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Abstract

We prove generic existence of recursive equilibrium for overlap-
ping generations economies with uncertainty. Generic here means in
a residual set of utilities and endowments. The result holds provided
there is sufficient intragenerational household heterogeneity.

1 Introduction

The overlapping-generations (OLG) model, introduced first by Samuelson
(1958), is one of the two major workhorses for macroeconomic and finan-
cial modeling of open-ended dynamic economies. Following developments in
the study of two-period economies, the OLG model has been subsequently
extended to cover stochastic economies with production and possibly incom-
plete financial markets. In such instances, the general notion of competitive
equilibrium à la Arrow-Debreu has proven to be not very useful for applied,
quantitative work, even in stationary Markovian environments. This is due,
among other things, to the large dimensionality of the allocation and price
sequences when histories of arbitrary length are allowed, which strains the
ability of approximating solutions –through truncations– with present-day
computers. It also strains the notion of rational expectations equilibrium be-
cause of the complexity of the forecasts involved in some of these equilibria.
∗We thank seminar participants at the CARESS-Cowles General Equilibrium confer-

ence, Yale University, April 2006, for useful comments.
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An advance in the direction of simplifying computations was provided by
Duffie et al. (1994), who give a general theorem for the existence of station-
ary Markov equilibria for OLG economies, with associated ergodic measure.1

While these equilibria provide the analogue in stochastic economies of steady
states or low-order cycles in deterministic economies, they are still too com-
plicated to allow for computational work. Hence, the applied literature has
focused on a notion of simple time-homogeneous Markov equilibrium, also
known as recursive equilibrium.2

In a recursive equilibrium the state space is reduced to the exogenous
shocks and the initial distribution of wealth for the agents —asset portfolios
from the previous period, and capital and storage levels if production is
considered. A recursive equilibrium can be thought of as a time-homogeneous
Markov equilibrium that is based on a minimal state space.
However, no existence theorem is available for such recursive equilibria. In

fact, Kubler and Polemarchakis (2004) provide two examples of nonexistence
of recursive equilibrium in OLG exchange economies. The idea that recursive
equilibria may not exist is based on the observation that when there are
multiple temporary equilibria the continuation of an equilibrium may depend
on past economic variables other than the wealth distribution. That is, the
current wealth distribution may not be enough to summarize the information
contained in past equilibrium prices and marginal utilities.
While this phenomenon may occur, we prove that it is nongeneric –

under some qualifying condition. The argument follows three fundamental
observations.
The first is that it is always possible to find competitive equilibria which

are time-homogeneous Markov over a simple state space. This is the state
space made of the current exogenous state, the current wealth distribution,
current commodity prices, and marginal utilities of income for all generations
except for the first and the last (‘newly born’ and ‘eldest’). This result is
similar to what obtained or conjectured in Spear and Srivastava (1986) and
Duffie et al. (1994).
The second observation is that in such equilibria prices and multipliers

are typically a function of the current state and of the current wealth dis-

1See e.g. also the earlier work by Spear (1985) and Spear and Srivastava (1986), and
by Cass et al. (1992) and Gottardi (1996).

2Examples by now abund; see, e.g., Rios Rull (1996), Constantinides, Donaldson and
Mehra (2002), Geanakoplos, Magill and Quinzii (2004), Storesletten, Telmer and Yaron
(2004a, 2004b).
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tribution, provided that one can allow for sufficient dispersion of individual
characteristics within each generation. We call these equilibria nonconfound-
ing.
The trick we use here to prove the nonconfounding property is to abstract

from the equilibrium equations and instead, using stationarity, focus on the
optimization problem of an arbitrary individual born at any date-event. This
trick allows one to bypass the infinite dimensional nature of the equilibrium
set, and the fact that with overlapping generations there is an infinite number
of individuals and an infinite number of market clearing equations, rendering
direct genericity analysis quite problematic. A simple Markov equilibrium
fails to be nonconfounding essentially when in a given state, called critical, all
individuals of all types spend the same amount of money, while some prices
for goods or assets from the critical state onward are different. However,
typically this cannot be the case, as with enough heterogeneity in preferences
and endowments there is almost always going to be an individual who will
spend differently at different prices, no matter what prices are at all the
remaining states. Since we need to check this for all admissible, and not
just equilibrium, prices, the degree of heterogeneity we use must be large
–it should be noted in passing that this is not at odds with the notion of
price-taking behavior which is assumed in competitive models such as ours.3

Aside from the use of Sard’s theorem, the nonconfounding property so ob-
tained follows from a perturbation analysis of a family of individual dynamic
programming problems. We show that when enough individuals face differ-
ent prices, it is possible to control either their expenditure at a critical state,
or some of their marginal utilities through wealth or utility changes at some
point in the future, which then trickle down to induce different expenditures
at the critical state for some agent.
The third and final step is to show that nonconfounding simple time-

homogeneous Markov equilibria are indeed recursive equilibria.

