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Abstract

We prove generic existence of recursive equilibrium for overlap-
ping generations economies with uncertainty. Generic here means in
a residual set of utilities and endowments. The result holds provided
there is sufficient intragenerational household heterogeneity.

1 Introduction

The overlapping-generations (OLG) model, introduced first by Samuelson
(1958), is one of the two major workhorses for macroeconomic and finan-
cial modeling of open-ended dynamic economies. Following developments in
the study of two-period economies, the OLG model has been subsequently
extended to cover stochastic economies with production and possibly incom-
plete financial markets. In such instances, the general notion of competitive
equilibrium & la Arrow-Debreu has proven to be not very useful for applied,
quantitative work, even in stationary Markovian environments. This is due,
among other things, to the large dimensionality of the allocation and price
sequences when histories of arbitrary length are allowed, which strains the
ability of approximating solutions —through truncations— with present-day
computers. It also strains the notion of rational expectations equilibrium be-
cause of the complexity of the forecasts involved in some of these equilibria.

*We thank seminar participants at the CARESS-Cowles General Equilibrium confer-
ence, Yale University, April 2006, for useful comments.



An advance in the direction of simplifying computations was provided by
Dutffie et al. (1994), who give a general theorem for the existence of station-
ary Markov equilibria for OLG economies, with associated ergodic measure.
While these equilibria provide the analogue in stochastic economies of steady
states or low-order cycles in deterministic economies, they are still too com-
plicated to allow for computational work. Hence, the applied literature has
focused on a notion of simple time-homogeneous Markov equilibrium, also
known as recursive equilibrium.?

In a recursive equilibrium the state space is reduced to the exogenous
shocks and the initial distribution of wealth for the agents —asset portfolios
from the previous period, and capital and storage levels if production is
considered. A recursive equilibrium can be thought of as a time-homogeneous
Markov equilibrium that is based on a minimal state space.

However, no existence theorem is available for such recursive equilibria. In
fact, Kubler and Polemarchakis (2004) provide two examples of nonexistence
of recursive equilibrium in OLG exchange economies. The idea that recursive
equilibria may not exist is based on the observation that when there are
multiple temporary equilibria the continuation of an equilibrium may depend
on past economic variables other than the wealth distribution. That is, the
current wealth distribution may not be enough to summarize the information
contained in past equilibrium prices and marginal utilities.

While this phenomenon may occur, we prove that it is nongeneric —
under some qualifying condition. The argument follows three fundamental
observations.

The first is that it is always possible to find competitive equilibria which
are time-homogeneous Markov over a simple state space. This is the state
space made of the current exogenous state, the current wealth distribution,
current commodity prices, and marginal utilities of income for all generations
except for the first and the last (‘newly born’ and ‘eldest’). This result is
similar to what obtained or conjectured in Spear and Srivastava (1986) and
Duffie et al. (1994).

The second observation is that in such equilibria prices and multipliers
are typically a function of the current state and of the current wealth dis-

ISee e.g. also the earlier work by Spear (1985) and Spear and Srivastava (1986), and
by Cass et al. (1992) and Gottardi (1996).

2Examples by now abund; see, e.g., Rios Rull (1996), Constantinides, Donaldson and
Mehra (2002), Geanakoplos, Magill and Quinzii (2004), Storesletten, Telmer and Yaron
(2004a, 2004b).



tribution, provided that one can allow for sufficient dispersion of individual
characteristics within each generation. We call these equilibria nonconfound-
ing.

The trick we use here to prove the nonconfounding property is to abstract
from the equilibrium equations and instead, using stationarity, focus on the
optimization problem of an arbitrary individual born at any date-event. This
trick allows one to bypass the infinite dimensional nature of the equilibrium
set, and the fact that with overlapping generations there is an infinite number
of individuals and an infinite number of market clearing equations, rendering
direct genericity analysis quite problematic. A simple Markov equilibrium
fails to be nonconfounding essentially when in a given state, called critical, all
individuals of all types spend the same amount of money, while some prices
for goods or assets from the critical state onward are different. However,
typically this cannot be the case, as with enough heterogeneity in preferences
and endowments there is almost always going to be an individual who will
spend differently at different prices, no matter what prices are at all the
remaining states. Since we need to check this for all admissible, and not
just equilibrium, prices, the degree of heterogeneity we use must be large
—it should be noted in passing that this is not at odds with the notion of
price-taking behavior which is assumed in competitive models such as ours.?

Aside from the use of Sard’s theorem, the nonconfounding property so ob-
tained follows from a perturbation analysis of a family of individual dynamic
programming problems. We show that when enough individuals face differ-
ent prices, it is possible to control either their expenditure at a critical state,
or some of their marginal utilities through wealth or utility changes at some
point in the future, which then trickle down to induce different expenditures
at the critical state for some agent.

The third and final step is to show that nonconfounding simple time-
homogeneous Markov equilibria are indeed recursive equilibria.

3While the heterogeneity condition does not encompass the economies of the exam-
ples constructed by Kubler and Polemarchakis (2004), in a previous paper (Citanna and
Siconolfi 2006) we show that such examples are nonrobust. That is, we show existence of
recursive equilibria for an open and dense set within a class of exchange economies. In
that class, individuals live for two periods —‘young’ and ’old’ age—, restrictions apply to
their preferences when young, but we allow for any degree of heterogeneity. Our main
idea there is to prove existence of recursive equilibria via short-memory equilibria. Hence,
that result complements the one of this paper in showing the generic character of recursive
equilibria.



The notion of genericity we will use will rely on utility perturbations, and
therefore will only be topological. In fact, due to the infinite dimension of the
equilibrium set, we will not be able to establish local uniqueness of competi-
tive equilibria, whether or not time-homogeneous. Without this prerequisite,
the argument essentially showing some one-to-oneness property of prices will
have to be made without knowing whether such prices are or not ‘critical’
—in fact, without knowing if they are equilibrium prices. Therefore, we will
resort to an argument reminiscent of Mas-Colell and Nachbar (1991), and
we will show the existence of recursive equilibria for a residual or nonmeager
subset of parameters, i.e., a set of stationary utilities and endowments which
is dense and is the countable intersection of open and dense sets. This is a
well-established notion of genericity for dynamic systems.

Our class of OLG economies has multiple goods, generations and types
within each generation; it allows for incomplete markets, with short-lived real
—mnamely, numéraire— assets in zero net supply. While complete markets,*
long-lived assets with nonzero real payoffs and in positive net supply, or
production (& la Rios Rull 1996), can be added, we present the model and
results without such features to simplify the exposition.

Our result suggests that the notion of recursive equilibrium is computa-
tionally useful as well as coherent as an exact concept, adding robustness to
its interpretation and quantitative use.” The heterogeneity level we use in our
theorem allows for the state space dimension in the recursive equilibrium to
be drastically reduced, relative to the dimension that truncation techniques
require when applied to a path-dependent competitive equilibrium. If we
denote by G + 1 the number of periods an individual lives, i.e., the number
of generations present in an economy, this heterogeneity is proportional to
the dimension of a tree of length GG + 1, and this is the minimal length of a
truncated economy. Besides, while the number of agents must be large, their
characteristics can be taken to be very similar for the underlying economy
to have exact recursive equilibria.

4When markets are complete, the gist of the argument goes through, but density proofs
are of a different nature. In a companion paper we provide the argument for the case of
complete markets.

For their interpretation as mere computing devices, see See Kubler and Schmedders
(2005). When feedback policies are examined in a recursive formulation, the interpretation
is of course strengthened by the exact nature of recursivity. The focus on these equilibria
is also justified by their ‘simplicity’.



2 The model

We consider standard stochastic OLG economies where time and uncertainty
are represented by date-events, and a tree structure (S, <). Here S is a set
and < is a precedence relation: < is irreflexive and transitive, and partially
orders the set S. If s,s" are two elements of a chain in 5, with s’ < s, and
there is no other s” € S with ' < s < s, §' is the (unique) immediate
predecessor of s, also denoted s_. Let {s}, C S denote the set of immediate
successors of s. We assume that {s}, # 0 and #{s}, < coforall s € S. Let
so be the root of the tree, i.e., the unique element of S with no predecessor.

A notion of time is imposed as follows. We denote by ¢(s) = t the length
of the chain between sy and s. Note that t(sg) = 0. The tree is then
partitioned into ‘dates’, or equivalence classes of length ¢, with t = 0,1, ...
representing such dates. Time is discrete, the horizon is infinite, but at each
date ¢, S; < oo events or states can be realized, and S = U;S; is countable.
Each element of S; is denoted by s;. To each s;, {s;}+ C Sir1. We also
define a history up to and including date ¢ as an array of states, one for each
date 7 < ¢, and is denoted by s' = (sg, $1, ..., 8¢) € S X ... X Sy, the set of all
such histories; we also write s = (s'™!,s;). A proper history s’ leading to a
date-event s; is the (finite) sequence of date-events, with s, ; = s, for all
7 =1,..,t. From now on, when we refer to date event as histories, we always
mean proper histories.

We are going to consider trees which are generated by a (finite) set .S,
i.e., where {s}, = S for all s € 5’; for all t > 0, s' = (so, $1, ..., 5;) where
s, € S, all 7 < t. That is, an underlying first-order Markov stochastic
process generates the tree, with time—invariant transition m(s;1|s;), all t.
We assume that 7(syy1]s:) > 0 for all sy, 8,41 € S x S (full support of the
transition).

At each s, there are C' > 1 physical commodities, and the demographic
structure is that of an overlapping generations economy. At each s*, H > 1
individuals are born living G + 1 > 2 periods, or generations, indexed by
a = 0,...,G, from the youngest (a =0) to the oldest (a« = G) age. The
economy starts off at sg with H individuals of each generation. This simple
demographic structure can be generalized to any exogenous stochastic process
which is a time-homogenous finite Markov chain. -

The commodity space is the space of sequences (RS&LUC)S , (G+1)C-
dimensional vectors. The utility of the young agent h born at s* is U"s" :



RC(zano Stta) S
i — R, which is time-separable and of the von Neumann - Mor-

genstern type:

G
Uh,st (xho(st), . th(St-&-G)7 ) _ Est{z uha(xha<st+a>7 St+a)}.

a=0

In addition, each utility u"*(-,s'™) : RY, — R for a = 0, ...,G is smooth,
differentially strictly increasing, and strictly concave. The utility u¢(-, s'7%)
for a > 0 already includes a discount factor. Agent h,s' is also endowed
with physical goods at all ages, i.e., "(s"*%), all a. We assume that util-
ities and endowments are stationary, in that u(-, s'7®) = u"(- s;,,) and
eht(st+e) = ehe(s,,,), for all a. That is, the economy has a first-order Markov-
ian structure.

We also assume that e}“(s) > 0 for all s, all a, all b, and that ), , e}*(s) >
0 for ¢ > 1, all s. Finally, we assume that u® satisfies the boundary condi-
tion lim, .o 7%, = 0, then lim, o |[Dyu"*(zk?, s)|| " 2} Dyut* (2], s) = 0.
These conditions simply state that good ¢ = 1 is necessary to individuals of
all ages, and that total resources in the economy are positive.

At each s’, there are spot markets for the exchange of physical commodi-
ties. The price vector of the C' commodities at s’ is p(s') € R, . Commodity
¢ = 1 is dubbed the numéraire commodity.

