
other words, under the risk-neutral probabilities the agent expects more frequent jumps than

under the physical measure. The agent also expects these jumps to be more negative. Both

12That /\,f2 ¥ > )¢ here does not depend on A, > 0. It is purely a Jensen’s inequality effect that results
because A\, # 0. If & ,; had a mean different from 0, then the sign of A\, would also be important in
determining A?".
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effects imply that under ) the agent expects more variation in z; than under P. Taking
a look at the o related quantities, we see that \, < 0 implies )\tQ’” > )\, so the agent
expects more frequent jumps in o7 as well. Furthermore, )\, < 0 leads to an increase in

the scale parameter of ¢’s jump distribution so that E9[¢,;] = —He >, =FE (0.4

2 14 by,
Ho 2
and var?[¢, ;] = > % = var[, ], i.e. under Q the agent expects jumps in o?

—t—=
(1 + %)\o)

to have both a greater mean and variance. In conjunction with the increased frequency of
jumps, this increase in mean and variance implies that, under @), the agent expects more

variation in o7 than under P.

We return to (30) and a comparison of the state dynamics under the risk-neutral and
physical measures. Comparing the VARs under P and () reveals two differences. The first
is the change in the drift of y; due to the term —G;G}\;. This term also appeared in model
1, and is due to a shift in the mean of z;,;, the gaussian innovations vector, when it is
transformed under (). This term changes the expected dynamics of i, but does nothing to
the distribution of innovations to ;. Thus, it has no effect on time ¢ conditional variances
calculated under ). The second difference in the VARs from P to () is the change in the
intensity and jump distributions of the compound Poisson processes, as delineated in (31)—
(34). As noted, the change in the jump processes does increase the expected variation in z;
and ¢? under ). Comparing the system dynamics under P and Q clearly shows that the
increased conditional variance in the jump processes JEH should lead to a greater conditional
variance of y; under () than under P. We are interested in the conditional variance of the
market’s capital gain, Ap;,1, which was previously derived under P in (29). Using (31)—(34)

it is easy to obtain an expression for var®(Ap,1):
Var?(Ale) = a;:f? = ﬁ?paf + 5%)\15 + go?l 72(1 — wy) (35)

where 32 = (A2 @2 + A2, 02) + piwg and

ﬂQ = A2 (0240%\2) ex (1A202)+A2 pov + v\ (1+H_a)\ )*” Thouch
Ap rm\"x '\ P (37203 o,m (l/+,ua)\0')2 V+,Ucr)\o v o : &

ﬁ?p and ﬂ?p appear complicated, they can be used to make two important points. First, no-

tice that that ﬁ% is identical to f,, from (29). This invariance results because this coefficient
is a combination of loadings on only gaussian innovations and, as noted previously, the gaus-

sian innovation conditional variances are invariant to the change of measure. The second
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point relates to ﬁf{?p. It is not hard to see that when A\, < 0, i.e. the market price of variance
risk is negative, we get B?p > (3, so that var® (Apgs1) > vary(Apy1). Thus, in the presence
of jumps, a negative price of variance risk implies that the conditional variance of returns is

greater under the risk-neutral probabilities.

4.2.1 Level Difference

Recall that in the discussion above we approximated the difference between summed variance

under ) and P by the expression:

EtQ [Varfil(Asz)] — Eyfvary i (Apeyo)]

and defined the time ¢ variance premium (vp;) to be this quantity. We break up vp; into two

parts as follows:

vpy = vartQ(AptH) — vary(Apg41) +
(B8 el (Apisa)] — varl (Apis) ) = (Evaresa (Apesa)] — vars(Apisa) ) (36)

The first line of this decomposition is the difference between the time ¢ levels of conditional
variance under () and P. We refer to this difference as the “level difference”. The second line
is the difference between the drift of conditional variance under ) and P and we term this the
“drift difference”. Recall that when all innovations were gaussian, conditional variances were
equivalent under () and P. This meant that the variance premium resulted completely from
the drift difference. As just shown, the presence of jumps induces also a level difference. This
difference in conditional variances is very significant in our model calibration, constituting a
majority of the variance premium. Moreover, the absence of the level difference in model 1

is a main reason behind its shortcomings in matching the data.