3While the heterogeneity condition does not encompass the economies of the exam-
ples constructed by Kubler and Polemarchakis (2004), in a previous paper (Citanna and
Siconolfi 2006) we show that such examples are nonrobust. That is, we show existence of
recursive equilibria for an open and dense set within a class of exchange economies. In
that class, individuals live for two periods —‘young’ and ’old’ age—, restrictions apply to
their preferences when young, but we allow for any degree of heterogeneity. Our main
idea there is to prove existence of recursive equilibria via short-memory equilibria. Hence,
that result complements the one of this paper in showing the generic character of recursive
equilibria.
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The notion of genericity we will use will rely on utility perturbations, and
therefore will only be topological. In fact, due to the infinite dimension of the
equilibrium set, we will not be able to establish local uniqueness of competi-
tive equilibria, whether or not time-homogeneous. Without this prerequisite,
the argument essentially showing some one-to-oneness property of prices will
have to be made without knowing whether such prices are or not ‘critical’
–in fact, without knowing if they are equilibrium prices. Therefore, we will
resort to an argument reminiscent of Mas-Colell and Nachbar (1991), and
we will show the existence of recursive equilibria for a residual or nonmeager
subset of parameters, i.e., a set of stationary utilities and endowments which
is dense and is the countable intersection of open and dense sets. This is a
well-established notion of genericity for dynamic systems.
Our class of OLG economies has multiple goods, generations and types

within each generation; it allows for incomplete markets, with short-lived real
–namely, numéraire– assets in zero net supply. While complete markets,4

long-lived assets with nonzero real payoffs and in positive net supply, or
production (à la Rios Rull 1996), can be added, we present the model and
results without such features to simplify the exposition.
Our result suggests that the notion of recursive equilibrium is computa-

tionally useful as well as coherent as an exact concept, adding robustness to
its interpretation and quantitative use.5 The heterogeneity level we use in our
theorem allows for the state space dimension in the recursive equilibrium to
be drastically reduced, relative to the dimension that truncation techniques
require when applied to a path-dependent competitive equilibrium. If we
denote by G + 1 the number of periods an individual lives, i.e., the number
of generations present in an economy, this heterogeneity is proportional to
the dimension of a tree of length G+ 1, and this is the minimal length of a
truncated economy. Besides, while the number of agents must be large, their
characteristics can be taken to be very similar for the underlying economy
to have exact recursive equilibria.

4When markets are complete, the gist of the argument goes through, but density proofs
are of a different nature. In a companion paper we provide the argument for the case of
complete markets.

5For their interpretation as mere computing devices, see See Kubler and Schmedders
(2005). When feedback policies are examined in a recursive formulation, the interpretation
is of course strengthened by the exact nature of recursivity. The focus on these equilibria
is also justified by their ‘simplicity’.
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2 The model

We consider standard stochastic OLG economies where time and uncertainty
are represented by date-events, and a tree structure (eS,≺). Here eS is a set
and ≺ is a precedence relation: ≺ is irreflexive and transitive, and partially
orders the set S. If s, s0 are two elements of a chain in eS, with s0 ≺ s, and
there is no other s00 ∈ eS with s0 ≺ s00 ≺ s, s0 is the (unique) immediate
predecessor of s, also denoted s−. Let {s}+ ⊂ eS denote the set of immediate
successors of s. We assume that {s}+ 6= ∅ and #{s}+ <∞ for all s ∈ eS. Let
s0 be the root of the tree, i.e., the unique element of eS with no predecessor.
A notion of time is imposed as follows. We denote by t(s) = t the length