There are also J < S one-period securities in zero net supply, paying
in units of the numéraire commodity. Their prices are ¢(s') € R’. Their
payoffs at s* are given by an S x J-dimensional matrix Y (s') =Y for all s,
with column rank J —hence, there is no outside money. There is one asset,
say asset j = 1, which has positive payoffs, y! > 0 for all s € S, and YV is
in general position. Agents hold m"*(s') € R’ units of these assets when
a < G, without loss of generality.

Economies will be triples (e, 7, u) of endowments, transition probabilities
and utilities satisfying our assumptions. Endowments and probabilities lie
in open subsets of Euclidean spaces. Utilities u"* are points in the space of
C>*(RY,,R) functions with the topology of C*~uniform convergence. Namely,
they belong to the G5 subset of such space consisting of functions satisfying
our maintained assumptions. Then, we let €2 be the space of such endow-
ments, probabilities and utilities, endowed with the product topology.

For each s' € S, we let Z(s') C = be the set of endogenous variables at s,
i.e., of admissible vectors (s') = (x(s"), m(s"), p(s'), q(s")). The sequence & =
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(5 (s'),s" € g) € X..g2(s") represents a vector-valued stochastic process of

consumption, asset holdings and prlces for commodities and assets —adapted
to S Given a tree S and a history s € S we let S, be the subtree starting at
‘,ie., theset of s” with 7 >t and s™ = (s, 5441, ..., 5,). If § € X, 5E(s"), for

any s' € S, £, = (f(sT),ST € §St> € xsfegstE(sT) is the process in the sub-

tree starting at s', and we let &, (s") = (2" (s")acq, M (5" acc, q(s"), Egar)
be the continuation of the process at s'.

2.1 Competitive equilibrium

Letting m"(=1(s?) = 0, m"“(s?) = 0 for all h, s*, a competitive equilibrium is
a stochastic process £ such that:
(H) agents optimize given prices, i.e., for each h, s’,

MAX gha (gi+a)G_ mha(st+a)C_ Ubs' (2h0(st), .., xhC(s146), )
ot plet)[aH(s0) = do(toa)) 1 g(stseymins) =
(s )y, mPe D (stHel) - for all stte = (sttel 5, ), all a,

and at s°, for @ > 0 agents of age @ optimize given prices and initial portfolios,

st p(sa—ﬁ)[iﬁa(sa—a) _:eha<8a—a)]_+ q(s* E_) ha( a— a) _
P1(s% )y, -mMeD (52771 for all 5977 = (59771 s, 5), all a > @,

with m"@ 1 (s_) = m"@ Y (sy_) given;

(M) markets clear, or Zh’a[xh“(st) —eha(st)] = 0 and > ha mhe(st) =0,
all st € S.

Notice that, by time and state separability of the agents’ utility func-
tions, we do not need to write separately the optimization problem of agents
of age a > 0 for histories s’ # s%, as they are implied by their maximization
when young. A competitive equilibrium exists for these economies using a
standard truncation argument (see Balasko and Shell (1980)), and combining
it with the argument for existence of equilibrium in a two-period economy
with incomplete markets and numéraire assets (see Geanakoplos and Pole-
marchakis (1986)). Let E(w,m) be the set of competitive equilibria of an
economy w €  with initial portfolio distribution m = (m"*(s0)) heH.as0"

7



As we explained in the Introduction, the focus of this paper will be on a
special kind of competitive equilibrium, also known as recursive equilibrium,
to which we now turn.

3 Recursive equilibrium

Let W be a subset of RY with element w = (..., w"®, ...)semas0. This is the
space of beginning-of-period financial wealth levels.

A recursive equilibrium® is the state space S x W together with time-
invariant price functions p(s, w), ¢(s, w), allocation functions m"(s, w), z"%(s, w)
for all a, and transitions T, (s, w, s’,w’) = 0, for s,s' € S and w,w’ € W, all
a < G such that:

(H’) for each h, each (s,w) € S x W, individuals of age @ > 0 optimize

given the price functions and (73) ;- >z i-€-,

180, a) S, MM (50, w,)S2) €

JER Uh<xha(857 wa)a Y
ha(

T ha(
hG(SG, wg), )

Sa;, wa) -

arg maXxha(Sa7wa)eR§7mha(sa7wa
8.t P(Sa, W) [1" (50, wa) — €M (54)] + q(8q, Wa )M

P1(Sas Wa)ys,m" D (sq_1, wa—1), alla > @

for all (sa,wa)f:a s.t. Tu(Sq, Wa, Sat1,War1) = 0, for a < G, (sz,wsz) =
(s,w), and with m" =Y (s,w) =0, m"%(s,w) =0 all (s,w) € S x W;

(M) markets clear, or Y, [¢"(s, w)—€"(s)] = 0and ), ,m"*(s,w) =0
for all (s,w) € S x W;

(R) the transitions 7, are consistent with optimization (H’) and with
nature’s moves, that is, given (s,, w,) € SXW, then T, (s,, Wa, Sat1, War1) =0
implies

- Sa+1 € {Sa}—F;

- w T = ()T = e, mt (50, w,) all @ < G

Note that in this definition the equilibrium process starts from a point in
W. In particular, a recursive equilibrium is a competitive equilibrium only if
the initial distribution of asset portfolios, m(so_ ), multiplied by ys,, is in W.

Consumption plans for any age a only depend on the current state s, w;
any more variability in consumption is not going to be optimal for the agent,

given the equilibrium price functions and transition, separability and strict

bSee, e.g., Rios Rull (1996).



concavity of the utility function. This is why feasible plans are already re-
stricted to functions 2" (s, w).

3.1 Generic existence of recursive equilibrium

We want to show the existence of these equilibria in a large class of economies.
In order to accomplish this, the basic idea is to show that the beginning-of-
period wealth distribution is typically a sufficient statistic of the memory of
the economic system at least at some competitive equilibrium.

3.1.1 Existence of simple time-homogeneous Markov equilibria

Let the initial portfolio distribution m be given. We are going to first show
that there are always competitive equilibria which are time-homogenous and
Markov on the state space given by p, (\") ¢ Ho0<a<G, W, S, that is, the current
exogenous state, current wealth distribution, current Lagrange multipliers for
all individuals of all generations except for the eldest and the youngest, and
current commodity prices. Denote by Fy/(w,m) C F(w,m) the set of these
Markov equilibria.

Lemma 1 For allw € Q, Ey(w,m) # @.

Proof. See the Appendix.

Let A(s) = (\'“(8))nemo<a<c be the collection of marginal utilities of
the numéraire commodity for all individuals h € H and cohorts a, a =
1,...,G — 1. Equilibria in Ej;(w,m) do not have multiplicity problems in
any continuation. In particular, we have excluded situations where even if
p(sh), A(s"), w(s') and s; are given at an arbitrary s*, multiple equilibrium
asset prices ¢(s') and commodity price expectations p(s'™!) are possible along
the tree S. Note that we do not know whether such selection process gives rise
to continuous, or even measurable, transitions, but neither property will be
used in our argument or is required in the definition of recursive equilibrium.

3.1.2 Nonconfounding simple time-homogeneous Markov equilib-
ria

For the Markov equilibria in Fy,(w, ), a Markov state is defined by a current
realization of s € S, by commodity prices p(s), by multipliers A(s), and by the
initial wealth distribution w(s). We want to show that the Markov equilibria
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which we constructed above, typically and under some qualifying condition
on intragenerational heterogeneity, have the following injection property: if

at s, two Markov states are given, (p, A\, w;s) and (ﬁ,j\,u?; s) with w = w,

then (p,\) = (p, 5\) We call Markov equilibria that satisfy this property
nonconfounding, and denote the set of nonconfounding Markov equilibria
EYC(w,m). Instead, a state s that violates this property is called critical,
and the corresponding equilibrium confounding.

The qualifying condition on intragenerational heterogeneity used below
is

Al H>2[(C—-1)3% 5%+ T35 ) 59
We aim at proving the following theorem.

Theorem 2 Under A1, Ey(w,m) = ENC(w, M) in a residual subset Q* of
Q.

Let s be the critical state, where after some pairs of histories sz’“, k=12,
our simple equilibrium fails to be nonconfounding Then, in the correspond-
ing competitive equilibrium whe(s] 5 1) = whe(s3?) for each h and any age
a > 0, and either (i) p(s1,s) # p(s2 ,s) or (ii) there exists some individual
h* of some age a* such that A\ (s1',s) # A" % (532, 5). Let s% be an arbi-
trary history of length a = 0, ..., G — a* starting at s after histories SZ’“, ie.,
with 57 = s, and let p(sf,) and q(sf ), be commodity and asset prices at

the history (s;‘:"', s9),a=0,..,G—a*, k=1,2. Given our assumptions on

utilities and given wealth equality at s, if

(p(s§ ), a(st,)) = (p(s5.),q(s5,)), for a=0,..,G—a*, and p(s{;*) = p(s5."),

then individual (h*,a*)’s programming problem implies that A" (s1', s) =

M9 (s22 5), a contradiction to (ii). Thus, (i) and (ii) require that some
prices are different between the critical state (s,*,s) and (s,*, s¢~"). Hence,
independently of what a* is, at a confounding price pair an individual born
at s1' faces during his lifetime a price sequence different than that faced by
an individual born at s32. Therefore, in order to rule out the existence of
confounding equilibria and establish Theorem 2, very conveniently it suffices
to show that typically if price sequences are different, wealths of individuals

with age a = 1 at the critical state cannot all be equal.
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At this junction, two p0851b111tles arise: 1) one history, say s32, is empty
and s is the root of the tree S, and the other is not; 2) neither history s,* is
empty. In case 2) is verified, we consider the demand functions of individuals
of age a = 0 at some pair of states (so1, So2) € S?, for two sets of commodity
prices p(s}), s¢ € S* k = 1,2, and a = 0,...,G, and of asset prices q(s%),
s¢ €8 k=12 and a = 0,...,G — 1, where s) = sq for k = 1,2. We
do not need to keep track of the asset prices q(s¢), s¢ € S¢, k = 1,2, since
in the absence of arbitrage the old generation GG does not trade on the asset
market.

Without loss of generality normalize commodity prices by setting

pi(sp) =1, for all s € S k=1,2,

To have a compact notation, let (p,q) denote the entire collection of prices
over the two finite trees. Thus, p € R+f RENEVEN and g € R* iS5 Let

Niso1,502) e the set of parameters w and variables

z = ((xha(32)> /\ha(SZ)7 mha(SZ) )h,SZ,a,ka b, Q)

which satisfy the Kuhn-Tucker equations

Dute(zhe(sg)) — N'(s¢)p(sg) =0, (KT1, h; s)
—A“(s%)q(s}ng m(s|s) A (st e =0, a <G (KT2,hisf)
p(sp) [z (sf) eha(s >]+q<sk> “(sf) = (T3, b 50)

ysm™Me= D (s¢71) for all s¢ = (s8¢, s), alla >0

with q(s§) = m"(s{) = 0, for all s¢ € S¢ and m"=V (s 1) =0, for k = 1,2
and

Sopa(sy) < M(w), (isk) (IN)
zhe(s¢) >0 (133 k)
Here M(w) > 0 is a real, with M(w) = 2max; >, e"(s). Note that this
system has 2[(C — 1) >N 09"+ JZG ' 5% too many unknowns: p(s?), for
st € 8% a=0,.,G, k=12 and q(sk) for st € S* a =0,....G — 1,
k=127

"For G > 1; when G = 1, no asset prices are unmatched, and the term .J ZG ! ga

drops.
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For k =1, 2, define

Bs) = (p(s). (A" (s))nenr)
We are interested in the subset N(s, s,)(5) 0f N5y, s02) cOnsisting of the so-
lutions to equations (K711 — K'T'3), inequalities (//N), and the H equations

ys(m"(sor) —m"(sp2)) =0 (KT4,h)
for all h, with

[(B(s1) — B(s2)| # 0 (NC)

System (KT1 — KT4) has now H — 2[(C — 1) 39 8 + J 391 59 too
many equations, a positive number under Al.