From (35) and (29) we obtain a simple expression for the level difference:

vary (Apps1) — var(Ap) = o5 — op, = (B2 = Ba,) M (37)

The expression shows that, so long as ﬁ)c?p # [, the difference in conditional variances is
simply a multiple of \; and perfectly “reveals” the jump intensity. As the level difference

typically constitutes a majority of the total variance premium, it too will be driven largely
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by the jump intensity. This point is important, as it allows us to effectively ‘observe’ jump
intensity with a high precision using option-derived quantities (i.e. the VIX), whereas infer-
ring jump intensity from the return data alone is difficult. This is because jump intensity is
latent and jumps are infrequent, so that even when the jump intensity is much higher than
its mean, the occurrence of a jump is still far from certain. Thus, even if the jump intensity
process is fairly persistent, the jump realizations need not be. The rarity of jump realiza-
tions and their lack of persistence makes the jump intensity process even more invisible.
Thus, detecting and predicting the intensity process from return data alone can be tough.
However, the jump intensity has a strong effect on the VIX and, as (37) shows, it comes
through clearly in the level difference and in the variance premium. Thus, the use of option
prices via the VIX makes the nearly invisible intensity process effectively observable. This is
intuitive. Prices impute investors’ fears of underlying risks going forward, and such fears will
be strongly reflected in quantities such as the (one month) variance premium. In addition,
as we show below in the section on predictability, the jump intensity is also reflected in
the underlying market price, via the return risk premia. The affect of the jump intensity
on the market risk premium accounts for the variance premium’s predictive power for stock
returns. This is an example of how derivative prices can be used in structural models to learn
about the underlying asset’s mean dynamics. Typical reduced-form option pricing models
are silent on this since they either start directly in the risk-neutral world (where the mean
return is the risk-free rate), or make assumptions regarding prices of risk in ways that may

not impose the restrictions implied by preference-based models.

We now give an expression for the second line of (37), which is the drift difference, and

then combine it with the level difference to get the whole variance premium.

4.2.2 Drift Difference

To get the drift difference, we substitute into the second line of (37) the expressions for

conditional variance under P and () given in (29) and (35). The two variance drifts are:

Eylvary 1 (Apio)] — vary(Apii1) = Bo, [Et(0t2+1) - Uf} + B, [Et(/\t—i-l) - )‘t]

ERNvarl, (Apisa)] —vard(Ape) = 02 |ER(02) = oF| + 62 [ BR i) — |
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From this expression we can see that the drift difference is due to different expected dynamics
in the state variables under P and (). This was also the case under model 1. Risk-neutralizing
the probabilities changes the agent’s expectation of how the state variables evolve. The direc-
tion of this change depends on prices of risk. If the agent fears higher uncertainty /volatility,
his risk-neutral expectation for o7, should be higher than his statistical (physical) expecta-

tion. Recall the dynamics of o7 under P:
Et(0152+1) o 01:2 = 52(1 o PU) + (pa - 1)0t2 + Ma)‘t

The dynamics of o2 under @ are implicit in the VAR of (30), together with the properties
of Jy 441 under @, (32) and (34):

E2(02,) —0? = 31— po) + (py — 1)o} — @2 Ne07 + E9[E, N7

(1= po) + (po — 1)o7 — @2As07 + HM—LJ)\ (1 + %%)7 At
v \o

QI

I
Qi

There are two changes. The term 2\,0? was observed also under model 1. It comes from
the the gaussian innovations (from —G;Gj\). The second change is due to the change in
expected jump size and intensity. Both changes are directly related to A,, the price of
volatility risk. For both the gaussian and jump-induced changes, A\, < 0 implies an increase

under @ in the drift in o7 as the discussion above suggested.

