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Abstract

This paper estimates a long run risk model with term structure data. In-
flation and consumption growth both contain correlated long run risk compo-
nents. The model is estimated by the likelihood-based Bayesian methods and
estimates of the latent long run risk factors are extracted from both macro and
term structure data. Empirical analysis using US data reveals that a small
and persistent component in consumption growth interacting with expected

inflation improves the model’s fit for the term structure data.
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1 Introduction

Long run risk models along the line of Bansal and Yaron (2004) can account for
asset pricing puzzles such as equity premium and low risk-free rate. A small but
persistent component in expected consumption growth combined with fluctuating
economic uncertainty and Epstein-Zin (1989) type recursive preferences shed new
light on economic sources of risks priced in financial markets. Recently, Piazzesi
and Schneider (2006) and Bansal and Shaliastovich (2007) apply a similar frame-
work to explain bond markets and show some progress in matching term structure
moments. However, neither study estimates a long run risk model by using macro
and term structure data at the same time. Bansal and Shaliastovich (2007) calibrate
parameters governing shock processes and preference while Piazzesi and Schneider
(2006) estimate parameters of shock processes from only macro data and calibrate
preference parameters to match term structure moments. In this paper, I estimate a
long run risk model with both macro and term structure data and provide estimates
of the long run risk components by filtering out short run factors. One advantage of
this approach is that it provides clear evidence of the long run risk factors implied

by the model.

In the empirical analysis using US data, I find that a small but persistent part in
consumption growth together with the real impacts of inflation and recursive pref-
erences can improve the model’s fit. The model implied pricing errors are smaller
than values reported in a no-arbitrage affine term structure model using macro fac-
tors (e.g. Bikbov and Chernov (2006)). In particular, the real impacts of inflation
seem to be important in explaining term structure data in contrast to Bansal and
Shaliastovich (2007) who shut down this channel. Smoothed estimates of long run
consumption risk seem to be less volatile but more persistent than observed con-
sumption growth. This result is consistent with the key assumption of long run
risk models. On the other hand, long run risk component in inflation is as volatile
as inflation itself and the model implies a bit more volatile inflation process. As I
discuss below, this result is not confined to the long run risk structure of the model

but more general to various classes of macro-finance models of term structure.



The paper is closely related to recent literature on the estimation of long run
risk models. Bansal, Gallant, and Tauchen (2007) estimate a long run risk model of
Bansal and Yaron (2004) and an external habit model of Campbell and Cochrane
(1999) and compare the empirical plausibility of two models. Using aggregate stock
market return, they show that the two models fit data much better than a standard
power utility version but the long run risk model better reflects the co-movements
between consumption and returns. Bansal, Kiku, and Yaron (2007) estimate pref-
erence parameters of a long run risk model from data on the cross-section of stock
market returns and find that low frequency movements and time-varying volatility
in consumption growth can explain the returns of various portfolios and their price-
dividend ratios. However, none of these previous works explores term structure
implications of long run risk models. And direct estimates of long run components
are not given in Bansal, Gallant, and Tauchen (2007) while Bansal, Kiku, and Yaron
(2007) extract a long run risk component in consumption from asset market data by
regressing observed consumption growth on the previous period’s observed market
return. It is not clear how accurately the procedure would recover long run risk
components if we consider the existence of pricing errors in asset market data. In-
deed, when I use regression-based estimates of long run risk components, the implied
persistence is lower and the predictability of consumption growth is higher than the
case when long run risk factors are backed out as latent factors through filtering.
In a closely related paper, Chen, Favilukis, and Ludvigson (2007) estimate an asset
pricing model based on recursive preferences. Unlike long run risk models, they do
not impose tight parametric restrictions on the law of motion or distribution of con-
sumption. Even in this more generalized version, they find fluctuations in expected
consumption growth provides a better description of asset market data, which is

consistent with the basic message of long run risk models.

I proceed as follows: Section 2 describes the model economy and derives the
approximate solution of equilibrium bond yields. Section 3 presents the econometric
methodology used in the estimation. Section 4 provides estimation results based on
empirical analysis of US data. Section 5 contains concluding remarks. Details of

the derivation of equilibrium bond yields and econometric methodology are given in



a technical appendix.

2 Model

2.1 Preference and Shocks

Following Bansal and Yaron (2004), I consider a representative-agent with Epstein-
Zin (1989) recursive preferences in an endowment economy with complete marktes.
More specifically, the representative agent’s preference over the consumption stream

is given by:

1—~
U =[(1-6)C, 7 +8(BUT)T (1)

The time discount factor (¢), the risk-aversion (y > 0), and the intertemporal

elasticity of substitution (IES : ¢ > 0) characterize the preference with 6 as 117Y

v
The standard expected utility is a special case of the above recursive preferences

when 7 is equal to i

Epstein-Zin (1989) shows that the logarithm of the nominal stochastic discount

factor in the recursive preferences has the following form:

0
miy1 = 0logd — ch,t—&-l + (0 — )re 1 — T4 (2)

Here, gci+1 is the log growth rate of aggregate consumption and r ;1 is the log
of the return on an asset which pays aggregate consumption as its dividends. w4 is
the inflation rate at ¢ +1. 7,441 is not directly observable but can be approximated
as a function of state variables governing the dynamics of ¢.¢+1 and m;41 by using

the following no-arbitrage restriction.