If instead case 1) is verified, then the maximization problem of the in-
dividual going through prices ps,qs starts at s} = (sg2,8); the individual
budget constraint at s3 = (sg2,5) is p(s3)[x™(s3) — e™1(s)] + q(s&)m"(s¢) =
Ym0 (s02), and it depends on T"°, the exogenous initial wealth of age a = 1
individuals. As will be evident from case 2), this wealth level, and therefore
the entire initial distribution ys, 77, plays no role in the perturbations. Thus,
it is enough to focus on case 2) without loss of generality. All the generic
sets obtained hereafter must simply be considered indexed by a given initial
wealth distribution y,,m

With this caveat in mind, clearly any £ € Fy(w, ) ‘goes through’ system
(KT1 — KT3) and (IN), i.e., { intersects some N(y, s0,)- As argued above,
if £ € Epy(w,m) but € ¢ ENC( m), then (K'7T'4) must also hold when (NC’)
holds for some pair of histories (s}, s3) with current state s, or £ intersects
also some Ny, 50,)(5). We are then going to show that in a residual set of
parameters (s, s02)(5) the set Nig, o) (s) is empty. Repeating this across
all finitely many pairs of initial states (so1,S¢2) and states s, we obtain a
residual set

0" = Nesor,s02) Ns L(so1,502) ( )

where if (p(s), A(s), w(s); s) and (]5(8), A(s),w(s); 3) are given and (p(s), A(s))

+ <ﬁ(s),;\(s)), then w(s) # w(s), i.e., By (w,m) = EYC(w,m) if w € QF,
under Al, proving Theorem 2.

To show that N, s0,)(s) is empty in a residual set Qg s0,)(5), We are
going to restrict attention to sets IV (s) where (KT1— KT4) and (IN)

(so1, 802)

12



hold, and moreover z satisfies

p(s1) = B(sy)|| > 1/, (NC.n)

for some positive integer n. Since N(s, s00)(5) C Un N/ (s), emptiness of

(s01,502)

N(7'LS017802)(S) for all n will imply that Ny, s.)(s) is empty.
We are then left to showing the following proposition.

Proposition 3 Given any (so1, So2), s and n, there is an open and dense set
Qr (s) C Q2 such that N (s) is empty.

(s01,502) 510,520)

Setting
9(301,502)<3) = m”Q?Sm,soz)(s)

will deliver the desired conclusion. For suppose not, and there is a z €
N(so1,502)(8)- Then there is an 7 > 0 such that (NC.n) holds true and (K7T4)

is satisfied. But this implies N(ﬁ )(s) # &, a contradiction. Hence, in a
501,502

residual set of economies, if £ € Ey(w,m) and (p(s), A(s)) # (ﬁ(s), X(s))),
then ||w(s) —w(s)|| # 0, as desired. Section 4 is devoted to proving Propo-
sition 3.

3.1.3 Main result

We are now ready to state and prove our main result. Again, let the initial
portfolio distribution 7 be given.

Theorem 4 Under Al, recursive equilibria exist on the residual set 2* C ).

Proof. See the Appendix.

Note that our construction delivers recursive equilibria which are com-
petitive equilibria, since initial conditions can always be included in W. Re-
member that the set 2* depends on the initial wealth distribution y,,m. Of
course, we can say nothing about the uniqueness of such equilibria. Also, we
do not know whether the function £(s,w) is continuous or even measurable
on S x W.
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4 Perturbation Analysis

In this technical section we are going to prove Proposition 3. We separate the
openness and density parts. For density, we use transversality, i.e., Sard’s
and the preimag§ theorems, to show that N(’;OLSM)(S) is empty in a dfense
subset of economies. In other words, we resort to a perturbation analysis of

the individual demand function at all admissible prices.

4.0.4 Openness

The set of endogenous variables and parameters N(Zohsoz)(s) is closed in
Nisor,502), since it is the preimage of continuous functions and weak inequal-
ities. If the projection of endogenous variables and parameters satisfying
(KT1—-KT3),and (IN), that is, Pr : N(s, s0,) — 2, is proper, 9\9?3017502)(S>’
the set of parameters Pr(Np . (s)) is closed. Clearly, its complement

” (s) is an open set of parameters where either (K74) does not hold

(s01,502)

or ||p(s1) — p(s3)|| < 1/n, i.e., where N

(s01,502)

(s) is empty.
Lemma 5 The projection Pr is proper.

Proof. See the Appendix.

4.0.5 Density
We are going to show that for a dense subset 27 )(s), either (KT4)

501,502

does not hold or |p(s}) —p(s3)|| < 1/n. First ébserve that inequalities
(IN.1t; k) hold strictly when z € N{; . (s). This follows from equations
(KT1,h;s%), k= 1,2, and the boundary condition on u"®. Let F(z,w) =0
represent system (K71 — KT4). It is enough to show that F'(z,w) = 0 has,
typically, no solution in €, disregarding the inequalities [|p(s1) — p(s3)|| >
1/n and (IN.i;k) —i.e., assuming that they do not bind— since this will
be a fortiori true if the inequalities are satisfied (note that if they are satis-
fied with equality, we are adding equations and so potentially reducing the
dimensionality of N, . (s) relative to F~(0)).

We want to show that for each n > 0, (so1, So2) and s, there is a dense set
Q1,500 (8) such that Npg - (s) = @. Without loss of generality, we will

show this by fixing the critical state to be s = 1. Let f” represent the Lh.s.
of equations (KT1,h) — (KT3,h), fl representing the l.h.s. of equations

14



(KT1,h;s%) — (KT3, h;s3) for a pair (h,k); let W" represent the Lh.s. of
(KT4,h), and F* = (ff, f§, W") = (f", W").

We start by showing that either (i) ||p(so1,1) — p(se2,1)|] > 1/n or (ii)
||)\h1(301, 1) — M (502, 1)H > 1/n for some h € H implies that F" is transver-
sal to zero.

Lemma 6 (i) If p(so1,1) # p(so2, 1), then the rank of Dy ym F' is full.
(i) If X" (s01,1) # AN (502, 1), then the rank of D oh sb gy B s full.

Proof. See the Appendix.

When G = 1, (NC.n) only takes the form ||p(so1,s) — p(soz, s)|| > 1/n
for some critical state s. The argument establishing Proposition 3 must only
show that equations (KT'4) cannot hold when p(so1, S) # p(so2, s), hence it is
concluded with Lemma 6.i. The proof of this lemma shows that in traditional
overlapping generations models, with only young and old generations, the
ensuing existence of recursive equilibrium can be guaranteed for any utility
function and with a low degree of intragenerational heterogeneity:.

Economies with G > 2 require a more elaborated argument, which is
worked out below. Always under the assumption that (NC.n) takes the
form

H)\h/l(s()b 1) — M (509, 1)H > 1/n for some h' € H.

we need to show that when A" (so1, 1) = A (sqg, 1) either rank of D g st on F
is full, or else directly equations (K7'4) do not hold. As argued in Section
3.1.2, observe that (NC.n) when p(sp1,1) = p(sp2,1) together with equa-
tion (KT4,h') implies that either q(so1,1) # q(so2,1) or (p(s}),q(s})) #
(p(s3),q(s5,)) for some s§ = (sox, 1), k = 1,2 (remember that < stand for
‘precedes’). Hence, (NC.n) implies now that

[1(a(s01, 1), (P(51), A(51)) sor-(son.1)) = (@502, 1), ((55), 4(55.,)) g, )11 = 1/

(1)
In order to proceed, we will take advantage of some recursive structure of
wealth equalities and lambda inequalities. For each n > 0, we embed the H
equations (KT4,h) into a finite family of functions of differences in multi-
pliers, with a recursive structure dictated by two conditions on the zeros of
these functions and their derivatives. We prove that under these conditions
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the first layer of this family —to be later identified with equations (K7'4)—
does not have a solution in a dense subset of ), proving our claim.

Recall that Q = X,z Q" is a smooth manifold of parameters, where Q"
admits an at least locally finite parametrization. Let

(Pr> ar) = ((p(32)7Q(SZ)sgeSa>a:0 G-1 7p(3kG))>k =1,2.

77777

so that (p,q) = (pk, @k )k=12- For n > 0, let
P" = Int{(p,q) : (1) holds},

be the 1/n-domain of price pairs, where by Lemma 6.1 p(so1,1) = p(sp2,1)
without loss of generality. At (p,q) € P" and w, by regularity of demand
we can solve the Kuhn-Tucker conditions for optimal asset portfolios and
multipliers as functions of (p,q) and w”". Hereafter drop all the superscripts
n and write P" = P. Note that P is a smooth manifold of dimension N
with N < H, by Assumption Al. Given any s* = (5772, 3, 6), identify any
other pair (s',0") as (s',0") = (s;(5),04(7)) for j',1 € {0, ..., S — 1}, where
so(5) = 5, and s;/(5) # 5 otherwise, and similarly o((¢) = 7, and o(0) #07
for [ > 0.

For each h € H, we then define a family of ¥ maps:

1) Zl(p, q,w) = Z(p, ¢, w) = ya[m" (s01) (01, 13 0") =m" (s02) (D2, g2; ™)

2) for a < 2, Zli o(p, q,w) = N**(s"71,0) (p1, qu; ") = A" (s, 0) (P2, 25 ™),
where s! = (s, 1)

3) for each a > 3 and s (s ,8,0),

Z?a,j(p,% ) = )\ha( O )(pl q; W) — Aha( 2, 551,00)(p2, go; w"), for
j=1S+j,and 7/, >0

Zt i(p,q,w) = N (5972 5. 0) (pr, qr; W) — N (5972, 50, 01) (pry qi; W), for
J=1S—=1)+j5+S(S—1)(k—1)+S?% for j/> 0,1 > 0.

So, for each a and s* this is a collection of J, + 1 real-valued and twice
continuously differentiable maps Z;z’j :Px Q" =R forall h, j =0,..., J,.
Then, ¥ is the set of the indexes (s% j) of the various maps. From this
collection, we will select H maps, that is: let G = {g : g : H — X} be the
set of maps that associate to each individual h a function Z h(h) in the family,

and let Z, = (Zg(h))heH PxQ—RY for ge g, with Zy = (Z!)nen.

For the sequel of the argument bear in mind that

thZg;’j =0, for b’ # h.
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Let
Egavj = {(p7q7w) € P X Q . th’ZgaJ 7£ 0}

and let
h . 7h ]
Nj. ;= {(p,q,w) € P xQ: Zga; F 0},0<j<J,.