The final piece we need is:
E( 1) — M = N [Et(a1t2+1) - UtQ]
EtQ()‘H-l) -A = N\ [EtQ(UtZH) - 03]

Putting the two pieces together, it is clear that the drift difference can be written as a

function of o2 and \;:

(ERWarf, (Apes2)] = varf (Apear) ) = (Eulvarers (Apera)] — var(Apesr) ) = 837 + B3%7 + B1%A

The expressions for 334, 344 344 are given in the appendix. Finally, we can get the whole

variance premium by combining the drift difference and variance difference:

ope = 07+ Bt + (B3 + 02 — By, ) M (38)
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4.3 Risk Premia and Predictability

As discussed above, the (risk) factors driving the variance premium should also show up in
return risk premia. It was noted that fear of a jump, in volatility or the long run component
of cash flow growth, which has a strong influence on the (1 month) variance premium, should
also show up in the risk premia demanded by investors. In particular, it should affect short
horizon risk premia, especially if the jump intensity process is volatile but not very persistent.
As such, the variance premium should predict excess stock returns, as was evidenced in the

data discussion. We now address stock return predictability formally within the model.

To analyze predictability we need an expression for the conditional risk premium. The

appendix shows that the conditional (log) risk premium can be written as:
Ey(rmun) = 110 = 65 + Byfof + BN (39)

where [37¢ and (3} are both positive when \, < 0. (39) shows that o7 and \; are the drivers
of conditional risk premia. Though ), is just a function of o7 in this model, we continue the
practice of keeping its contribution separate so that we may focus on it in the presentation.
We note that this means the same functional forms would continue to hold if \; were indeed

a separate state variable!'?

Here we focus on the predictability of risk premia by the level difference, rather than the
whole variance premium, since the resulting expressions are simpler and capture the same
intuition. The appendix provides detailed derivations for predictability by both quantities.

The projection on the level difference is:

Tmi+1 — Tfe = &+ P <VaY?(Apt+1) - Vart(Apt+l)) + €141

13For example, a minor and natural extension of the model could add an additional innovation to A, i.e.
let At = Ao+ A107 +¢@aza . This would make )\; a separate state variable and reduce the (100%) correlation
inside the model between o2, \; and vp;.

24



It follows that

cov (Et(rmﬂ —rpe) + Et1, Var?(Ale) — Vart(AptH))
var (VartQ(Apt—H) - Vart(Athrl))
cov(B5 + Bieo? + B A, (8L — Br, )\
var ((53 - 5Ap)>\t>

B¢ + A By¢
(B = By, )M

fa =

(40)

where we use the fact that cov(c?, \;) = A\var(c?) and var()\;) = Mvar(c?). Recall that

when A\, < 0, we had ﬁf?p — B, > 0 and it is clear that Bq > 0. The intuition for this is
simple. A high level of fear of jumps means investors demand a higher risk premia over the
next period. The high expectation of jumps is clearly revealed by a high level difference,

resulting in a positive projection coefficient.

var(35 — 0y,)

var(rp, 41 — Tt
sions for these unconditional variances. The observation we wish to make from the expression

The R? from the projection is simply 33 ) The appendix obtains expres-
for R2, is that the variation in jump intensity accounts for the level difference’s predictive
power. Since the level difference accounts for a large portion of the variance premium, the
variation in jump intensity is responsible for a large part of the variance premium’s predic-
tive power. This is a restatement of the discussion above regarding the influence of jump

intensity on the risk premium.

5 Calibration Results

In calibrating the model we use the following guidelines. We assume a monthly decision in-
terval. We would like to find a specification for the long run and various volatility shocks such
that (i) once time-averaged to annual data the model’s consumption and dividend growth
statistics are consistent with salient features of the consumption and dividend dynamics (ii)
the model generates consistent unconditional moments for asset prices such as the equity
premium and the risk free rate (iii) the model’s variance premium generates statistics as well

as return projection results that are consistent with the data.