Et(emt+1+7rt+1+'fc,t+1) =1 (3)

To obtain the approximate form of r.;41, I introduce exogenous processes for

consumption growth and inflation. I assume that the following stochastic processes



for consumption growth and inflation contain small and persistent predictable com-

ponents.
Jet+1 op 0
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Tt41 0 o2
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p and ® describe the persistence and the conditional volatility of long run risk
components X;. Therefore, a certain configuration of these parameters may imply
that long run risk components are highly persistent and have low volatility. For
example, p11 close to 1 and ¢1 1 and ¢1 2 close to 0 implies that consumption growth

contains a small and highly persistent component.

Bansal and Shaliastovich (2007) incorporate the inflation process into a long run
risk model to explain nominal bond yields. The above model is a simplified version
of their model.! In their model, the volatility of consumption growth is time-varying
and consumption risk affects expected inflation and current inflation. Even though
such a rich structure may contribute to better term structure implications, there is
trade-off because the estimation of the model with time varying volatility demands
numerically intensive nonlinear filtering. Another feature that the above model
departs from Bansal and Shaliastovich (2007) is that the long run inflation risk
component may affect consumption growth through pis and ¢15. In their model,
this channel does not exist and inflation process has no effect on the real economy.
In my setup, that result can be empirically tested by estimating p;2 and ¢12. 1 will

discuss this point later in the empirical analysis using U.S. data.

!This specification is also related with Piazzesi and Schneider (2006). The main difference is
that I distinguish short run risks (n:41) from innovations to long run risks (e;+1). All the risks in

their model have long run impacts by the assumption of 7:+1 = e¢41.



2.2 Equilibrium Bond Yields

What would be the return on consumption claims when the consumption growth and
inflation evolve according to the stochastic processes in the above model? In general,
this problem does not have a closed form expression. But following Bansal and
Yaron (2004), I can obtain the following approximate return on consumption claims
by adding the log price-consumption ratio (z; = log(P;/C})) as another endogenous

variable.?

Tegrl = KO+ K1Ze41 — 2t + Gei+1 , 20 = Ao+ A1 Xy (4)

As inflation risk factor (z2;) affects real economy because it helps predicting the
long run consumption risk (x;+41) in the case of p12 # 0. By the same reason, the
price-consumption ratio is also affected by inflation risk factor. As mentioned by
Bansal, Kiku, and Yaron (2007), ko and k; are constants determined by the mean

price-consumption ratio z.

eap(?)

- Theap() ko = In(1 + exp(z)) — K12 (5)

K1

Then we first plug the equation (4) into the equation (3) and obtain three
restrictions for Ag and A;. That would give us Ay and A; as functions of Z and
parameters in preference and shock processes. Then Zz can be found numerically
by solving a fixed point problem which is Z = Ap(Z). Once this solution is found,
the price-consumption ratio and the return on consumption claims are determined.

Given kg and k1, Ag and A; are determined as follows.3

2The accuracy of this approximation turns out to be reasonably good as discussed in Bansal,

Kiku, and Yaron (2007).
3The appendix provides the detailed discussion of the derivation of these expressions.
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Armed with the approximate return on consumption claims, we can express the
negative log-stochastic discount factor in terms of long-run risk components and

their innovations:

—myp1 = Lo+ Tz + A (7)

!
G+1 = [o1M1e41,02M2,041, 01€1 441, 02€2 441]

where I'y, and A are factor loadings and market price of risks, respectively.

Expressions for I'y and A are given by

0
'y = *91H5+¥H1+(1*9)(I€0+K1A0*A0+,U,1)+,u2
1
Pl - [@, 1]/
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Given the log nominal stochastic discount factor, we can compute arbitrage-free
nominal bond prices from Euler equations. This calculation can be done relatively
easily because the nominal stochastic discount factor follows a log-normal distribu-

tion.

Vi(mig1 + Pr1,441)

2
9)
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where p,, ¢ is the log of the price of a nominal bond whose time to maturity is n
period. Under homoskedasticity, the above equation implies p, ; = Et(2?21 Mitj)+
M.‘l Since my41 is affine with respect to risk factors, we can express py, ¢
as an affine function of risk factors (A4, + Bpz;) as well. Now the model implied

bond yields are also affine functions of risk factors by the following relation:

Ey(325 1 —miry) — 0.5VA(30 mety)

n

Dn.t
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(10)

2.3 Unconditional Expected Excess Return for Long Term Bonds

Piazzesi and Schneider (2006) show that the negative correlation between inflation
and consumption is crucial in generating a positive expected excess return for long
term bonds. Since they consider a special case in which the intertermporal elasticity
of substitution is 1, it would be useful to check their results can be generalized in
our setting. Here, I consider the unconditional expected excess return which can be

defined as follows:

E(rz} () = E(pn-1,t41 — Pngt — Y1,t) = —E[covi(mig1, pn—1,0+1) + 0.5Vi(Prn—1,¢41)]
(11)
Since Vi(pn—1,¢+1) is always nonnegative, we can consider —E[covi (M1, Pn—1,t+1)]
as an upper bound for the unconditional expected excess return for a n period bond.
The unconditional expectation of this covariance term depends explicitly on corre-
lation parameters such as pio, pa1, ¢12, p21. For example, the upper bound for the

unconditional expected excess return of a 2 period bond is given by

o3[(1—0)k1(A11é11 +A12¢21)(¢121+¢21)]+U§[(1—9)F61(A11¢12 —|—A12<Z>22)((Z1}2 +¢22)]
(12)

4The homoskedasticity assumption is needed to guarantee not only my,1 but also 22:1 Me4j 18

normally distributed.