Also, for given s* and any given subset of indexes J' C J,\{0}, let
EYT = UjeJ/Ega,J‘ and N/ = ﬂjEJ/NS’ZJ
and for any nonempty subset S’ C S and s* = (s*71, s) let
E:ﬁ; = USGS/E(hSa_l,S)’O and Ns}f; = ﬂsest(};a,_ks)’O
Finally, let
E,={(p,q,w) : D,Z, is onto} and N, = {(p,q,w) : Z, # 0}

Evidently, £, = ﬂhEg(h) and Ny = UpNV, ;(h). Since Z, is twice continuously
differentiable, F, is an open subset of P x Q. Let ¢, : E; x ) — R x Q be
a smooth map defined as

gbg(e,w) = [Z,(e), proja(e) — w], for (e,w) € E,; x Q.

By construction ¢, is transversal to zero and hence, since H > N, by the
transversality and preimage theorems, (b;i(O) is an empty set, for w € €}, a
dense subset of w € Q. Let 2* = Nyealy, a dense subset of (2.

The argument recursive structure hinges upon the existence of a first time
in history where some functions in the family have nonzero derivative, and
before that point they are zero, that is on the existence of a minimal history.

History s* is minimal at (p,q,w) for h € H if (p,q,w) € Efa,jo, while
(p,q,w) € [Ega/ oY Nsha, oI for all @' < a. Selection g is minimal at (p, q,w)
if for all h € H, g(h) :,(s%, 0) and s¢ is minimal at (p, ¢, w) for h.

] . . o . . h
Let’s now introduce the following conditions on the family (Z”y) heH:

Condition Univ For each h € H and any (p,q,w) € P x ), there ezists
5% a > 1, such that (p,q,w) € El .

Condition Nest For any (p,q,w) € P x Q, let s* = (s*71,5), a > 2, be
minimal for h. Then:
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(p,q,w) € N7 U Bl

1) for all proper subsets J' C J,,

NEIN o R
2) for ' C S
NI A NI BMS
3)
Nshayja ﬂ Nslzgl C Ua/<aEga/ 0

Conditions Univ and Nest have a very powerful implication. Condition
Univ will imply the existence of a minimal history. Condition Nest-3 allows
‘rolling back’ through the system in a recursive fashion.

Proposition 7 Under the maintained assumptions, in the dense subset {* C
Q, Zo(p,q,w) =0 does not have a solution.

The proof of the proposition is broken into two lemmas.

Lemma 8 For (p,q,w) € P x Q*, either (i) Zo(p,q,w) # 0; or (ii) there ex-
ists g* € G and h* € H, such that (p, q,w) € Ey, g*(h*) = (s%,0), (p,q,w) €
N;‘:(h*), for some s minimal at (p,q,w) for h*, and (p,q,w) € [N;l(h)]c, for
all h # h*.

Proof: By Condition Univ, UyegE, = P x €, and for each (p, ¢,w) there
exists a minimal history for each h —although it may be not be unique. Then,
there exists a minimal g at (p, ¢, w) such that (p,q,w) € E,. By definition
of O, w € Q, and hence (p,q,w) € N, N E,. We now construct ¢g*. Starting
from h = 1, let h* be the first A such that Zg(*h*)(p,q,w) # 0. If g(h*) =0,
the argument is over, establishing (i).

Hence, suppose that this is not the case and set g*(h*) = g(h*). Consider
now h = h*+1 and let s* = (s*~', s) be h’s minimal state. If Z}', (p, ¢,w) =
0, set g*(h) = g(h) and proceed to h + 1. Otherwise, by Condition Nest-0
and Nest-1, either (p, q,w) € N%7 or (p,q,w) € Efa’j\Ns’Z’j, for some j > 0.
In the second case, set g*(h) = (s%,j) and proceed to h + 1. Otherwise, by
Condition Nest-2, either there exists (s, s") # (s*71, s) such that (p,w) €
Elat 0\Nlta 1,900 08 (p,w") € NEZi. In the first case, we set ¢*(h) =
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((s*1,s'),0) and proceed to h+ 1. The second case is impossible. Indeed, if
(p,q,w) € N7 n N3, by Condition Nest-3, (p,q,w) € E", , with d’ < a.
However, this contradicts s* being minimal for h. Iterating 7up through H
delivers the statement.ll

The next lemma concludes the argument.
Lemma 9 For(p,q,w) € PxQ*, if Lemma 8.(ii) holds, then Zo(p, q,w) # 0.

Proof: Let g* be the selection of Lemma 8.(ii), and consider the corre-
sponding h* and let s* = (571, s) be such that g*(h*) = ((s*"'s),0). By Con-
dition Nest-0 and Nest-1, either (p,q,w) € N7 or (p,q,w) € ElL \NL
for some j > 0. We claim that the second case is impossible. Indeed, if
(p,q,w) € Bl ;\NJ ;, consider the system Z, = [(Z}. ) Jner\ne, Zl ;]. Then,
D, Z, is onto, and (p,q,w) € N, since w € 2*. However, by construction
Z:;*(h)(p, q,w) = 0, for b # h*. Thus, it must be that Zf;’j(p,q,w) = 0 or,
equivalently, (p,q,w) € N7 Then, by Condition Nest-2, either there
exists (s*7',s') # (s*',s) such that (p,q,w) € Bl yo\Nlia1g0 OF
(p,q,w) € N, S’L,Sl By the same argument of Lemma 8, the second case is
impossible. Thus, (p,q,w) € NS}Z*’J“ NN Sh;,sl Then, by Condition Nest-3,
(p,q,w) € E;‘a, o With a’ < a, contradicting the fact that s® is minimal at
(p,w) for h*. ]

We are then left to show that Conditions Univ and Nest are indeed sat-
isfied by our family of functions. This is done in the Appendix.

When G = 2 (as in, say, Constantinides et al., 2002, or in Geanakoplos et
al., 2004)) only Z!. ; need to be carried around, a < 2. Proposition 7 proves
that Zy(p, q,w) # 0 for p € PY/™ and w in a dense subset Q" of Q. Proposition
7 and Lemma 6.1 then imply that there exists a dense set (! (s) where

N@017802)(s) is empty, which is what we were to prove.

501,502)

5 Appendix

Proof of Lemma 1

We are going to construct one such equilibrium for each w. Start from a
¢ € E(w,m) and take two date-events s, s”. Assume that the vectors &(s”)
and £(s") are such that

p(s") = p(s"),

Ma(st) = X (st for all b, all 0 < a < G,
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wha(st) — ystmh(afl)(stfl) — ysimh(afl)(stfl/) — wha(st/) for all h, all
a >0,

and s; = s, = s.

We show that we can replace the variables in &, (s") with the corre-
sponding variables in &, (s') without altering the equilibrium, i.e., without
falsifying any of the competitive equilibrium equations. This is obvious for
£(s™) with either 7 > ' and s™ ¢ Sg, or 7 < t' and s™ £ s”, since we
have not touched these variables, or the equations where they appear. It is
also obvious for £(s7) with 7 > ¢ and s7 € Sy, since ¢ (s") was an equi-
librium to start with. As for s” with 7 < ' and for s™ < s, the only
equations where variables in £, (s”) appear are: the budget constraints at
(s")_ = sV where m"@=1)(s'=V) is, for a > 0, all h; the no arbitrage con-
ditions also at s~V where A"*(s*=V, s) appears; the first-order conditions to
problem (H ), the budget constraints and the no arbitrage equations at s”, for
all h, all a. By assumption, \"(s”) = \"*(s?) for all h, all 0 < a < G. Since
yw G (5171 = y,mME=D (571 for all b, and since p(s') = p(s"), the opti-
mization problem for individuals of age a = G at s and s is the same. Given
strict concavity of ", it has a unique solution given commodity prices and
initial wealth, (z"C(s”),\"“(s")) = (2"%(s*), \"“(s")) and all no arbitrage
equations at s'~Y are still satisfied after the substitution. Wealth equality at
successor state s is the only constraint that m/(¢=1)(s*=V) must satisfy for
all h, all a < G, but this has been assumed to hold. Finally, FOCs, budget
constraints and no arbitrage equations can simply be substituted without
altering anything else in the equilibrium.

Next, we construct the process & € X 4cg2(s") from & recursively as fol-
lows. Use the natural order sum, >, Sy, on S. Let s'(n) be the node reached
at step n > 1 of the construction algorithm. Let §, ; € x,_3Z(s") be given,

~

with éo = ¢. For any array (p, (\")nemo<aca, w, s) possible in &, _;, let

Snfl<p7 ()‘ha)hEH,0<a<G7 w, 8) =
{s' € S|p(s') = p, \"*(s") = A" h e H 0 < a< G, w(s') =w,s = s}

be the corresponding equivalence class. Since under the order sum S is
. (AP, W,S .
well-ordered, min S, _(p, ()\ha)heH,0<a<G,w,s) = 8251 IheH 0<a< WS 4o el

defined. Define &, by assigning to s'(n) the continuation %n L(s'(n) =
A~ ha ~
571,17Jr(sp’(A )hEH’°<“<G’w’S), and letting £(s'(n)) be the s(n)-th element in the

n—1
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vector én +(s'(n)), and then go on to step n + 1. By construction and choice

of the order on S, each node s’ is eventually assigned a unique value 5 (s%)
in at most n < +o0o many steps, with s = s'(n). Moreover, ¢ is uniquely

determined at each node by s,w, (A\"*)rcmocace and p: for each st, with

s; = s and £(s') such that p(s) = p, /A\ha(Ast) =MNe allh e H0 < a < G,

w(s") = w, there is a unique continuation £ (s*) = &(p, (A" Ver0caca, W, 8).
Since the process on S is Markov, so is the one on (p, (\")nemocaca, W, 5).
Since ¢ € E(w, ), then also £ € E(w,m), i.c., £ € Ey(w,m) and we are
done.H

Proof of Lemma 5

Consider a sequence {w,, }*%°, C Q, with w,,, — w € , and any associated
sequence {2, }> C N,s. First, notice that M(w,,) — M(w) < +o0. Using
(IN.i; k —ii; k), for all h, a and s{ there is a subsequence x%(s¢) — zhe(s¢)
such that M(w) > zM*(s¢) > 0. Since u" satisfies the boundary condi-
tion, z"%(s¢) > 0. Using convergence of z/%(s%), the price normalization,
Du"® > 0 and equations (KT1, h; %), we have that A" (s¢) — A"*(s%) > 0.
Then, again the same equations imply that p,,(s¢) — p(s¢) > 0. Equa-
tions (K712, h;s§) now imply that (¢,4)m — (g,¢), and using equations
(KT3, h; s¢) and no redundancy, we obtain that m/?(s¢) — m"*(s¢) as well.H

Proof of Theorem 4

Let w € Q* be given as above. By construction, there is a £ € E(w,m)
which also has the property ¢ € EYC(w,m). Let w = (..., w", . )nemaso,
and W = {w € RFC | wh* =y, mMo=D(s7) for some s™ € S, 5,41 € S}.
Then, for all s* € S the vectors &(s') can be expressed as £(s") = £(sy, w(s")),
i.e., they are the image of a function £ : S x W — Z=. For suppose not. First,
it must be that w = w(s™) also for some s™ # s', otherwise the existence
of such function is trivial. Second, suppose there exist £, &% € £(s,w) with
&1+ € (€(s,w) is not a singleton). Then, £' = £(s) and €2 = £(s7), with
£(s") # &(s™). By construction of £ € Ey(w,m), for all s,

~

() = (27, A (510, (51) s P51 0(51) ) = A, 5)

for p = p(st), A = (\") (s")nemo<a<c, w = w(s') and s = s, and where &)
is the function from Lemma 1. So if &', &% € £(s,w), it must be that

(pl, )\1) = (p($t>, ()\ha) <3t)h€H,O<a<G) # (p(s7), ()\ha) (37>heH,0<a<G> = (an )\2)
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while w! = w(s') = w(s™) = w?, a contradiction to & € EYC (w,m).