of the chain between s0 and s. Note that t(s0) = 0. The tree is then
partitioned into ‘dates’, or equivalence classes of length t, with t = 0, 1, ...
representing such dates. Time is discrete, the horizon is infinite, but at each
date t, St < ∞ events or states can be realized, and eS = ∪tSt is countable.
Each element of St is denoted by st. To each st, {st}+ ⊂ St+1. We also
define a history up to and including date t as an array of states, one for each
date τ ≤ t, and is denoted by st = (s0, s1, ..., st) ∈ S0× ...× St, the set of all
such histories; we also write st = (st−1, st). A proper history st leading to a
date-event st is the (finite) sequence of date-events, with sτ−1 = sτ− for all
τ = 1, .., t. From now on, when we refer to date event as histories, we always
mean proper histories.
We are going to consider trees which are generated by a (finite) set S,

i.e., where {s}+ = S for all s ∈ eS; for all t > 0, st = (s0, s1, ..., st) where
sτ ∈ S, all τ ≤ t. That is, an underlying first—order Markov stochastic
process generates the tree, with time—invariant transition π(st+1|st), all t.
We assume that π(st+1|st) > 0 for all st, st+1 ∈ S × S (full support of the
transition).
At each st, there are C ≥ 1 physical commodities, and the demographic

structure is that of an overlapping generations economy. At each st, H ≥ 1
individuals are born living G + 1 ≥ 2 periods, or generations, indexed by
a = 0, ..., G, from the youngest (a = 0) to the oldest (a = G) age. The
economy starts off at s0 with H individuals of each generation. This simple
demographic structure can be generalized to any exogenous stochastic process
which is a time-homogenous finite Markov chain.
The commodity space is the space of sequences (R(G+1)C++ )

eS, (G + 1)C—
dimensional vectors. The utility of the young agent h born at st is Uh,st :
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RC(
PG

a=0 S
t+a)

++ → R, which is time-separable and of the von Neumann - Mor-
genstern type:

Uh,st(xh0(st), .., xhG(st+G), ...) = Est{
GX
a=0

uha(xha(st+a), st+a)}.

In addition, each utility uha(·, st+a) : RC
++ → R for a = 0, ..., G is smooth,

differentially strictly increasing, and strictly concave. The utility uha(·, st+a)
for a > 0 already includes a discount factor. Agent h, st is also endowed
with physical goods at all ages, i.e., eha(st+a), all a. We assume that util-
ities and endowments are stationary, in that uha(·, st+a) = uha(·, st+a) and
eha(st+a) = eha(st+a), for all a. That is, the economy has a first-order Markov-
ian structure.
We also assume that eha1 (s) > 0 for all s, all a, all h, and that

P
h,a e

ha
c (s) >

0 for c > 1, all s. Finally, we assume that uha satisfies the boundary condi-
tion limn→∞ xha1,n = 0, then limn→∞ ||D1u

ha(xhan , s)||−1xha0n D1u
ha(xhan , s) = 0.

These conditions simply state that good c = 1 is necessary to individuals of
all ages, and that total resources in the economy are positive.
At each st, there are spot markets for the exchange of physical commodi-

ties. The price vector of the C commodities at st is p(st) ∈ RC
++. Commodity

c = 1 is dubbed the numéraire commodity.
There are also J < S one-period securities in zero net supply, paying

in units of the numéraire commodity. Their prices are q(st) ∈ RJ . Their
payoffs at st are given by an S × J-dimensional matrix Y (st) = Y for all st,
with column rank J —hence, there is no outside money. There is one asset,
say asset j = 1, which has positive payoffs, y1s > 0 for all s ∈ S, and Y is
in general position. Agents hold mha(st) ∈ RJ units of these assets when
a < G, without loss of generality.
Economies will be triples (e, π, u) of endowments, transition probabilities

and utilities satisfying our assumptions. Endowments and probabilities lie
in open subsets of Euclidean spaces. Utilities uha are points in the space of
C∞(RC