Let’s consider two special cases. Suppose 6 is 1, which corresponds to the ex-
pected utility case, then the upper bound of the unconditional expected excess

return is 0. Also, if inflation and consumption are not correlated (p12 = p21 = ¢12 =

(1*7)/@1(25%1
(I=k1p11)9

if v > 1. The above expression suggests that preference parameters and parameters

¢21 = 0), the upper bound is O’% . Therefore, the upper bound is negative
governing shock processes interact in a delicate way and we need a certain config-
uration of parameters in order to generate a positive average excess return. The
negative correlation of consumption and inflation may help us to generate a positive
average excess return for some values of preference parameters. Therefore, using
term structure data to estimate p and ¢ together with preference parameters can

be important to uncover term structure implications of long run risk models.

3 Econometric Methodology

With data on consumption growth, inflation, and bond yields available (Y; =
[Get> Tt Y1ts - -+ 5 Ynitl), I can estimate the model based on the likelihood constructed
by Kalman filtering. Indeed, the above model is a special case of a linear Gaussian

state space model in which long run risk components play the role of latent states.

Sy = ps(9)Si—1 + Pg(9)X(D)ey

i = ay(9)+by(9)S: + cy (¥)& (13)
U = [p11,p12, p21, P22, P11, P21, P22, 01, 02, i, 2, 3,0, 7]’
& = Mo tis, o ungd , wig ~id.dN(0,02)
(14)
where Sy = [X/, X;—1]' is a vector of augmented state variables and & is a

vector of measurement errors for observed variables and 9 is a vector of structural
parameters governing preference and shock processes. We introduce measurement
errors to bond yields in order to avoid the singularity problem. In this setting, short

run risks in consumption and inflation are observationally equivalent to measurement



errors in consumption growth and inflation. I fix the value o, to roughly 9% of the

standard deviation of bond yields.

The likelihood function in the state space model is given by decomposing the

prediction error as follows:

T

T
co”) = [[ely="9) =] [ p(¥ilSe, O)p(S:)Y*~" 9)ds,  (15)
t=1 t=1

YU o= [V Vil Yo = {}

In the linear Gaussian case, Kalman filtering provides the analytical solution for
the integration problem and we can evaluate the likelihood without approximation
of integration appearing in equation (15).5 I restrict my attention to the area of
parameter space which guarantees the stationarity of X; to rule out non-stationarity

in consumption growth or inflation.

Since the long run risk components are not directly observed, we may be in-
terested in backing out the estimates of them given all the available observations
YT, Running Kalman filtering backwards, I obtain smoothed estimates of the state

variables conditional on Y7, which are given by

S9 = B(S,|YT,9) (16)

Once the likelihood function is evaluated by Kalman filtering, I can obtain the
maximum likelihood estimates of parameters. I take Bayesian approach and combine
the likelihood with the prior density of parameters. There are some advantages of
using Bayesian approach in this context. First, system matrices in measurement
equations of the state space model (ay(?) and by (J)) are highly nonlinear with
respect to parameters because they depend on the solution of a nonlinear equation

for the mean price-consumption ratio. The solution of this nonlinear equation is

SWhen we allow stochastic volatility terms, the model cannot be written as a linear Gaussian
state space form and the evaluation of the integration demands numerically intensive methods such

as particle filtering.
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found by numerical methods. The use of numerical solution creates the possibility
that the likelihood may not be smooth along the dimension of some parameters and
makes it difficult to obtain confidence intervals for estimates of parameters.® In
Bayesian inference, the posterior probability intervals can still be obtained as long
as data is informative about these parameters and the likelihood does not have fat
tails.” Second, the existing literature on long risks models has some information
about parameter values which are in line with stylized facts of asset market data.
Since I use only term structure data in the estimation, I would like to put less

emphasis on parameter values which are incongruent with stock market data.

When the likelihood is combined with the prior distribution of 1}, the posterior
distribution of ¢ is given by

LOYT)p(v)
p(YT)

The posterior density of ¥ is complicated and does not have a known closed

p(@YT) = (17)

form. So I rely on simulation methods to compute posterior moments of parameters
and use Markov Chain Monte Carlo methods described in Schorfheide (2000).® The
algorithm to implement simulation consists of two steps. First, I generate 100,000
draws from the prior distribution of parameters and eliminate draws implying nos-
stationary X;. Then I select one draw with the highest likelihood value among 1000
draws picked in the prior draws.? Second, using the selected draw as a starting point,
I generate 200,000 draws by applying a Metropolis-Hastings algorithm initialized
around that point. Then I discard the first 50,000 draws to attenuate the dependence

5This concern turns out to be relevant for parameters governing correlation between consumption

growth and inflation such as pi2, p21, P12, P21.
"This is to say that conditions for the convergence of MCMC chains are satisfied and there are

no identification issues for parameters. See Geweke (2005) for precise conditions necessary for the
convergence of Markov chains. However, asymptotic distribution of posterior moments would be

difficult to characterize in the presence of the non-smooth likelihood function.
8Details of this procedure are provided in the appendix.
9This strategy of selecting starting points for Markov chains is borrowed from Justiniano and

Primiceri (2008).
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on the starting point. I compute posterior moments based on the remaining 150,000

draws.