The final step to time-invariance is accomplished by establishing the fol-
lowing law of motion on S x W: given any (s,w) € S x W, let (s',w’) be
given by:

(1) 8" € {s};

(2) whet) = (w)g,(aﬂ) = ygm"(s,w) all a < G.

Clearly, since £(s) satisfies conditions (H), (M) of a competitive equi-
librium, then £(s,w) also does, i.e., it satisfies (H'), (M’) in the definition
of recursive equilibrium. Now, transitions 7}, all a, can be constructed by
applying (1) and (2) repeatedly, and conditions (R) are easily established, so
that the state space S x W, the functions {(s, w) and the transitions (73)q>0
form a recursive equilibrium for the economy w, proving our assertion.ll

For the proofs that follow, we need to specify the perturbations and, in-

troducing new notation, perform preliminary computations of various deriv-
atives of our equation system. As well known, for given (p,q), the set of
{z" X" m" et ul} solving the system of equations f*(-;p,¢) = 0 is a smooth
manifold. We use endowments or utilities to perturb the system f* = 0 with
Z" appended, for some o € Y.
Utility perturbations: Pick an age a, a state s and two consumption
bundles z € ]RE + k= 1,2, with x; # x5. We can always independently
perturb the gradient of u"*(-; s) around the two bundles z; and x5 as follows.
For each k, pick a pair of open balls B, (%), i = 1,2, centered around xy
and such that: 1) B., (x;) C Be,(2k); 2) Nk Be,(zx) = (. Then, pick smooth
bump functions @y such that ®y(x) =1, for z € B, (v;) and Px(z) = 0, for
x & cl(B.,(zy). For given arbitrary vector a; € R and scalar 7, define the
utility function

2

ul(x, ar; s) = u" (x5 8) + 1 Z Oy (x)(ar @ x)

k=1

where a1 = (..., geZe, -..). Evidently, uf;a(x, ar.1;8) = u(z,s), at a1 = 0,
k = 1,2. Most importantly, for any given a;, we can always pick 7 so close
to zero that u'*(-;s) is arbitrarily close to u"*(-;s) in the C*~uniform con-
vergence topology and it satisfies, therefore, all the maintained assumptions.
For our purposes it suffices to identify a utility perturbation with the deriv-
ative with respect to 7 of the gradient of uga(-, ag; s) computed at n = 0 and

T, that is, Aul® = Dnug“(m, ax; 8) = ay,.
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Endowment perturbations: Pick an age a, a state s and a vector Ae €
RC. Let €l*(s) = e"(s) + nAe. We identify an endowment perturbation
with the derivative of e;‘“(s) with respect to n taken at n = 0, that is, with
Ae.

Preliminary computations

Let (Ax", AN, Aml.) denote the vector of changes in the consumption
vector, multiplier and portfolio at s* induced by some parameter perturba-
tion, while (AX%, AAL, AME) = (Azh,  ANE , Amb. ) seqojus. Similarly,
(Aegs, Aty s) denote a perturbation of endowments and utilities at the state
s = (s*71,s). It simplifies notation also to use (Aega g, Auga ;) to denote
(Aegits, Atgyrs),if s > 0, and (Ae, 15, Aug 1), if s = 0 and s* = (5471, §).
This notation allows to set (AFEs, AU ) = (Aega g, Alig_1,5} )sc{ojus, -

The corresponding vectors

(AX], AN, AM! AE" AUY) = ((AX,QSG, AA! . AMP . B, AU,ZQ)S%S&) )
ac

are elements of the tangent space to the manifold f! = 0, that is, they have
to satisfy the equations

Don s e S (DX ANE, AMY, AE" AU (prs qi)) =0, k=1,2
or (dropping the superscript h and the subscript k):

Hsa,AXsa - \IJZ;AASG - AUSa - 0,
RZ;HSaAASa - 0,

\IJSaAXSa — RSaAmSa — \IISaAesa + QSaAMSa — |: ySa :| Amsafl = 0,

where s = (57! s,), Hs is the block-diagonal Hessian matrix (symmetric

and negative definite) of dimension C(S + 1) x C(S + 1), with S + 1 blocks
of dimension C' x C, the s-th block given by D?u*(x"4(s%,s)) = H(s% s),
s € {0} US; Il is an (S + 1) x (S + 1) diagonal matrix of conditional
probabilities, with s-th element 7(s|s*) if s > 0, and 1 otherwise;

p(s”) 0 0
_ 0  p(s%1)
. (sa o )
0 0 p(s%S)



is the (S +1) x C(S +1)-dimensional matrix of commodity prices from state
s* onward, and

QSa,l

Qu =
0 (sa,s
and the rest of the notation is standard.

Since Dxn an pn f7 is invertible, we can solve the system for (AX", AA" AM™)
as functions of (AEh, AU h). In fact, we can solve the system backwards to
find Amg as a function of (AE", AU h) only.

Since H.' is negative definite, the matrix Gy = U, H . ;a \Ilg’sa is a well
defined, negative-definite, diagonal matrix of dimension (S + 1) x (S + 1),
with s-th element, g(s?,s) = p(s®, s)H 1(s% s)p(s% )T < 0, s € {0} US.
Also, set Cya = U, AFE — Vo H ' AU, a vector of dimension (S + 1) x 1,
with s — th element cq s = p(s?, s)[Aega s — [H(5%, 8)] " Auga ], s € {0} US.
Then, since ¥V eAXye = GeaAAge + Vo H o Auga, after straightforward and
known computations, we get:

Al = Go Ry Amgs + Co + l yga ] Amgat — QuuAM,a].
Then, we use this equation and the no arbitrage condition, 0 = R, IT,a AAa.
Let I'ye = .G, a negative definite diagonal matrix of dimension (S +
1) x (S +1). Since Ry has full column rank, the matrix RT,I';e Ry is neg-
ative definite. Then, letting Ay = [RLTR.]™!, and taking into account
that RLI1,.AAw = 0, we can solve for Am. and get after straightforward
computations:

Amsa = —ASaRg:;FSa {Csa + [ ySa :| Amsa—l — QsaAMSa]. (2)

Equation (2) underscores the recursive structure of the programming prob-
lem. Since Am,e = 0, all 5%, solving backwards, at s“~! equation (2) is

Amge-—1 = —ASG—IRZG_lI‘SGfl[CSGfl + [ 3/38_1 ] Amscfz]

and premultiplying by g,c-1, we have
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qsc-1Amge-1 = —qscflAscflRZG,1F8071CSG71+QSG71 (’YSG—lAstl)qzﬂgflySGilAmsG72,

where 7., is the first-row element of the matrix I'sa. Now introduce the
following matrices Dg: Dy =0 if a > G — 1, and

0 dSaJ
0 ds“,S

for a < G — 2 where

dga s = { —qsa7s(75a75/~18a,s)q£78 <0 forala<G-2,
and where A. is defined for a < G — 1 as
Age = [RET o (I + D) Rea] 2.

At the end of the Appendix, in Claim 10 we prove that de > —1 and
0 > —7u(l + de)ys, Ayl > —1, for all s¢ = (s*',s) € S Thus,
[RLTye(I + Dso)Ry] is a negative definite matrix, and hence Ay is well
defined (and negative definite). Also define recursively the vector O =

(0,6(s%1),...,0(s%,8))" as
0 ifa=G
Qsa = _QS“AS‘ZRZ;PS‘ICS“ ifa=G-1 )
—anAsaRg;Fsa {Csa + @Sa] ifa<G-—1
so that ©,c-1 = 0, and O,c—2 = (0, ..., —@u Age RI, T3 Cya, ...)T. Using these

matrices and the expression for g,o-1Amgye-1, we write:

Qec—2AM—2=—D2Re-20mec—2 + Oyc-2.

G-2

Plugging the latter into equation (2) for s“~2, we have

Amge-—2 = —ASG—ZRZc;szSG—Q[CSG—2 — Oy-2 + l 958,2 :| Amsa—?,] -

—Ascfz RF;FG,Q Fscfz Dscfz Rscfz Amsafz
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Since

[I+ Aq2RY T e 2D 2R ] = Aga2[RlG 2T o2 (I + Dya-2)Rya2],

we then write:

Amge-2 = —ASG72R;FG,2FSG72 [CSG72 + { y58,2 ] Amgc-3 — @scfz]

By proceeding backward, we get:

Amsa = _ASO‘RZ—‘;FSH' [Osa —_ @sa + |: yS’l :| Amsafl]. (3)

and, since gsaAge = —@sa AMga + Cga + Y5, AMiga—1,
gsaA)\Sa = (1 + dsa)ysaAmSa—l + Cga + qsaAsaRz;,Fsa [Csa — @sa] (4)

Using the latter for all s¢™! € {s*},, the definition of O, and I'se, and again
the equation gsa Adse = —@sa AMga + Csa + Y5, AMga—1, We get

HSaAAsa = Psa{(I + Dsa)RsaAmsa + Osa - @sa + [ yaa :| Amsa—l}. (5)

We are often going to compute derivatives induced by parameter perturba-
tions at just one s*. We call such perturbations simple (for short o-) pertur-
bations applied to s*. The perturbations are defined as follows. We drop both
h and k whenever confusion does not arise. Let §¢ = (871, 5) = §' = (s0, 1).
If we perturb endowments, we set AU = 0 and we let Ae have Ae,; as
the only non-zero element with pzg.Ae,; = 1. If we perturb utilities, we
set AE = 0 and we let AU have Au,; as the only non-zero element with
paa[H(8%)] g5, Aug s = —1. Tt is important to notice that a o-perturbation
applied to 3¢ yields O, =0, for all ' > a, and ¢, =0, for all ' > a. With
A we denote the changes in variables induced by a o-perturbation applied
to s*. We call a perturbation symmetric if it generates k-invariant vectors
(Cg.5a, O sa), all s, all a.

Proof of Lemma 6

Let s* = (s9,1). Since Amy,,_, =0, at s° = 0 equation (3) is
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Amk,o = —Ak,oR}goFk,o[Ck,o - @k,o],

which can also be written as

R Tro{[l 4+ Dyl RioAmyg + Cro — Ot =0 (6)

an expression for Amyo as a function only of the perturbations AE, AU
through C} and ©y.