25



In Table V we provide the parameter specification for the model I economy of section
3. The model parameters are generally close to those in Bansal and Yaron (2004) and the
volatility of ¢; does not effect the annual cashflow dynamics in a significant manner. Table
VI shows that the model captures quite well several key moments of annualized consumption
and dividend growth. Table VII presents the model based asset pricing implications. For the
market return and the risk free rate the reported statistics from the model are time averaged
annual figures. The remaining statistics pertaining to the variance premium are given at
the monthly frequency. The model generates a sizeable equity premium, and reasonable
level of the risk free rate. The volatility of the market return is somewhat lower than the
traditional full sample, but is consistent with the market volatility return given in Table I.
It is interesting to note that the projection coefficients have the right sign but are somewhat
too large relative to the data. Moreover, this baseline model has difficulties in generating
the R? of 3-5% that is observed in data. In addition the level, and the variation of the
variance premium are substantially lower than those observed in the data. In order to assess
the sensitivity of this model to our specific parameterization we also considered the case of
doubling the variation in ¢;. However, even in this case, the variance premium in the model
has difficulty matching the level and time variation in the data. As discussed earlier, the
gaussian innovations in ¢; ultimately lead to a gaussian variance premium and that dimension

is difficult to reconcile with the data.

Table VIII specifies the parameter configuration for the model economy with jumps as
described in section 4. Table IX provides the consumption and dividend growth moments.
Again, the model parameters closely match those in Bansal and Yaron (2004) although
we had to experiment with the jump parameters to settle on a configuration in which the
volatility of consumption and dividends does not overshoot that in the data. A few words
about the magnitude of the jumps and their frequency are in order. Under this calibration
we chose the shape parameter of the jump distribution to be 1, thereby specializing the
jumps to an exponential distribution. The size of the average jump in o is 1.75 times the
unconditional mean of o2, which we normalize to a value of 1. The intensity of the jumps is
given by A; = 0.75/12. This directly translates into an average of 0.75/12 jumps per month
or an average of 0.75 jumps per year. Thus, jumps are relatively infrequent, though they

can be large when they occur.

Table X provides the relevant asset pricing results. The model generates a sizeable equity
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premium, and a reasonable level of the risk free rate. The volatilities of the market and the
risk free rate are also broadly in line with those in the data. The interesting feature of the
table is that now the model implied level, standard deviation, and skewness of the variance
premium are much closer to that in the data. Moreover, the excess return predictability
projection coefficients are now very close to those in the data and the corresponding R? is
about 2.8%. In all the model does quite well in capturing the transient dynamics reflected in
the variance premium. To better understand the quantitative workings of the model, Table
X also displays the asset pricing results when the jump size is lowered to a half. It is easily
seen that the level and predictability of the variance premium are now severely diminished,
as is the equity premium. Finally, it is important to recognize that the preference parameters
used here (e.g., risk aversion of ten) are similar in magnitude to those used and estimated
successfully in other applications of the Long Run Risks model (e.g. Bansal, Kiku, and

Yaron (2007)). This provides some cross-validation of these type of preferences.

6 Conclusion

This paper shows that the variance premium is useful for measuring agents’ perceptions of
uncertainty and for understanding how uncertainty is mapped by preferences into prices.
We show that preference for early resolution of uncertainty and time variation in economic
uncertainty are a minimal requirement for qualitatively generating a positive, time varying
variance premium that predicts excess stock returns. We show that a Long Run Risks model
with jumps in uncertainty can generate many of the quantitative features of the variance
premium while remaining consistent with observed aggregate dynamics for dividends and
consumption, as well as standard asset pricing data such as the equity premium and risk

free rate.

One possible direction for generating interesting transient dynamics like the ones docu-
mented here is by generalizing the preferences to include features of ambiguity and desire
for robustness. As Hansen and Sargent (2006) demonstrate a desire for robustness can lead
to interesting time-varying misspecification risk premia components. The derivative related
features of the data can thus be a fruitful ground for assessing the role these additional

dimensions can provide in enhancing the model’s ability to confront the data.
More generally, risk attitudes toward uncertainty play an important role in interpreting
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asset markets. The Long Run Risks has channels for several priced risk factors, including
the level of uncertainty and its rate of change. An interesting direction for future research
is determining the extent to which these risks are also important in the cross-section of
returns. Ang, Hodrick, Xing, and Zhang (2006) is a recent work in this direction. Bansal,
Kiku, and Yaron (2007) utilize an uncertainty factor in the cross-section of returns within
the Long Run Risks framework, but are constrained to identify it based solely on cashflows.
The evidence in this papers suggests that derivative markets and high frequency measures
of variation should be very useful at identifying these risk factors. Interesting implications
could therefore arise from jointly using cashflows and derivative markets to understand the

influence of uncertainty on the cross-section.
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7 Appendix