We can also evaluate the fit of different models based on marginal data densities

as follows:
p(YTIM;) = / LOYT, M9 M) (18)

4 Empirical Analysis

Now, I turn to empirical analysis of the model using U.S. data. The main focus is
to extract estimates of long run risk components from the term structure of interest

rates data.

4.1 Data

I use the same dataset as the one in Piazzesi and Schneider (2006) except for the
slight change in the sample period.'® Aggregate consumption growth is from the
quarterly NIPA data on nondurables and services. Following Piazzesi and Schneider
(2006), I use the price index for NIPA data. 3 month treasury bill rate from the
CRSP Fama riskfree rate file is used as data for the short term interest rate. One,
two, three, four, five year bond yields are extracted from the CRSP Fama-Bliss

discount bond files.

4.2 Prior Distribution of Parameters

There are two sets of parameters in the model. For one set of parameters related to
the stochastic processes for consumption growth and inflation, I set prior distribu-

tions of parameters to be roughly consistent with i) sample moments of consumption

10The sample period in Piazzesi and Schneider (2006) is from 1952:Q2 to 2005:Q4 while it is from
1953:Q1 to 2006:Q4 in my case.
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growth and inflation and ii) calibrated values in the literature on long run risk mod-
els. For preference parameters, the prior mean values are set to be close to estimated

values of those parameters in the existing literature.

The prior mean values of p1; and pgo are set to be 0.92. Comparable parameter
values used in Bansal and Shaliastovich (2007) are 0.991 and 0.83 for p11 and pag,
respectively. These values are within 2 standard deviation in the prior distribution.
Constructing the prior distribution of pi2 and po; is more difficult because the
existing literature imply a variety of estimates even with different signs. The point
estimates of pj2 and py; in Piazzesi and Schneider (2006) are -0.099 and 0.28. In
contrast, Bansal and Shaliastovich (2007) set p12 to 0 to reflect their belief that
inflation does not affect the real activity while they assume a negative value for po;
so that low consumption growth predicts high inflation. The empirical relevance of
the real impacts of inflation factor can be tested by comparing the marginal data
density of two models with different priors for the cross correlation structure of
consumption and inflation. To shut down the impacts of inflation factor on real
activity, I fix parameters values for p1o and ¢12 to 0 in one set of prior. In another

set of prior, I allow for variation of p12 and ¢12 around O.

I calibrate the prior mean of ¢11 and ¢99 so that the implied autocorrelations of
consumption growth and inflation at the prior mean of p and ® are equal to sample
moments. This calibration is especially important for consumption growth because
observed consumption growth does not show high persistence even though we allow
a fairly persistent long run risk component. I also set the standard deviations of
short run risks to match the implied standard deviations of consumption growth and
inflation with sample moments. Prior mean values of average consumption growth
and inflation are set to be 0.007 which is a bit lower than sample moments. However,
together with the prior mean of preference parameters, these values help to match

the implied average short term rate with the sample mean of short term rate.

For preference parameters ¢, ¢, and -, I use the information from the existing
estimation results to construct the prior distribution. In Chen, Favilukis, and Lud-

vigson (2007), the point estimates &, 1, and v are 0.999, 2, and 60.!! In Bansal,

1This is the case when they aggregate consumption data and the inverse of covariance matrix
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Kiku, and Yaron (2007), the point estimates of 1) and «y are 2.43 and 10.28 with their
standard deviations 1.33 and 1.99. They fix the discount factor to 0.987. I set the
prior distribution of 8 and v so that the prior distribution can be compatible with

both estimates. Table 1 summarizes the prior information for all the parameters.

4.3 Posterior Analysis
4.3.1 Posterior Distribution

We can revise our prior belief about parameters by using the information from data.
Table 2 illustrates how the data refines our belief about parameters by contrasting
prior distribution with posterior distribution. For persistence parameters of the long
run risk factors, the posterior intervals are much smaller than prior intervals, indi-
cating there is much information from data about these parameters. In addition,
the posterior mean values of some parameters are quite different prior mean values.
For example, the posterior distribution of ps; centers around 0.361 in contrast to
the prior mean value of 0. On the other hand, the posterior mean of pio is nega-
tive, which is consistent with the view that high inflation predicts low consumption
growth as emphasized by Piazzesi and Schneider (2006). When I shut down the
real impacts of inflation factor, po; is estimated to be significantly negative. This
result indicates that low consumption growth predicts high inflation. Both models
are compatible with the observed negative correlation of consumption and inflation
and thus, we need another criterion to evaluate the relative fit of the two models.
The log marginal data density of Table 3 shows that data strongly favors the real

impacts of inflation factor.