If AL # AbL, then 24, # 22, and we can perturb u!(-, s!) around
?7181 without disturbing it around xglsl We use a o-perturbation applied to
s' induced by a change of endowments, if p; 1 # ps o1, and by a change in
utilities otherwise. As already argued, in both cases, we get: 0 s« = ¢ 0 =0,
for (k,s*) # (1,s'), while ¢; o = 1 and 6; o = dy;. Thus, using regularity
of demand, to show the claim it suffices to prove that y;Agzm, o # 0. From
equation (6) we get

T

1 Agmy g = —(71,1(1 + dl,l))ylfll,oyip

Since, by Claim 10, 1 +d;; > 0, and 1211,0 is a negative definite matrix,
y1Agmy # 0. Hence, DaZy = y1Agmq o # 0.0
Proof that Condition Univ holds

To prove that Condition Univ is satisfied by our family {Z(hsa 7 ez}
’ heH

at any (p,q,w) € P x £, we need preliminary results stated under the form
of two auxiliary lemmas.®

In almost all the remaining lemmas, we need to guarantee that for any
given k and history s there exists a simple perturbation inducing a nonzero
change in financial wealth at s*. At the end of the Appendix, Claim 11

8When G = 2, the construction is simpler. It is enough to prove that if for s! = (s, 1),
3:2751 is k-invariant, D Z(’} = 0, and D Zshl_O = 0, d?sl is k-invariant. Then, the k-
invariance of dj, ;1 as well as the implicit assumption that (p, ¢,w) € (P xQ)\E} (otherwise
there’s nothing to prove) immediately implies Condition Univ and then Condition Nest-3,
which is all one needs in that case. This is easily verified by applying the definition of
DS/Z;E’O for an asymmetric (utility) perturbation at (s',s’), obtained if x1 g1 ¢ # @1 61 5/,
ie., Z(hS175, 0 # 0, the only case that matters in P; and then showing that DS/ZSI)O #0.

When > 3, the argument becomes more involved, as perturbing states where
Ty ga-25, |5 F Tosa-1g, . for a > 2 does not guarantee that the perturbation is nil
at other histories (s¢ 2, s,_;,s') for s,_; # s,_1, at same or different k. That’s why we
have to make sure that the family {Z} includes more elements, Condition Nest becomes
more complex, and both conditions are more difficult to verify.
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shows that there exists a simple perturbation Ae, s, with a’ < a such that
loo + [Ysa D(ar,s, )Mk se-1] # 0, where 1,4 is a function equal to 1 if a = d,
and zero otherwise. We denote the successful perturbation as 0*, and the
changes due to it as Ags.

Auxiliary Lemma 1 Suppose that (p,q,w) € P x § is such that, for some
s*,a > 1:4) x}t o is k-invariant; i) D Zlh o = 0; and i4i) Dy Zsa o o =
0, for all s € S. Then:

a) the matrix I'y sa (I + Dy, 50) is k-invariant, and
h in T h ih T
(]' + d2,s“)YA1,s“—1QI,sa—1 - (1 + dl,s“)YAQ,sa—qus“—l’
b) if, in addition, g s« is k-invariant, dz’sa and Az’sa are k-invariant;
c) if, in addition, #}, . , is k-invariant, dj. . , is k-invariant, all s € S.

Proof. a) We apply symmetric perturbations s’ = 0*,1,...,.S to derive
restrictions on the endogenous variables, using ii) and iii). We drop the
superscript h. Set I'; .o = I'y o (I + Dy, 50 ). Because of assumption i), v; . =
Ya,sa = 7Vsa; and because of ii),

(]_ + dl,s“){lo* + ySaAo*mLsaq] = (]_ + dg@z){lg* + ySaAo*mZSQA] (7)
as well as’

(1+d178a) [ysa,A-ml,sa*1]+QI,sﬂ Al’sa YTF;\SG = (1+d27sa) [ysaA.sta*l]‘i‘QQ,sa AZSaYTF;\Sa y

(8)

where [ys, Amy go—1] = [ys, Agmy sa-1|ses. Furthermore, since by equation

(3)

ysAO*mk,sa = ysAk,s“’Ysaquc—:sa(lO* + ysaAO*mk,sa*1)7
Doy« Z(ga 50 = 0 for all s € S only if

F;,\saygl,sa%aq;sa(lo* + ysaﬁo*ml,safl)
- F;,\SQYAZSG/YS“(];SE (10* + ysa AO* m278a71).

9When a \ appears above a matrix, it denotes the matrix without the first row and
column.
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Thus, using Claim 11 to substitute 1o« + ys, Ag=my sa—1 from equation (7),
TP\ Y Apgaql o (14 daga) = T35 Y Ag caql (14 di o). (9)
Similarly, since

A T A T *
ysAs’mk,sa = yAk,s“/Vsa qk’sa [ysa As’mk,safl] - ysAk,s’lys//Vk7sa7s/7

Dy Z!

(s,5),0 = 0 for all (s,s’) € S? only if

Fi\saYAl,sfl {’Ysaqfsa [ysaA.ml’sa—l] YTFI\S(I} + Fl ,89 (10)
= F;,\sa YA278“{73‘1 qas“ [ySaA'mZSa*l] YTF;\S‘I} + F2 sa-

By equations (8), the Lh.s. of (10) can be rewritten as

. ~ (1 + dz,sa)[ysaA‘sta*l)]
Pl Ay {0 o I+ dye !
\ *\
(I2 SG‘A2 SaY F2 sa ql SaAl SO’Y Fl s@ *
Yo qr_lrsa ; n dl - YTF1\Sa} + Fl 8%

Using equations (9), (10) and again by (8),

VA {rd” [qQ,SaAZSaYTr;\Sa — Qe AW YTTT
15“ 1,501V se 1,52 1+d173a

= T3\ Ay o{—YTI5\} + 5. (11)

] YTFI\S“} + 1—11 ,8%

However, by equations (9) the following equality holds true

*\ *\
Q2s'1A2 ne [ Q25’1A2 ne I's e
Fl saYA1 saqi’;a 1 n dl - ST F2 saYA2 S“qgga 1 n d2 - »S .

Thus, equations (11) can be finally be rewritten as

. _
Vsa i saq1,se A1 s

I Y A | ot o, -, (12)
T ~
Vsad2 sa qz,SaA273 T *\
= \.YA 50 : + 1Y s « — 15,
2 s 2 { 1+ d275a } 2,8 2,5
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~ T ~ ~
Drop the subscript s%, and let C, = {Ak%dq:/lk + Ai}. Cy is a negative

definite and, therefore, invertible matrix. Indeed, for all £ # 0,

€0ke" = Al (g AitT) + €AET <0

Hence, setting T, = YC,Y7T and B;, = Fz\, equations (12) can be rewritten
as:

BiT\B; — By = ByTsBy — B, (13)

These are the restrictions we were looking for. After straightforward compu-
tations, (13) is

BI<T1 — Tg)Bl = (Bl — BQ)[I — TQ(BI + BQ)]

We claim that the latter implies that B; = ¢Bs, some ¢ > 0. Suppose by
contradiction that By # ¢Bs for all ¢. Then, since Y is in general position,
the column spans [B;Y] and [ByY] do not coincide, and, hence, (B,Y = 0,
but (B.Y # 0, for some ( # 0. Therefore, since by definition of 77 and T5,
(BTy = (BT, = 0, it must be that

0 — C(Bl - BQ)[I — TQ(Bl + Bg)] - C[Bl - BQ —|— BgTQ(Bl —|— Bg)]

However, by equation (13), the latter can be rewritten as:

0 = C{BITIBI - BQTQBQ + BQTgBl + BQTQBQ] - CBQTgBl - CBQYCQYTBl.

Postmultiply the latter by By'By¢” and get 0 = (By[YCoY T By¢”. Since
(ByY # 0, and (5 is negative definite, 0 = CBQYCQYTBQCT < 0, a contra-
diction.

Thus, By = ¢ By for some ¢ # 0, or

$*T\By — ¢I = TyBy — 1.

However, for each n # 0 orthogonal to Y, it is nB;, = 0, thus ¢ = 1, otherwise
1n = ¢n. Then, we get B; = By or

F;,\s“ = F;,\s“’
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that is, since vy, s is k-invariant, I *) is diagonal, and using (9), we have a).
] b) Suppose now that q; s = ga sa- Sinc? fl,;ia = Vgalh s Gh,se + YTFZ>SGY,
Ap 5o is k-invariant. Since dj g0 = ’ysaqkysaAkysaq,f,sa, d 5o is k-invariant. Now

c) is trivial.l

Auxiliary Lemma 2 Suppose that (p,q,w) € P x § is such that, for some
s% a > 1: 1) o} o s k-invariant; @) D Z%h o = 0; i) @} o g # @ 0 o)
for some ' € S. Then, thZ(Z,l .0 # 0 for some s € S.

Proof. Suppose otherwise. Then, by i) and ii) and Auxiliary Lemma 1,
and using the notation there, I'] . =15 .« = I'ia. Consider an asymmetric
perturbation (1, s') affecting u®™ (-, s') at ; sa ¢ without disturbing it around
Tgsa ¢ —this is possible thanks to iii). For any matrix M of dimension S xm,
we denote by M\ denote the matrix obtained from M by deleting the row
s' € S. Then, Dy Z (140 =0, all s € S\{s'} only if, using (4) and (3),

}/\Alysa {/Ysaq,isa [ySaAs’mLsa*l)] - y§7>{75a751} (]_4:)
- Y\AQ,savsanT’sa[ysaAs/mlsaq)]

By Auxiliary Lemma 1, (1 + d275a)YA17saqfsa =(1+ d17sa)YA27saq%:sa. Thus,
(14) can be rewritten as

1/\141,5“ {ﬁsaq%:sa - yg;r)/){,s“,s’} =0

for some nonzero scalar ... Using the general position of Y, the latter
implies that 8..q] . — Y27} o v = 0. However, if this is the case, then

h % 1 T T  * * o x
DS'Z(s“,s’),O - Vl,sa,s’yS’ALSa {65’1(]1,5‘1 - ys’q/l,sa,s’} + Ti,sa,s — V1,508 7é 07

a contradiction.

We are now ready to prove the original claim for any G' > 2. By definition
of P, given (p,q) € P, there exists a > 1 such that either i) p; so # pose (and
then a > 1), or ii) g1 s« # @ose. If i), then 1 # x9s. If ii) and if
T1s0 = Tage, by the optimality conditions there exists at least one s € §
such that Aj se ¢ # A9 s, and hence xq g ¢ 7# T2 ¢. Thus, for (p,q) € P,
there exists an @ > 1 such that 1 4 # z24. Let @ be the smallest such a.
If a = 1, Lemma 6.ii applies. If a > 1, the claim is then a consequence of
Auxiliary Lemma 2. B
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Proof that Condition Nest holds

We prove that our family satisfies the several items that make up Condi-
tion Nest. We need five auxiliary lemmas to arrive at the desired conclusion.

First we look the properties of the maps ZQHQ’J. (p,q,w) with j > 52 i.e.,
for some (s%,8,0), a > 1, Z&a,g,a),j = )\Zﬁagm — /\Zﬁaﬁjlvgl, for some [ > 0,
j >0,and k =1,2.

We simplify notation by fixing once for all and dropping the indexes h
and k, and identify j as j(I,j"). Given (s,j'), j/ > 0, let

S,<§,j,) = {Ulvl € {07 17 75 - 1}|x5a,§701 7é m3a73j/(,§)7a-l}-

Auxiliary Lemma 3 Suppose that w(-|s) is one-to-one in s. Let (5% 5,0)
and k be given, a > 1. For any j' > 0, if S_(5,j') = @, then
D, Z s 50)5a,4 7 0 for some [ > 0.

Proof. We use the 0* perturbation at s®, and the s-perturbations at
s**1(denoted by ) and at (s%,s,0"), o’ € S, (denoted by ¢’); now w denotes
one generic such perturbation.