++,R) functions with the topology of C2—uniform convergence. Namely,
they belong to the Gδ subset of such space consisting of functions satisfying
our maintained assumptions. Then, we let Ω be the space of such endow-
ments, probabilities and utilities, endowed with the product topology.
For each st ∈ eS, we let Ξ(st) ⊂ Ξ be the set of endogenous variables at st,

i.e., of admissible vectors ξ(st) = (x(st),m(st), p(st), q(st)). The sequence ξ =
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ξ(st), st ∈ eS´ ∈ ×st∈eSΞ(st) represents a vector—valued stochastic process of
consumption, asset holdings and prices for commodities and assets —adapted
to eS. Given a tree eS and a history st ∈ eS, we let eSst be the subtree starting at
st, i.e., the set of sτ with τ ≥ t and sτ = (st, st+1, ..., sτ). If ξ ∈ ×st∈eSΞ(st), for
any st ∈ eS, ξst = ³ξ(sτ), sτ ∈ eSst´ ∈ ×sτ∈eSstΞ(sτ ) is the process in the sub-
tree starting at st, and we let ξ+(s

t) = (xha(st)a<G,m
ha(st)a<G, q(s

t), ξst+1)
be the continuation of the process at st.

2.1 Competitive equilibrium

Letting mh(−1)(st) ≡ 0, mhG(st) ≡ 0 for all h, st, a competitive equilibrium is
a stochastic process ξ such that:
(H) agents optimize given prices, i.e., for each h, st,

maxxha(st+a)Ga=0,mha(st+a)Ga=0
Uh,st(xh0(st), .., xhG(st+G), ...)

s.t. p(st+a)[xha(st+a)− eha(st+a)] + q(st+a)mha(st+a) =
p1(s

t+a)yst+am
h(a−1)(st+a−1), for all st+a = (st+a−1, st+a), all a,

and at s0, for a > 0 agents of age a optimize given prices and initial portfolios,

maxxha(sa−a)Ga=a,mha(sa−a)G−1a=a
Uh,s0(xha(s0), .., xhG(sG−a), ...)

s.t. p(sa−a)[xha(sa−a)− eha(sa−a)] + q(sa−a)mha(sa−a) =
p1(s

a−a)ysa−am
h(a−1)(sa−a−1), for all sa−a = (sa−a−1, sa−a), all a ≥ a,

with mh(a−1)(s0−) = mh(a−1)(s0−) given;
(M) markets clear, or

P
h,a[x

ha(st) − eha(st)] = 0 and
P

h,am
ha(st) = 0,

all st ∈ eS.
Notice that, by time and state separability of the agents’ utility func-

tions, we do not need to write separately the optimization problem of agents
of age a > 0 for histories st 6= s0, as they are implied by their maximization
when young. A competitive equilibrium exists for these economies using a
standard truncation argument (see Balasko and Shell (1980)), and combining
it with the argument for existence of equilibrium in a two-period economy
with incomplete markets and numéraire assets (see Geanakoplos and Pole-
marchakis (1986)). Let E(ω,m) be the set of competitive equilibria of an
economy ω ∈ Ω with initial portfolio distribution m =

¡
mha(s0)

¢
h∈H,a>0

.
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As we explained in the Introduction, the focus of this paper will be on a
special kind of competitive equilibrium, also known as recursive equilibrium,
to which we now turn.

3 Recursive equilibrium

LetW be a subset of RHG, with element w = (..., wha, ...)h∈H,a>0. This is the
space of beginning-of-period financial wealth levels.
A recursive equilibrium6 is the state space S ×W together with time—

invariant price functions p(s, w), q(s, w), allocation functionsmha(s, w), xha(s, w)
for all a, and transitions Ta(s, w, s0, w0) = 0, for s, s0 ∈ S and w,w0 ∈ W, all
a < G such that:
(H’) for each h, each (s, w) ∈ S ×W , individuals of age a ≥ 0 optimize

given the price functions and (Ta)G>a≥a, i.e.,

xha(sa, wa)
G
a=a,m

ha(sa, wa)
G−1
a=a ∈

argmaxxha(sa,wa)∈RC+,mha(sa,wa)∈RJ U
h(xha(sa, wa), ..., x

hG(sG, wG), ...)

s.t. p(sa, wa)[x
ha(sa, wa)− ehy(sa)] + q(sa, wa)m

ha(sa, wa) =
p1(sa, wa)ysam

h(a−1)(sa−1, wa−1), all a ≥ a

for all (sa, wa)
G
a=a s.t. Ta(sa, wa, sa+1, wa+1) = 0, for a < G, (sa, wa) =

(s, w), and with mh(−1)(s, w) ≡ 0, mhG(s, w) ≡ 0 all (s, w) ∈ S ×W ;
(M’) markets clear, or