Compared to the prior distribution, the posterior probability interval of discount
factor () is much smaller. In addition the posterior mean of the intertemporal
elasticity of substitution (7)) is higher than the prior mean. The data does not
reveal much additional information about the risk aversion parameter (7). In the
existing literature, the estimated value of risk aversion is typically greater than 6

(even higher than 20 in some cases of Chen, Favilukis, and Ludvigson (2007)) and the

as a weighting matrix in the estimation.
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estimate of the intertemporal elasticity of substitution is greater than 1. When we
allow time varying volatility of shocks, the condition of v > 1 > i guarantees that
investors dislike the rising uncertainty and demand a risk premium.!? The estimates
here are compatible with this condition for parameters. Additionally, I check the
role of recursive preferences in explaining term structure data by comparing the log
marginal data density of the benchmark model with that of the expected utility
version. Table 3 shows that the data supports recursive preferences.'® In total,
the model needs both the generalized correlation of long run risk components and

recursive preferences to fit term structure data better.

4.3.2 Macro Implications

Now I compare model implied posterior moments for macro variables with sample
moments from data to explore the model’s macro implications. One complication
in computing posterior moments is that they are functions of parameters and the
latent state variables. The posterior distribution of latent state variables conditional
on parameters can be obtained by running Kalman smoothing. Smoothed estimates

of latent state variables can then be used to compute posterior moments.

Table 4 provides information about the model’s implications for dynamics of
consumption growth and inflation. The model matches the mean and volatility of
consumption growth well although the first order autocorrelation implied by the
model is a bit lower than the sample counterpart. Regarding inflation dynamics,
the model does not perform well. The model implied mean and volatility of in-
flation are much higher than sample counterparts while autocorrelations are lower
than suggested by data. The model implied correlation of consumption growth and
inflation is negative, which is consistent with data. However, the magnitude is much
smaller than we observe in sample data. This results indicates our specification for

shock processes may be severely misspecified. To check this possibility, I estimate

'2This point is emphasized in Bansal and Yaron (2004).
3 According to a widely used criterion of model comparison described in Jeffreys (1961), the

posterior odds higher than 32 indicates ”very strong” or ”decisive” conclusion. In terms of log

marginal data density, this is equivalent to 3.4657.
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the same processes with data only on consumption and inflation. In this case, the
posterior moments in macro estimation now track the sample counterparts well.
Therefore, I infer that there is some tension in tracking inflation dynamics and the
time series of term structure data well at the same time. Figure 1 illustrates the
problem. Inflation rapidly rose during the mid 1970s and fell quickly during the
early 1980s. Also, consumption growth moved in the opposite direction during two
episodes, amplifying the negative correlation between consumption growth and in-
flation. However, interest rates rose only mildly during the mid 1970s and declined
rather slowly during the 1980s. In the joint estimation, consumption growth and
inflation are risk factors whose behavior should be consistent with changes in inter-
est rates. That constraint creates the tension we observe in the joint estimation.!*
Indeed, the short term interest rate during the mid 1980s is associated with the
Fed’s aggressive response to the inflation scare of 1983-84 as pointed by Goodfriend
(1993). For that reason, interest rates data shows the striking deviation from the
macro-based rule. That fact creates a difficulty even in a Taylor-rule based no-
arbitrage term structure model such as Bikbov and Chernov (2006) even if they use

an affine pricing kernel not restricted by a particular type of preference.

Figure 2 and 3 show estimates of the long run risk components. Consistent with
the low autocorrelation of measured consumption growth, the long run risk compo-
nent in consumption growth is fairly small in terms of volatility. In contrast, the
long run risk component in inflation is as volatile as the measured inflation, which
reflects the relatively high persistence of inflation data. Also, the long run risk
component in inflation varies a lot depending on which dataset we use. One alter-
native to backing out latent long run components by Kalman filtering is to regress
observed consumption growth or inflation on the previous period’s term structure
variables. Bansal, Kiku, and Yaron (2007) take this approach and extract expected

consumption growth from the regression of the current period consumption on the

Doh (2007) finds a portion of this discrepancy from the imperfect information of private agents
about changing inflation target of the central bank as modelled in Erceg and Levin (2003). However,
it is not enough to reconcile term structure data with inflation data at the quantitatively significant

level.
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risk-free rate and market price dividend ratio. Here, I regress consumption growth
on a constant and the 6 bond yields used in the estimation. Figure 4 shows estimates
of long run consumption risk component extracted by the regression. The regres-
sion based estimates of long run consumption risk imply lower autocorrelation and
higher predictability of consumption growth than filtered estimates. Table 5 shows
the autocorrelation of regression based estimates is 0.634 and R? in the regression
of consumption growth on a constant and the estimate of long run consumption
risk is 0.127 while corresponding numbers for the filtered estimates are 0.888 and
0.031, respectively. Given the importance of the persistence parameter in long run
risk models, this comparison gives some caution against using the regression-based

estimates of latent long run factors to explore the model’s asset pricing implications.