TBA
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Table I

Summary Statistics

Excess Returns Variances

S&P 500 NYSE-AMEX-NASDAQ VIX? Fut? Ind? Daily?
Mean 0.528% 0.526% 33.30 22.17 14.74 20.69
Median 0.957% 1.023% 25.14 14.19 &8.99 13.51
Std.-Dev. 4.01% 4.13% 24.13 22.44 15.30 21.95
Skewness -0.635 -0.836 2.00 2.62 2.78 2.68
Kurtosis 4.217 4.547 8.89 11.10 13.26 11.91
AR(I) -0.04 0.02 0.79 0.65 0.73 0.62

Table I presents descriptive statistics for excess returns and realized variances. The sample is monthly and

covers 1990m1 to 2007m3.
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Table 11
Conditional Volatility

Dept. Variable Regressors

X1 X2 intercept B Ba R?
Daily? Daily? MA(1) 3.694 0.820  -0.350 0.40
(t-stat) (2.529)  (13.540) (-3.536)
Indy, Ind?  VIX? 0.098 0.400 0.261  0.59
(t-stat) (1.165)  (5.534)  (5.689)
Fut? Ind?  VIX? -0.889 0.560 0.290  0.59
(t-stat) (-0.51) (2.71)  (8.27)

Table II presents regressions of realized variance measures on lagged predictors. The forecast from the third
regression is used as the conditional realized variance estimate.The sample is monthly and covers 1990m1 to
2007m3.
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Table III

Properties of the Variance Premium

VP(BZ) VP(Ind-forecast) VP(Daily-MA(1)) VP(Fut—forecast)

Mean 18.41 18.50 12.52 11.20
Median 14.17 14.95 7.92 8.81
Std.-Dev. 15.34 13.76 14.37 7.64
Minimum -26.05 3.88 -4.02 3.27
Skewness 2.17 2.04 2.50 2.43
Kurtosis 12.06 9.26 12.88 12.16
AR(1) 0.50 0.69 0.54 0.65

Table III presents statistics for various measures of the variance premium. The sample is monthly and covers
1990m1 to 2007m3.
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Table IV
Return Predictability by the Variance Premium

Regressors
X1 X2 intercept 3 Bs adj. R*(%)

VP, -1.22 0.73 0.90
(t-stat) (-.28) (2.12)

VP, -6.918 1.236 3.44
(t-stat) (-1.29)  (3.82)

VP, log (P/D*), 94.41 1.10  -41.62 5.35
(t-stat) (3.82)  (2.81) (-3.76)

VP, log(P/D*), 94.15 159 -43.81 8.58
(t-stat) (3.95)  (4.95) (-4.22)

VP log (P/E), 14414 138 -49.10 7.44
(t-stat) (3.14)  (3.00) (-3.11)

VP_, log(P/E), 165.69  2.08 -58.54 12.55
(t-stat) (3.49) (4.84) (-3.58)

Table IV presents return predictability regressions. Reported t-statistics are Newey-West corrected with four
lags. P/D is the price-dividend ratio The The sample is monthly and covers 1990m1 to 2007m3.
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Table V

Calibration Model I: Parameter Configuration

Preferences 0 ~ Y
0.999 10 1.5
Consumption fhe Pz Pu Pe

0.0015 0.977 3.12e-4 0.00546

Dividends 1 10) 04
0.0015 3 2.46e-2
Volatility 72 Do q Pq ®q
1 0.93 0.211 0.7 0.632

Table V presents the parameter configuration used to calibrate the model I of section 3.
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Table VI

Consumption & Dividend Growth Dynamics

Statistic Data Model
E[Ac] 1.96 (0.34) 1.89
o(Ac) 2.21 (0.38) 2.53
AC(1) 0.44 (0.13) 0.51
E[Ad] 0.74 (1.18) 1.86
o(Ad) 11.0 (1.92) 9.76