P
h,a[x

ha(s, w)−eha(s)] = 0 and
P

h,am
ha(s, w) = 0

for all (s, w) ∈ S ×W ;
(R) the transitions Ta are consistent with optimization (H’) and with

nature’s moves, that is, given (sa, wa) ∈ S×W, then Ta(sa, wa, sa+1, wa+1) = 0
implies
- sa+1 ∈ {sa}+;
- wh(a+1)

a+1 = (w)
h(a+1)
sa+1 = ysa+1m

ha(sa, wa) all a < G.
Note that in this definition the equilibrium process starts from a point in

W. In particular, a recursive equilibrium is a competitive equilibrium only if
the initial distribution of asset portfolios, m(s0−), multiplied by ys0 , is inW .
Consumption plans for any age a only depend on the current state s, w;

any more variability in consumption is not going to be optimal for the agent,
given the equilibrium price functions and transition, separability and strict

6See, e.g., Rios Rull (1996).
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concavity of the utility function. This is why feasible plans are already re-
stricted to functions xha(s, w).

3.1 Generic existence of recursive equilibrium

Wewant to show the existence of these equilibria in a large class of economies.
In order to accomplish this, the basic idea is to show that the beginning-of-
period wealth distribution is typically a sufficient statistic of the memory of
the economic system at least at some competitive equilibrium.

3.1.1 Existence of simple time-homogeneous Markov equilibria

Let the initial portfolio distribution m be given. We are going to first show
that there are always competitive equilibria which are time-homogenous and
Markov on the state space given by p, (λha)h∈H,0<a<G, w, s, that is, the current
exogenous state, current wealth distribution, current Lagrange multipliers for
all individuals of all generations except for the eldest and the youngest, and
current commodity prices. Denote by EM(ω,m) ⊂ E(ω,m) the set of these
Markov equilibria.

Lemma 1 For all ω ∈ Ω, EM(ω,m) 6= ∅.

Proof. See the Appendix.
Let λ(s) = (λha(s))h∈H,0<a<G be the collection of marginal utilities of

the numéraire commodity for all individuals h ∈ H and cohorts a, a =
1, ..., G − 1. Equilibria in EM(ω,m) do not have multiplicity problems in
any continuation. In particular, we have excluded situations where even if
p(st), λ(st), w(st) and st are given at an arbitrary st, multiple equilibrium
asset prices q(st) and commodity price expectations p(st+1) are possible along
the tree eS. Note that we do not know whether such selection process gives rise
to continuous, or even measurable, transitions, but neither property will be
used in our argument or is required in the definition of recursive equilibrium.

3.1.2 Nonconfounding simple time-homogeneous Markov equilib-
ria

For the Markov equilibria inEM(ω,m), a Markov state is defined by a current
realization of s ∈ S, by commodity prices p(s), by multipliers λ(s), and by the
initial wealth distribution w(s). We want to show that the Markov equilibria
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which we constructed above, typically and under some qualifying condition
on intragenerational heterogeneity, have the following injection property: if
at s, two Markov states are given, (p, λ,w; s) and

³
p̂, λ̂, ŵ; s

´
with w = ŵ,

then (p, λ) = (p̂, λ̂). We call Markov equilibria that satisfy this property
nonconfounding, and denote the set of nonconfounding Markov equilibria
ENC
M (ω,m). Instead, a state s that violates this property is called critical,
and the corresponding equilibrium confounding.
The qualifying condition on intragenerational heterogeneity used below

is

A1 H > 2[(C − 1)
PG

a=0 S
a + J

PG−1
a=0 S

a].

We aim at proving the following theorem.

Theorem 2 Under A1, EM(ω,m) = ENC
M (ω,m) in a residual subset Ω∗ of

Ω.