Without loss of generality, fix § = 1 and s;(5) = 2. By contradiction,
suppose Dy, Z(se 5,0),j0,5) 7 0 for all 1 > 0. By equation (5), this is true only
if

(I + Dya 1)\ [Y A mgaq + 1] = (I + Dgan)\[Y Aumiga o + L]

where I, is a diagonal, S-dimensional matrix with diagonal elements 1,
equal to one if w = o, and zero otherwise. Equivalently, using equation (3),

(I + Dya 1)) \{Y Aot [Vg 105 1 (91 D + 101) — Lyt 1 ()] + L} = (15)
(I + Do 2) MY Ago o[ Vg0 0% 5 (y2DuMge + Loo) — YLk (w)] + Lo}

with 1,, = 1 if w = s, and zero otherwise, and where /7% (W) = y2 75 oo

if w = 0, and zero otherwise (here 7%, = (1 + dsa5)7V4 ;). However, using
once more equation (3),
ysAO*ms“ = ysvsaﬁs“qz‘; (ysaAO*Tnsa*1 + 10*): s = 17 2

with 1p- = 1 if 0* = s%, and zero otherwise; while

Aimga = A [V ea @ (Y5, Dgmiga—1) — ygﬁ%], all 5
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and by Claim (6), (ys, Ao=mga—1 + 1g=) # 0. Finally,
ySAU’mSa = ysﬁsa’ysaqz—; (ySaAoJmsafl) — ysAsaYTI‘;a,@;a

with O = qsa,sﬁsa,sygﬁaﬁp,. Thus, substituting for Y Ag«mga into (15)
with w = 0%, we have

My (1,2)Agql, =0, (16)

where

M (1,2) = {(I + Dya1)\Y Aga 1740 105 151 — (I + Dy 2) Y Aga 9,0 505 510}

While substituting Azmg. into (15) for w = §, rearranging and using (16) we
get if s =1,

(I+ Dsa,,l)\Y/La,wsa,lqg;1 = Mo (1,2) Ayl Vio 1, (17)

—(I 4 Dya )Y Ao p7ga 905 5 = My (1,2) AyL 7% 5 (18)

if 5 =2, and for § > 2 3
M,a(1,2) Ayl = 0. (19)

Finally, denoting with (ys, A.mgs-1) the vector (ys, AyMga—1)secs, and sub-
stituting for ysA, ms into (15) with w = o/, all ¢/, we get
(T + Dyo,)\Y Ao 1 {750 1000 1 11 Ao o 00 (Yo, Arirgo 1) — 51 Aa Y T 0]
~YTT%,} + (I + Dyay) (20)
= (I+ Dsag)\Yflsa,g{’ysquQ[ygflsa’ysaqg (ys, Aiga—1) — Y2 Asa YT O]
YT} + (I + Dyaz)\
However, using equations (16) - (19), and by the definition of v%. ,, equations
(20) can be rewritten as
(I + Do)\ YCou YITL | — (I + Dyay)
= (I + Dsu2)\YCousYTT% ) — (I + Dya)\.
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where Ca s = flsa,s{%‘;{m +1}. Bear in mind that, since S_(5, ') = &,
Asa 5o 1S s-invariant, for s — 5, 5;7(5), and so x5, is s-invariant, then G s
is s-invariant. Then, drop the subscript s?, and set T, = YC,YTII, and
By = G711+ D,). Observe that C, is essentially the same matrix appearing

in the proof of Auxiliary Lemma 1. Rewriting (20) as

BT By — By = B,15B; — By, (21)

obviously (21) is the same as equation (13). Therefore, we arrive at the
same conclusion (here we postmultiply by By 'II;'By(” instead of by only
By 1B2CT to adjust for the different definition of By): B; = By. Here this
means YC,YTII; = YC,YTII, or, transposing,

LYC,Y! =TLYC, YT

Given that C is invertible and that Y has rank .J, the latter implies the equal-
ity of the column spans of the matrices II;Y and II,Y. Since Y is in general
position and S > J, this is true if and only if II; = II,, a contradiction.ll

The next lemma is identical to the previous one in all assumptions except
for S_(5,7') = @.

Auxiliary Lemma 4 Suppose that (-|s) is one-to-one in s. Let (s*,5,0)
and k be given, a > 1. For any j* > 0, if S_(85,j') # @, then
Dy Z s 5.0),j1,51) 7 0 for some o, € S\S_(5, j').

Proof. Again, fix 5 = 1 and s;(5) = 2, and let S_(5,5) = S_. We
denote by Y\ the matrix with rows y,, o € S\S_ and with (I + D)\ the
(S —5-) x (S — S_) matrix obtained from rows indexed by s € S\S_ in
(I+Dy)\. By performing symmetric perturbations, using the same argument
of Auxiliary Lemma 3 we get that Dy, Z(se 5,4),a,,) 7 0 for all o; € S\S_(5, j")
and for w = 0*,1,..., S only if (16) - (19) hold, with (/ 4+ Dy )\ Y\ replacing
(I + Dygas)\Y for s = 1,2 in My (1,2) —now call it Ma(1,2)\.

Now perform asymmetric perturbations (s% 1,0), o € S_, that is, per-
turbations affecting u**1(+; o) around Tsa 15, but not around z g, for all s
with Zga 5, # Zsa 1., and get

Ys A (501,090 = YsAgoYsa Qe (Yo Ase 1 0yMga1) — YsAga YT 2O (1)

where 05 5)(1) = GsasAga Yt Via oy If Tgo 55 = Tga1,4, and zero otherwise.
Let S1, = {s|Tsas0 = Tse1,}. Bear in mind that since 0 € S_, 2 € S} ,.
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Thus, D 1,0)Z(s01,0),0,5) = 0, for all oy € S\S_ and for an asymmetric
(s*,1,0), 0 € S_, only if
(1 + Dy )\ Y Ao 1 {750 105 1 1 Asr Vs 0 (U5, Ao 1.0ymsa) — (22)
~p1 A Y T 0Ok (1)] = Y3 Vi o}
= (I + Do o)\ Y\ Aso o {70 2050 2 [Y2 A0 30 45 (Y5, D0 1,0) 10501
1oAY T 0N (1)]}, for o € S_.

However, by the modified equations (17) - (19) and since 2 ¢ S, ,, we get
that

Mo (1,2 A [ >yl 70 sse s s st Vi o 0]

865170

A T
Gse1Asa 1Yy Veo 16
1 + dsa,l

= (I + Dy )Y\ Ago 1750 1| )

Thus, by exploiting this and equations (16) and (22), D 1,6)Z (50 1,0),j(15)) =
0, for all o; € S\S_, and for all such asymmetric perturbations if and only if
(dropping the subscript s%)

(I + D)OGYT] =0 (23)

where, Y_ and I'] _ are obtained from Y and I'] by deleting rows and columns

s € S\S_, and C) = {fll%ﬂl + fll}, an invertible matrix. Hence the

matrix C1Y?T*, has rank equal to min{J, S_}. However, the rank of ¥{ is
equal to min(J, S —S_}. Thus, there are at most max(0, J— (S —S5_)) vectors
in its orthogonal complement. If min{J, S_} = J, we have a contradiction. If
min{J,S_} = S_, but min(J, S — S_} = J, once again we have a contradic-
tion. Thus, it must be that min{J,S_} = S_ and min(J,S - S_} =5-5_,
again a contradiction. W

Next, we study the properties of the maps ZQMJ (p,q,w) with 0 < j < S%,
i.e., such that given (s%,5,0), a > 0, Zl\u ¢ )+ = Msa,5.0, = A2,50,5,, 0,5 fOT SOME
[, 7/ > 0. Drop the superscript h. In the next two auxiliary lemmas we assume
that:

i) the optimal choices = ks’ are k-invariant foralla’ < a+1, and DyZ g =
0, for all perturbations w and all o’ < a + 1;
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a+2

s%.s,0

ii) for each k, s* and o, the optimal choices Ty are one-to-one in s;

and
iii) m(-|s) is one-to-one in s.
We mimic the argument of the previous lemmas. Let
S_(5.0) = {52 0, # 252, ).

Auxiliary Lemma 5 assumes that S_(§,j') = @ and j' > 0, while Aux-
iliary Lemma 6 assumes that S_(5,5’) # @ and, most importantly, that
i >0.

Auxiliary Lemma 5 Let (s%5,0) and j' > 0 be given, a > 1. Sup-
pose that assumptions i) - iii) hold, and that S_(S,j') = @. Then,
D, Z s 50)5a,4 7 0 for some [ > 0.

!/

Proof. Again, fix 5 = 1 and s;(5) = 2 = j'. Using i), we exploit
Auxiliary Lemma 1 thereby dropping the subscript & from variables that are
k-invariant when convenient. Given S_(5, j') = @, since &1, (sa,1,0) = ¥2,(s0,2,0)
for all o, and by ii) it must be that xj (s k.0) 7 Tp,(s,5,0), forall s £k, k= 1,2.
For each o, we consider perturbations that affect only i (sa,10) = 72,(50.2,0)
without disturbing any T, (se.s,0) 7é T1(se,1,0)- We call o such perturbation.
Then, 0 (so 5.0) = Qi (s,k) A, (s9.k) yl v (59 J0) if s =k = 1,2, while 0 (50 50) =
0 otherwise.

Since by i) DyZso = 0 for all 0 € S, denoting with [ys, A.my, sa—1] the
vector (Y, AgMiy sa-1)ses, and since Dy Figa 1y = 0, we get that:

ylfis“ [qua%a (ySa,AO'm17Sa71) - y{’yl,sa,lelﬁ‘l,lﬁ] = (24)
01,5“,1,0

Y1 Asa [C];[;’Ysa (ysaAast“*l) - yQT’YZ,sa,292,S"',2,0] 7 T ds"',l.

Suppose now, by contradiction, that Dy Z (s 1,4)ji2) = 0, for all [ > 0 and all
perturbations o € S. This is true only if

(I + D1ge 1) Y At o 1{V 0 101 g 191 A [V50 02 (Y5, Ay ga1) - (25)
~YTT00) suy] = Y T}k s} + (I + Dygay)

— (I + DQ,S“,Q)\YAQ,SG,2{73“,2qgsa72y2/15a [’)/Sa qz; (ySa A.mzsa,—l)
_YTrsa@;,s“Q] - YTF;,SG,Q} + (I + D278a72)\'
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However, by equations (24) and by the definition of O, s i, the left-hand side
of equation (25) is

(I + D1,se 1) Y Ar{V o 101 g0 1 Y1 A58 (Voo G (Y5, At g ) — sz%a,z%,sa,2A2,sa,2YTF;,\sa,z)
(26)

A T\
Q0,141,501 Y 7T oy
1+ dye sy

| = YT\ b+ (I + Digan)

Using equation (16) of Auxiliary Lemma 3, and by taking into account equa-
tion (26), equation (25) can be rewritten as

Q1,sa,1A1,sa,1YTFI>sa,1
1+ dg;
+91Asay2T%a,26]2,3«1,2A2,sa,2YTF;,\sa,2] + YTPI,\sa,l — (I + Dyoq)
= (I+ Dz,sa,Q)\YAz,sw{YTP;,\sa,z
Yo 50 h g0 22 Ase Vo g0 Y3 om0 2 A2 50 2Y T T o} — (I + D),

(27)

(I + Dl,s“,l)\YAl,sa,l{’75“,1(];3“,1[

However, by equations (18),

[QQ,sa,2A2,5“,ZYTF;\Sa’Q]
I+ ds’l,Q
Q2,sa,2A2,sa,2YTF;\sa,2]
1+ dga

MI2(1,2)[Agas o 203 ]

= _([ + D2,sa,2)\YA2,5“,2%GV,2qgjsa,2

where M12(1,2) is My (1,2) of Auxiliary Lemma 3 with indexes (k, s, k)
replacing (s k), k = 1,2. Thus, equation (27) is

(I4+D1 50 1)\Y Cra 1 YT = (14D ga 1)\ = (T4 Do g 0) Y Coga gV Ty y—(I+ Do ga )
where C}, 50 1, is the by now familiar matrix. Then, by the same argument of

Auxiliary Lemma 3, we get a contradiction. ll
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Auxiliary Lemma 6 Let (s%5,0) and j' > 0 be given, a > 0. Sup-
pose that assumptions i) - iii) hold, and that S_(s,5') # @. Then
Dy,Z(sa 50,50, 7 0 for some o, € S\S_(3, ).