Table VI presents several moments for consumption and dividend growth at the annual frequency. The data
corresponds to the period from 1930 to 2002 and the standard errors are calculated using the Newey-West
variance-covariance estimator with 4 lags. The model implied statistics are based on simulating a model at

the monthly frequency and time averaging the statistics to annual figures.
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Table VII
Calibration Results: Model 1

Statistic Data Model
E[Rms1 — Ryd] 751 (2.10) 7.44
E[Ry.,] 0.76  (0.27) 1.12
o(Rom.z) 201 (1.88) 21.5
o(Ryy) 112 (0.22) 1.68
o(vary(Ap)) 17.15 18.99
AC (vary(Ap)) 0.81 0.88
E[VP] 11.20 0.49
median[V Py] 8.81 0.33
o(VP,) 7.64 1.59
skew(V Py) 2.43 0
AC(1) 0.65 0.70
BVP,_1) 1.24 2.77
R? 3.44 0.83

Table VII presents several asset pricing moments from calibrating the model in section 3. The data for
market and risk free rate corresponds to the period from 1930 to 2002. The data for the variance premium
reproduces the statistics from Table III. Standard errors are calculated using the Newey-West variance-
covariance estimator with 4 lags. The model implied statistics for the market and the risk free rate are based
on simulating a model at the monthly frequency and time averaging the statistics to annual figures. The
statistics for the variance premium are at the monthly frequency.
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Table VIII

Calibration Model II: Parameter Configuration

Preferences ) ~ P
0.999 10 1.5
Consumption fe P Oz ©Oc We
0.0015 0.975 3.12e-4 0.00664 0.8
Dividends Id o ©d wq
0.0015 3 0.0299 0.5
Volatility o2 Po Do
1 0.90 0.04
Jumps Ao A v . o2
0 0.75/12 1 1.75 4.68e-4

Table VIII presents the parameter configuration for the model with jumps as described in section 4.
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Table IX

Consumption & Dividend Growth Dynamics

Statistic Data Model % jump
E[Ac] 1.96 (0.34) 1.95 1.88
o(Ac) 221 (0.38) 2.49 2.45
AC(1) 0.44 (0.13) 0.49 0.49
E[Ad] 0.74 (1.18) 2.04 1.77
o(Ad) 11.0  (1.92) 10.48 10.48
AC(1) 0.21 (0.13) 0.38 0.38
corr(Ac, Ad) 0.60 (0.14) 0.31 0.31

Table IX presents several moments for consumption and dividend growth at the annual frequency. The data
corresponds to the period from 1930 to 2002 and the standard errors are calculated using the Newey-West
variance-covariance estimator with 4 lags. The model implied statistics are based on simulating a model at

the monthly frequency and time averaging the statistics to annual figures.
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Table X
Calibration Results: Model 11

Statistic Data Model %jump
E[Rm.41 — Ry 751 (2.10) 7.61 4.67
E[Ry.,] 0.76  (0.27) 1.51 1.67
o(Rom.y) 20.1  (1.88) 18.8 15.7
o(Ryy) 112 (0.22) 1.55 1.18
o(vary(Ap)) 17.15 27.09 8.78
AC (vary(Ap)) 0.81 0.91 0.89
E[VP) 11.20 9.04 0.36
median[V Py] 8.81 4.96 0.27
o(VP,) 7.64 12.49 0.23
skew(V P) 2.43 5.64 3.50
AC(1) 0.65 0.91 0.89
BVP,_y) 1.24 0.79 10.15
R? 3.44 2.80 0.22

Table X presents several asset pricing moments from calibrating the model in section 4. The data for the
market and risk free rate corresponds to the period from 1930 to 2002. The data for the variance premium
reproduces the statistics from Table III. Standard errors are calculated using the Newey-West variance-
covariance estimator with 4 lags. The model implied statistics for the market return and the risk free rate
are based on simulating a model at the monthly frequency and time averaging the statistics to annual figures.

The statistics for the variance premium are at the monthly frequency.
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