Let s be the critical state, where after some pairs of histories sTkk , k = 1, 2,
our simple equilibrium fails to be nonconfounding. Then, in the correspond-
ing competitive equilibrium, wha(sT11 ) = wha(sT22 ) for each h and any age
a > 0, and either (i) p(sT11 , s) 6= p(sT22 , s) or (ii) there exists some individual
h∗ of some age a∗ such that λh

∗a∗(sT11 , s) 6= λh
∗a∗(sT22 , s). Let sas be an arbi-

trary history of length a = 0, ..., G− a∗ starting at s after histories sTkk , i.e.,
with s0s = s, and let p(sak,s) and q(sak,s), be commodity and asset prices at
the history (sTkk , sas), a = 0, ..., G − a∗, k = 1, 2. Given our assumptions on
utilities and given wealth equality at s, if

(p(sa1,s), q(s
a
1,s)) = (p(s

a
2,s), q(s

a
2,s)), for a = 0, ..., G−a∗, and p(sG−a

∗
1,s ) = p(sG−a

∗
2,s ),

then individual (h∗, a∗)’s programming problem implies that λh
∗a∗(sT11 , s) =

λh
∗a∗(sT22 , s), a contradiction to (ii). Thus, (i) and (ii) require that some

prices are different between the critical state (sTkk , s) and (sTkk , sG−a
∗

s ). Hence,
independently of what a∗ is, at a confounding price pair an individual born
at sT11 faces during his lifetime a price sequence different than that faced by
an individual born at sT22 . Therefore, in order to rule out the existence of
confounding equilibria and establish Theorem 2, very conveniently it suffices
to show that typically if price sequences are different, wealths of individuals
with age a = 1 at the critical state cannot all be equal.
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At this junction, two possibilities arise: 1) one history, say sT22 , is empty
and s is the root of the tree eS, and the other is not; 2) neither history sTkk is
empty. In case 2) is verified, we consider the demand functions of individuals
of age a = 0 at some pair of states (s01, s02) ∈ S2, for two sets of commodity
prices p(sak), s

a
k ∈ Sa, k = 1, 2, and a = 0, ..., G, and of asset prices q(sak),

sak ∈ Sa, k = 1, 2, and a = 0, ..., G − 1, where s0k = s0k for k = 1, 2. We
do not need to keep track of the asset prices q(sGk ), s

G
k ∈ SG, k = 1, 2, since

in the absence of arbitrage the old generation G does not trade on the asset
market.
Without loss of generality normalize commodity prices by setting

p1(s
a
k) = 1, for all s

a
k ∈ Sa, k = 1, 2,

To have a compact notation, let (p, q) denote the entire collection of prices

over the two finite trees. Thus, p ∈ R2(C−1)
PG

a=0 S
a

++ and q ∈ R2J
PG−1

a=0 Sa. Let
N(s01,s02) be the set of parameters ω and variables

z = (
¡
xha(sak), λ

ha(sak),m
ha(sak

¢
)h,sak,a,k, p, q)

which satisfy the Kuhn-Tucker equations

Duha(xha(sak))− λha(sak)p(s
a
k) = 0, (KT1, h; sak)

−λha(sak)q(sak) +
P

s π(s|sa)λha(sak, s)ys = 0, a < G (KT2, h; sak)
p(sak)[x

ha(sak)− eha(sak)] + q(sak)m
ha(sak) =

ysm
h(a−1)(sa−1k ), for all sak = (s

a−1
k , s), all a ≥ 0 (KT3, h; sak)

with q(sGk ) = mhG(sGk ) ≡ 0, for all sGk ∈ SG, andmh(−1)(s−1k ) = 0, for k = 1, 2
and P

h x
ha(sak) ≤M(ω), (i; k)
xha(sak) ≥ 0 (ii; k)

(IN)

Here M(ω) > 0 is a real, with M(ω) = 2maxs
P

ha e
ha(s). Note that this

system has 2[(C − 1)
PG

a=0 S
a + J

PG−1
a=0 S

a] too many unknowns: p(sak), for
sak ∈ Sa, a = 0, ..., G, k = 1, 2, and q(sak), for s

a
k ∈ Sa, a = 0, ..., G − 1,

k = 1, 2.7

7For G > 1; when G = 1, no asset prices are unmatched, and the term J
PG−1

a=1 Sa

drops.
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For k = 1, 2, define

p̂(s1k) =
¡
p(s1k), (λ

h1(s1k))h∈H
¢

We are interested in the subset N(s01,s02)(s) of N(s01,s02) consisting of the so-
lutions to equations (KT1−KT3), inequalities (IN), and the H equations

ys(m
h0(s01)−mh0(s02)) = 0 (KT4, h)

for all h, with °°(p̂(s11)− p̂(s12)
°° 6= 0 (NC)