Proof. We break the argument in two steps. First we consider symmet-
ric, and then asymmetric perturbations identical to those used in Auxiliary
Lemma 5. As usual, we fix § = 1, drop the superscript h and use the notation
introduced in the previous lemmas.

Step 1) Start with 0* and s. Bear in mind that by i) and Auxiliary
Lemma 1, A,my -1 is k-invariant for all symmetric perturbations w =
0% 1...,8. Also, if [ € S\S_, and by ii), these perturbations affect only
Ty (s0,1,00) = T2,(s2,j(2),0,) Without disturbing any xy (sas0) # 21,(s2,1,0). Then,
DyZ 501,600, = 0 for all oy € S\S_ and any w = 0*,1...,.S only if

([ + Dl,s“,l)\YV\AI,sa,l{W/sa,lqzsﬂl[ylAwml,s“ + 10.:1]} -
(I + D2,sar,sj/)\Y\A2,Sa,sj,{%a’Sj,qu’Sa’Sj, [ysj, A,ma ga + 1w3j/]}
where 1,; = 1 if w = s, and zero otherwise. Since by i) D, Zs o = 0, we get

that A,my s« is k-invariant. Hence, we get back the equivalent of equations
(16)-(19) of Auxiliary Lemma 4:

ME(L )\ Awgh =0, (28)
ME(1, 85\ Awy! =0, for all s > 2,
(I + Dy e )N\ Vi AL 1Vg01 00,10 = ME (L 87\ 01 Aot
~(I 4 Do N\ Asss Voo s, Gasos, = MaZ (L 8500\ Voo s, At
where M2(1, s;/), follows the obvious notational conventions of the previous
auxiliary lemmas.

Step 2) Consider now the same asymmetric perturbations (s% 1,0) of
Auxiliary Lemma 5, o € S_. First, for given s, let

82(S> = {O-|$2,sa,s,a =T1s501,0y O € S_}

By ii), for each o € S_ there is at most one s # 1 such that ©9 40 5 » = 71 50,10
Start by considering j" > 0 with, say, s;(1) = 2. Then, D(se1,0)Z(sa,1,0),j(1,j") =
0 for all (o,0;) € S_ x S\S_ only if

(I + Do \YA A1 o 1 {Vso 101 go 1 [n Ay o] — YITT ]} (29)
= (I 4 Do)\ Y\ Az 0 2{V0 203 o o[22 M2 0]}
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Since Dyga1,0)Z(sa,2)0 = 0, 0 € S_, by i) and the definition of S_ we have
A.my s = Amg . Hence, the right-hand side of equation (29) can be rewrit-
ten as

(I + D2,8“,2)\}/\1212,8%2{73%2613:3&,2[3/2A~m2,8“]} =
(I + Dae 2 )\ YA Az 0 2{V 50 23 g0 2Y2 Asa [Vsa @latys, Aty go1 — Yga 191 G150 1 A1ga 1 YT _}

and using the first and the third of equations (28), we finally get that (29)
holds only if
(I + Dl,s“,l)\Yv\CLsaJYfTF){ﬁ =0.

and C g ; is the familiar matrix. Comparison with (23) gives us the conclu-
sion, as in Auxiliary Lemma 4. 3

When j = 0, and s;(1) = 1, since v, (I + Dl,sa,l)\Y\ALSa,lfysa,lqﬂa’l =
Vool + DQ,Sa,Q)\Y\szsavquT,Sa,Q and obviously y» = ¥, equation (29) reduces
to (I + D17sa71)\KA1,sa,1YfFil = 0, again a contradiction. H

Auxiliary Lemma 7 Let s* be given, for some a > 0. Suppose that: i)
Tp,sa,50 15 one-to-one in (k,s), for all o € S; i) vy o is k-invariant,
for all ' < a + 2. Then, there exists s such that DyZ(sw 0 # 0 for
some perturbation w.

Proof. Pick an s € S, say s = 1, and consider asymmetric perturbation
(57, 1,0) affecting u®*2(-, o) around x1 4o 1, . By i), it does not disturb 12
either around @941, or around Zj s s, S 7 1. Then, if by contradiction
D,Fsa 50 =0 for all s # 1 and 0 € S, by ii) and Auxiliary Lemma 1 we
have

(1 + dse 5)ys(Apmyse — Apmagse) = 0, for s € S\{1}.

Since S > J and Y is in general position, the latter implies that A,m; 0 =
Agymy g, for all 0 € S. Then D, Fl 10 = 0 only if

Q1,sa,11211,sa,1yg =(Qforalloce s

a contradiction, given that Y is in general position. B

Now we conclude the proof that Condition Nest holds by putting together
the pieces. Given a (p,q,w) and a minimal s%, if (p,q,w) € (Ns‘{;%)c, there
exists a J' C J, such that Z.; = 0 for j € J', that is, (p,q,w) € NS‘L“\J/:
either A\j o255 — Apga-2,, 5 = 01f j < 5% 0r Ajgo2 50, — Absa=2,5.0, = 0
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otherwise. If the second case, Auxiliary Lemmas 3 or 4 deliver that D, Z. ; #
0 for some j € J' C J,, that is, (p,q,w) € EZ%, and Conditions Nest-0 and
Nest-1 hold true. Otherwise, if j < S? assumptions i)-iii) of Auxiliary
Lemmas 5 or 6 apply, delivering the same conclusion. Next, suppose that
(p,q,w) € Nfa’JaﬂNS]ZS_\lSI. Again by Auxiliary Lemmas 3 or 5, (p, q, w) € EZ,SI
, and Condition Nest-2 holds. Finally, if (p, q,w) € NJe q NhS W2, Tpsa-2 4
is one-to-one in (k, s), for all o € S, while s* minimal means that x; . is
k-invariant for ¢’ < a. Then, Auxiliary Lemma 7 applies and there exists
s,w’ such that D,y Z(sa-2 g0 # 0, 1.e., (p,q,w) € Eu  for 5% = (5972,5) < 5%,
and Condition Nest-3 holds concludmg the argument.ll

Proofs of Claims

Let X an N x M dimensional matrix and of full column rank M. Here
Xy denotes the m-th row of X. Let D be a diagonal matrix of dimension
M x M, with negative diagonal elements. Let A = (XTDX)™!, a negative

definite matrix of dimension M x M. Consider the quadratic expression:
dprmArl m=1,.., M.

The quadratic expressions ysqsflsqg, (1 + ds)ysflsysT and 737S,ysxflsysT, are
of the this type. Therefore, it is enough to prove the following statement.

Claim 10 d,,x,, Azl <1, for all m.

Proof. Let
Xom = TmA.
Observe that (dpxmArL)? = (dpm)? X (2L 2m)xE . Therefore, (dp)*x,, (21 zm)xE <
1 implies d,,z,, Azl < 1, and it is enough and more convenient to prove the
statement involving ¥x,,,.

Let X, be the matrix of dimension (N — 1) x M obtained from X by
deleting the m-th row. Let D,, be the diagonal matrix of dimension (M —
1) X (M —1) obtained from D by deleting the m-th row and column. Finally,
let A, = (X1 D, X,) . Then

At =y, A7 =y, XTDXxL (30)

and
T Ama), = Xm AT A AT (31)

However, since
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A =dpal 2, + (A7
we get

ATTALATY = (dpalzg Ap + D (dmal 2, + (An)™)

(dp)?2r 20 Al 2, + 2dm 2t 20, + (Ap) ™!

= (dp)?2) 2o A T + 2dpwt 2, + AL

Thus,

Xom (AT A AT X0 = Xon(A™)Xo + Xon (@) Xon o (AT AT + 1)
Using (30) and (31), we get

T Al | X (2T 2, )XE dp (@ Al + 1)
T AT Ty AxL

or equivalently

xmAmxﬁ Xm(xT xm)x d,
— o (1= X () X (dn)?) = 1 S (32)

Since d,, < 0 and x,, = =, A, we have X (EmZm)2ndn () Hence, the

:L"mAmT

r.h.s. of equation (32) is positive. Since ;’ Xxﬁm > 0, the latter implies that
Xon(@L 2 )XE (d,,)? < 1, and we are done.l

Claim 11 Let k and s® be given, a > 1. There exists a simple perturbation
Aeg s, a' < a, such that 1y 4+ [Ys, A syMsa—1] 7 0.

Proof. We consider endowment changes Ae, , , along the realized his-
tory s%, i.e., Aey s # 0 only if @’ < a, s = 5, where s* = (sg, 51, ...54/, ---Sa),
and we choose Aey s, such that p; . Aey s = 1. The induced change in

financial wealth at s® is equal to 1,4 + ysaA(afﬁsa,)m’;a,_l. Observe that by
perturbing Ae(a, s,) we get

YsaD(a,5,)Mga—1 = Vsaflysaflsaqu;,l(ysaflAmsafz) — Yo (1+ dsa)ysa;lsaflyi

for a > 1, where (yo-1Amg-—2) = 0 for a = 1. By Claim 10, —7.(1 +
dsa)ysaASaflyg; > —1. Hence, if a = 1 or ysaASaflqg;,l = 0, the claim

41



is proved. Suppose it is not, and that 1,, + ¥, A(es,)Msa1 = 0. Then,
consider the perturbation Ae(a — 1,s,-1) at the unique predecessor of s°.
We have

and

ysaA(a—l,saq)ms“—l = ’Ysaflysalesa—lqz;ﬂ(l + Yoy s AMga—2)

Ysa 1 Dat,0 1) Mis0—2 = Vgoo1Ysa y Asa-2q2(Ys, 3 AMga—3)—Ygamr (L4+-dga1)ys,

Once again, by Claim 10 if g, , Aw-—2¢% 2 = 0, Ys, 1 Apa_1,6, 1)Mea—2 > —1,
and 1y 4 + Yo, Afa—1,50_1)Msa—1 = Ys, Da—1,5,_1)Msa—1 # 0, and we are done.
Thus suppose that this is not the case, and that 1+y,, , Au_1,s,_,)Ms—2 = 0.
Proceed backward, and let s* = (sq,...,84-1,5). If for some 1 < j < aq,
ysjASa72qZ;71 = 0 we are done. If this is not the case, then j = a = 1, and it
suffices to show that

yslA(LSl)mO = _751<]‘ + dsl)ySIAOySI > -1

which is the case. B
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