4.3.3 Term Structure Implications

Now, I compare the posterior moments of the yield curve implied by the estimated
model with their sample counterparts in the data. I focus on mean and volatility of
term structure data and set aside the empirical failure of expectations hypothesis
which is discussed in Bansal and Shaliastovich (2007). This is due to the restric-
tion that I do not have time-varying volatility which can account for the empirical
failure of expectations hypothesis. Table 6 provides information on term structure
implications of the model. The estimated model can do a relatively good job in
matching first and second moments of the yield curve. It also matches well the high
persistence of bond yields. In a comparable model, Piazzesi and Schneider (2006)
report the difficulty of matching the volatility of the yield curve without introduc-
ing additional amplification mechanism such as learning. In particular, the model
implied volatility of long term rates is much lower and less than a half of sample
standard deviation in the benchmark model of Piazzesi and Schneider (2006). The
difference can be understood by realizing that we use term structure data to extract
long run risk components while they use only macro data to estimate these compo-
nents. Since the implied volatility of inflation is higher in the joint estimation and
inflation contains a persistent component, it contributes to high volatility of long

term rates.
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Another measure to evaluate the model’s in-sample fit for term structure vari-
ables is the ex-post measurement error. Table 6 provides more information on those
measurement errors. Indeed, the estimated model captures the time variation of long
term rates quite well. For example, the mean absolute value of ex-post measurement
error for a 5 year bond yield is roughly 8 basis point. Overall, the magnitude of
measurement errors for bond yields is smaller than the standard deviation of those
errors fixed at 24 basis points. Also except for a 1 year bond yield, the magnitude of
ex-post measurement error is smaller than comparable numbers reported in Bikbov
and Chernov (2006), who report average pricing errors between about 9 basis points
and 28 basis points. While they incorporate monetary policy rule in a no-arbitrage
framework, their pricing kernel is exogenously given unlike the estimated model in
this paper where the pricing kernel is tied down by the recursive preference. Also,
the estimated long run risk model here provides clear economic interpretation for
latent state variables X; while Bikbov and Chernov (2006) demand additional work

to clarify economic meaning of latent term structure variables.

4.4 Robustness

Cochrane (2007) expresses skepticism of explaining the movement of aggregate asset
prices based on long-run properties of consumption growth. He argues that Bansal
and Yaron (2004) do not provide strong direct evidence for the required long-run
properties of consumption growth and without independent measurements, move-
ments in long-run consumption risk may just reflect unobserved shifts in marginal
utility. In response to the criticism, this paper provides direct evidence for long run
risk components in consumption growth and inflation by filtering these components
from the term structure data. One possible objection to results suggested here is
that I use a fairly concentrated prior for the persistence parameter for consumption
growth (p11) and this may tilt estimates in favor of the existence of long run risks.
To make sure that this is not the case, I estimate the above model with a different
prior on p11, ¢11, and a%. Again, I set prior mean values of these parameters to

match the model implied autocorrelation and standard deviation of consumption

growth with sample counterparts.
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When the term structure data is used for the estimation, the posterior distri-
bution of the persistence parameter of the long run consumption risk is still high.
However, when only macro data is used, the persistence parameter actually shifts
downward. Table 7 provides the detailed information about the estimation results.
Also, Table 3 shows log marginal data density for each case. In the macro estima-
tion, the low serial correlation of expected consumption growth is favored by data
while a persistent process for expected consumption growth is supported in joint
estimation. The finding provides a caution against estimating parameters of macro
dynamics with only macro data and plugging these estimates to derive equilibrium

asset prices.

5 Conclusion

In this paper, I estimate a long run risk model by using the term structure of
nominal interest rates data. With the combination of Epstein-Zin (1989) recursive
preferences and general correlation structure between inflation and consumption
growth, the long run risk model captures the time variation of the nominal term
structure data well, especially in the long end of the yield curve. In particular, the
paper shows that real impacts of inflation factor and the existence of a small but

persistent component in consumption growth are very important.

Although long run risk models can explain many stylized facts in a parsimo-
nious way (e.g. Bansal and Yaron (2004), Bansal and Shaliastovich (2007)), direct
estimates of long run risk components are rare, or their latent structure is not fully
utilized in the estimation (e.g. Bansal, Kiku, and Yaron (2007)). In this paper,
I filter out short run risks to obtain estimates of latent long run risk components
from observed data on the yield curve. Smoothed estimates of long run consump-
tion growth component are much less volatile but more persistent than observed
consumption growth data. The evidence is in line with the key assumption of long

run risk models.
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6 Appendix

6.1 The Approximation of the Return on Consumption Claims

The Euler equation for claims on consumption implies the following restriction.

Et(emt+1+ﬂ't+1+7"c,t+1) — Et(emog5*%9c,t+1+9rc,t+1) =1 (19)

Under the linear approximation of r. ;1 and the conditional normality of shocks,

we can rewrite equation (20) into

W(emt+1+ﬂt+1+rc,z+1 )

Et(eTYLt+1+7rt+1+7’c,t+1) + 5 =0 (20)
This implies the three restrictions on Ay, A11, Aqo.
0
v +0[k1(A11p11 + A12p2r) — A +1 = 0 (21)
O[k1(A11p12 + A12p22) —A12] = 0 (22)
0 9>
0Ind + (6 — J)Ml +0(ko + K140 — Ag) = —5[’%((14%1&1 + Alyd51)07 + (AT, 93 + A3y035)03)
1
+(1 =) (1= =)oi] (23)

(4

Equation (6) can be obtained from the above restrictions.