System (KT1 − KT4) has now H − 2[(C − 1)
PG

a=0 S
a + J

PG−1
a=0 S

a] too
many equations, a positive number under A1.
If instead case 1) is verified, then the maximization problem of the in-

dividual going through prices p2, q2 starts at s12 = (s02,s); the individual
budget constraint at s12 = (s02,s) is p(s

1
2)[x

h1(s12) − eh1(s)] + q(sak)m
ha(sak) =

ysm
h0(s02), and it depends on mh0, the exogenous initial wealth of age a = 1

individuals. As will be evident from case 2), this wealth level, and therefore
the entire initial distribution ys0m, plays no role in the perturbations. Thus,
it is enough to focus on case 2) without loss of generality. All the generic
sets obtained hereafter must simply be considered indexed by a given initial
wealth distribution ys0m.
With this caveat in mind, clearly any ξ ∈ EM(ω,m) ‘goes through’ system

(KT1−KT3) and (IN), i.e., ξ intersects some N(s01,s02). As argued above,
if ξ ∈ EM(ω,m) but ξ /∈ ENC

M (ω,m), then (KT4) must also hold when (NC)
holds for some pair of histories (s11, s

1
2) with current state s, or ξ intersects

also some N(s01,s02)(s). We are then going to show that in a residual set of
parameters Ω(s01,s02)(s) the set N(s01,s02)(s) is empty. Repeating this across
all finitely many pairs of initial states (s01, s02) and states s, we obtain a
residual set

Ω∗ = ∩(s01,s02) ∩s Ω(s01,s02)(s)

where if (p(s), λ(s), w(s); s) and
³
p̂(s), λ̂(s), ŵ(s); s

´
are given and (p(s), λ(s))

6=
³
p̂(s), λ̂(s)

´
, then w(s) 6= ŵ(s), i.e., EM(ω,m) = ENC

M (ω,m) if ω ∈ Ω∗,
under A1, proving Theorem 2.
To show that N(s01,s02)(s) is empty in a residual set Ω(s01,s02)(s), we are

going to restrict attention to sets Nn
(s01,s02)

(s) where (KT1−KT4) and (IN)

12



hold, and moreover z satisfies°°p̂(s11)− p̂(s12)
°° ≥ 1/n, (NC.n)

for some positive integer n. Since N(s01,s02)(s) ⊂ ∪nNn
(s01,s02)

(s), emptiness of
Nn
(s01,s02)

(s) for all n will imply that N(s01,s02)(s) is empty.
We are then left to showing the following proposition.

Proposition 3 Given any (s01, s02), s and n, there is an open and dense set
Ωn
(s01,s02)

(s) ⊂ Ω such that Nn
(s10,s20)

(s) is empty.

Setting
Ω(s01,s02)(s) = ∩nΩn

(s01,s02)
(s)

will deliver the desired conclusion. For suppose not, and there is a z ∈
N(s01,s02)(s). Then there is an n̂ > 0 such that (NC.n̂) holds true and (KT4)
is satisfied. But this implies N n̂

(s01,s02)
(s) 6= ∅, a contradiction. Hence, in a

residual set of economies, if ξ ∈ EM(ω,m) and (p(s), λ(s)) 6=
³
p̂(s), λ̂(s))

´
,

then kw(s)− ŵ(s)k 6= 0, as desired. Section 4 is devoted to proving Propo-
sition 3.

3.1.3 Main result

We are now ready to state and prove our main result. Again, let the initial
portfolio distribution m be given.

Theorem 4 Under A1, recursive equilibria exist on the residual set Ω∗ ⊂ Ω.

Proof. See the Appendix.
Note that our construction delivers recursive equilibria which are com-

petitive equilibria, since initial conditions can always be included in W . Re-
member that the set Ω∗ depends on the initial wealth distribution ys0m. Of
course, we can say nothing about the uniqueness of such equilibria. Also, we
do not know whether the function ξ(s, w) is continuous or even measurable
on S ×W .

13



4 Perturbation Analysis

In this technical section we are going to prove Proposition 3. We separate the
openness and density parts. For density, we use transversality, i.e., Sard’s
and the preimage theorems, to show that Nn

(s01,s02)
(s) is empty in a dense

subset of economies. In other words, we resort to a perturbation analysis of
the individual demand function at all admissible prices.