6.2 Markov Chain Monte Carlo Methods for Posterior Simulation

The following Metropolis Hastings algorithm is used in the estimation.

e Step 1 Selection of the Starting Point : Compute the log-likelihood for
100 draws from prior distribution. Select one point which gives the highest

log-likelihood value ¥*.
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e Step 2 Proposal : Starting from *, generate a new draw by the following
proposal density, which is a mixture of normal and ¢ density. The transition
mixture allows the occasional jump to a heavy-tailed distribution and is useful
for exploring deeply separated areas of parameter space with roughly similar
posterior density (Geweke (2005, pp. 142-3)). The scaling matrix c is chosen

by multiplying a small positive real number to the prior covariance matrix.

ONIT = 93 4 c[pN(0,1) + (1 — p)t(0,1,8)] , j=0,--- ,R—1

Here, p is mixing probability (0.9 is used for the estimation) and s is the degree

of freedom in the multivariate ¢ distribution. s is set to 5 in the estimation.

CARAMED)
1}

e Step 3 Accept/Reject Compute the acceptance rate « = min{ P

and accept or reject ¥VJT! according to the value of u which is drawn from

the uniform distribution over the unit interval [0, 1].

YL = NIt ity <

¥, otherwise

e Step 4 Burn-In For the purpose of the posterior inference, burn in the initial
B (50,000 in the estimation) draws and use the remaining draws for posterior

inference.
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Table 1: PRIOR DISTRIBUTION

Parameters Domain Density Para(l)  Para(2)
P11 [0,1) Beta 0.92 0.05
0,1), P5 Beta 0.4 0.1
012 R Normal 0 0.1
P2, P3 0 fixed
P21 R Normal 0 0.1
P3 0 fixed
022 [0,1) Beta 0.92 0.05
11 Rt Gamma 0.3 0.05
P2 0 fixed
R*, P5 Gamma 2.54 0.3
P21 R Normal 0 0.05
P3 0 fixed
b2 R* Gamma 1.26 0.15
o? R* Inverse Gamma  0.000013 4
R+, P5 Inverse Gamma 0.0000024 4
o3 R Inverse Gamma 0.0000036 4
141 R Normal 0.007 0.0002
142 R Normal 0.007 0.0002
0,1) Beta 0.997  0.002
P R* Gamma 1.5 0.2
R* Gamma 17 3
P4 3

Notes: Para (1) and Para (2) list the means and the standard deviations for Beta, Gamma,
and Normal distributions; s and v for the Inverse Gamma distribution, where pzg(o|v, s)
ov—le—vs®/ 2"2, a and b for the Uniform distribution from a to b. Standard deviations of
measurement errors are fixed as explained in the paper. P2, P3 denote alternative prior
distributions in which correlation between consumption growth and inflation is restricted

while P4 denotes the expected utility version. P5 reflects the belief that consumption growth

does not involve a fairly persistent component.



Table 2: POSTERIOR DISTRIBUTION
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Parameter Prior Posterior
P1 P2
90% Interval ~ Mean  90% Interval ~ Mean  90% Interval
o1 0.848,0.992]  0.873  [0.853,0.893]  0.870  [0.848, 0.889)]
P12 0.165, 0.165]  -0.006  [-0.008, -0.004]
0
pa1 0.163, 0.166]  0.361  [0.306, 0.422]  -0.409 [-0.484, -0.332]
P22 [0.849, 0.993] 0.997 [0.994, 0.999] 0.976 [0.969, 0.982]
b1 0.220, 0.384]  0.161  [0.133,0.188]  0.136  [0.112, 0.162]
b1 0.081, 0.083] -0.126  [-0.153, -0.099]
0

P21 [-0.083, 0.083] -0.069 [-0.127,-0.031] 0.125 [0.066, 0.185]
2o [1.011, 1.504]  0.626  [0.560, 0.687]  0.479  [0.419, 0.535]
1000002 [0.069, 0.257]  0.192  [0.163, 0.223]  0.216  [0.183, 0.250]
1000002 [0.019,0.071]  0.268  [0.237, 0.305]  0.287  [0.244, 0.329]

40041 [2.88, 3.96] 2.94 2.72, 3.14] 3.60  [3.42, 3.78]

4002 3.24,3.92] 378  [3.52,406] 351 [3.20, 3.85]
) [0.9942, 0.9998]  0.995 [0.992, 0.998] 0.998 [0.997, 0.999]
" [1.178, 1.820]  1.594  [1.303, 1.857]  1.715  [1.407, 2.008|
¥ [12.134,21.881] 14.616 [11.810, 17.382] 10.937 [8.234, 13.537]
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Table 3: LOG MARGINAL DATA DENSITIES

Data  Benchmark P2 P3 P4 P5

Joint 8959.7 8916.6 8836.3 8952.9 8898.0
Macro 1719.2 1707.5 1696.3 1728.9

Notes: P3 stands for the model in which pi2, p21, ¢12, P21 are fixed at 0 and P4
denotes the model with expected utility in which ~ is constrained to be equal to
%. The change in the preference specification does not affect the macro estimation

because preference parameters are not used in the macro estimation.

Table 4: MACRO IMPLICATIONS

Moment Data Model : Joint Model : Macro

estimate standard error mean  90% interval mean 90% interval

E(ges) 3.23 0.2 336 [3.20,3.56]  3.21  [3.12, 3.30]

o (ges) 1.84 0.16 188  [1.74,2.02]  1.69 [1.57, 1.81]
AR (gey) 0.34 0.062 012  [0.09,0.15]  0.17  [0.12, 0.23]
ARy(ger) 0.07 0.057 0.07 [0.05, 0.1] 0.10  [0.07, 0.14]
E(m) 3.71 0.48 442 [3.69,5.19]  3.71  [3.69, 3.75]
o(m) 2.52 0.36 357  [3.49,3.67] 230  [2.22, 2.39]
ARy () 0.84 0.048 062  [0.59,0.64]  0.86  [0.84, 0.88]
ARy(m) 0.71 0.084 051  [0.49,0.53]  0.73  [0.71, 0.75]
Corr(ges,m)  -0.34 0.150 0.04 [-0.014,-0.071] -0.23 [-0.16, -0.31]

Notes: Mean and standard deviation of consumption growth and inflation are ex-
pressed in terms of annualized percentage. Posterior moments are computed based
on 1500 posterior draws obtained by Markov Chain Monte Carlo methods. Standard

errors are Newey and West (1987) corrected using 10 lags.
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Table 5: COMPARISON OF DIFFERENT ESTIMATES OF LONG RUN CONSUMPTION

Risk

Regression-based Estimates Filtered Estimates

Autocorrelation 0.634 0.888
R? 0.127 0.031

Notes: R? is obtained from the regression of consumption growth on a constant and

estimated long run consumption risk.

Table 6: POSTERIOR MEAN OF YIELD CURVE MOMENTS

E(y1) E(ysz) E(ys,t) E(y12,4) E(y16.t) E(y20.t)
data 5.188 5.096 5.797 5.964 6.090 6.169
model 5.223 5.525 5.812 5.996 6.101 6.146
o(yi) o (Ya,t) o(ys,t) o(y12,t) o(y16,t) a(y20,t)
data 2.882 2.885 2.846 2.773 2.743 2.699
model 2.879 2.857 2.829 2.791 2.741 2.681
ARy (y14)  ARi(yar)  ARi(ysy)  ARi(yi2t)  ARi(yier)  ARi(y204)
data 0.94 0.95 0.95 0.96 0.97 0.97
model 0.04 0.95 0.96 0.97 0.97 0.97

E(ui YT)  E(uay

Y1) Blugt|YT)  E(ui]YT) E(uiee|Y")  E(ugoy

yT)

0.157 0.140 0.098 0.070 0.064 0.079

Notes: All the estimates are in terms of the annualized percentage. Posterior mo-
ments are computed based on 1500 posterior draws obtained by Markov Chain
Monte Carlo methods. The time to maturity is in terms of quarters. y20; denotes

a 5 year bond yield.
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Table 7: POSTERIOR DISTRIBUTION : P5
Parameter Prior Posterior
Joint Macro
90% Interval ~ Mean  90% Interval ~ Mean  90% Interval
P11 [0.240, 0.569]  0.832  [0.812, 0.852] 0.345  [0.848, 0.889]
P12 [-0.167, 0.162]  0.003  [-0.002, 0.007]  -0.123 [-0.197, -0.049]
P21 [-0.168, 0.160]  -0.289 [-0.353,-0.233]  0.132  [0.064, 0.201]
P22 [0.849, 0.994]  0.988  [0.980, 0.995] 0.957  [0.925, 0.987]
11 [2.050, 3.033]  0.246  [0.199, 0.295] 2.514  [2.043, 2.937]
?12 [-0.082, 0.081]  0.069  [0.038, 0.098] -0.035 [-0.113, 0.041]
21 [-0.082, 0.082]  0.062  [0.023, 0.104]  -0.055 [-0.127, 0.026]
P22 [1.017, 1.506]  0.478  [0.428, 0.527] 1.139  [0.948, 1.339]
1000057 [0.013, 0.047]  0.200  [0.177, 0.227] 0.025  [0.017, 0.033]
1000003 [0.020, 0.072]  0.273  [0.240, 0.309] 0.035  [0.028, 0.042]
40011 [2.88, 3.54] 3.80 [3.63, 4.01] 3.23 [3.02, 3.44]
40072 [3.27, 3.93] 3.54 [3.21, 3.84] 3.58 [3.25, 3.91]
0 [0.9942, 0.9998] 0.997 [0.9953, 0.9989]  0.997 fixed
0 [1.164, 1.818] 1.775  [1.517, 2.081] 1.5 fixed
v [12.174,21.927) 9.810 [7.327, 11.899]  17.000 fixed
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Figure 2: REALIZED AND EXPECTED CONSUMPTION GROWTH
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Expected consumption growth is obtained by running Kalman smoothing at the

posterior mean of parameters. The joint estimation uses term structure data as

well as macro data.
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Figure 3: REALIZED AND EXPECTED INFLATION
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Expected inflation is obtained by running Kalman smoothing at the posterior mean

of parameters. The joint estimation uses term structure data as well as macro data.
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Figure 4: COMPARISON OF ESTIMATES OF EXPECTED CONSUMPTION GROWTH
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The solid line corresponds to the expected consumption growth obtained from
regressing observed consumption growth data on term structure variables. The
dash line denotes the estimates of expected consumption growth obtained by

running Kalman smoothing at the posterior mean of parameters.
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