4.0.4 Openness

The set of endogenous variables and parameters Nn
(s01,s02)

(s) is closed in
N(s01,s02), since it is the preimage of continuous functions and weak inequal-
ities. If the projection of endogenous variables and parameters satisfying
(KT1−KT3), and (IN), that is, Pr : N(s01,s02) → Ω, is proper, Ω\Ωn

(s01,s02)
(s),

the set of parameters Pr(Nn
(s01,s02)

(s)) is closed. Clearly, its complement
Ωn
(s01,s02)

(s) is an open set of parameters where either (KT4) does not hold
or kp̂(s11)− p̂(s12)k < 1/n, i.e., where Nn

(s01,s02)
(s) is empty.

Lemma 5 The projection Pr is proper.

Proof. See the Appendix.

4.0.5 Density

We are going to show that for a dense subset Ωn
(s01,s02)

(s), either (KT4)

does not hold or kp̂(s11)− p̂(s12)k < 1/n. First observe that inequalities
(IN.ii; k) hold strictly when z ∈ Nn

(s01,s02)
(s). This follows from equations

(KT1, h; sak), k = 1, 2, and the boundary condition on uha. Let F (z, ω) = 0
represent system (KT1−KT4). It is enough to show that F (z, ω) = 0 has,
typically, no solution in Ω, disregarding the inequalities kp̂(s11)− p̂(s12)k ≥
1/n and (IN.i; k) –i.e., assuming that they do not bind– since this will
be a fortiori true if the inequalities are satisfied (note that if they are satis-
fied with equality, we are adding equations and so potentially reducing the
dimensionality of Nn

(s01,s02)
(s) relative to F−1(0)).

We want to show that for each n > 0, (s01, s02) and s, there is a dense set
Ωn
(s01,s02)

(s) such that Nn
(s01,s02)

(s) = ∅. Without loss of generality, we will
show this by fixing the critical state to be s = 1. Let fh represent the l.h.s.
of equations (KT1, h) − (KT3, h), fhk representing the l.h.s. of equations

14



(KT1, h; sak) − (KT3, h; sak) for a pair (h, k); let W
h represent the l.h.s. of

(KT4, h), and F h =
¡
fh1 , f

h
2 ,W

h
¢
=
¡
fh,W h

¢
.

We start by showing that either (i) kp(s01, 1)− p(s02, 1)k ≥ 1/n or (ii)°°λh1(s01, 1)− λh1(s02, 1)
°° ≥ 1/n for some h ∈ H implies that F h is transver-

sal to zero.

Lemma 6 (i) If p(s01, 1) 6= p (s02, 1), then the rank of Dx,λ,m,eF is full.
(ii) If λh1(s01, 1) 6= λh1(s02, 1), then the rank of Dxh,λh,mh,uhF

h is full.

Proof. See the Appendix.
When G = 1, (NC.n) only takes the form kp(s01, s)− p(s02, s)k ≥ 1/n

for some critical state s. The argument establishing Proposition 3 must only
show that equations (KT4) cannot hold when p(s01, s) 6= p(s02, s), hence it is
concluded with Lemma 6.i. The proof of this lemma shows that in traditional
overlapping generations models, with only young and old generations, the
ensuing existence of recursive equilibrium can be guaranteed for any utility
function and with a low degree of intragenerational heterogeneity.
Economies with G ≥ 2 require a more elaborated argument, which is

worked out below. Always under the assumption that (NC.n) takes the
form °°°λh01(s01, 1)− λh

01(s02, 1)
°°° ≥ 1/n for some h0 ∈ H.

we need to show that when λh1(s01, 1) = λh1(s02, 1) either rank ofDxh,λh,mh,ωhF
h

is full, or else directly equations (KT4) do not hold. As argued in Section
3.1.2, observe that (NC.n) when p(s01, 1) = p (s02, 1) together with equa-
tion (KT4, h0) implies that either q(s01, 1) 6= q(s02, 1) or (p(sa1), q(s

a
1)) 6=

(p(sa2), q(s
a
2,s)) for some s

a
k Â (s0k, 1), k = 1, 2 (remember that ≺ stand for

‘precedes’). Hence, (NC.n) implies now that

||(q(s01, 1), (p(sa1), q(sa1))sa1Â(s01,1))− (q(s02, 1),
¡
p(sa2), q(s

a
2,s)
¢
sa2Â(s02,1)

)|| ≥ 1/n
(1)

In order to proceed, we will take advantage of some recursive structure of
wealth equalities and lambda inequalities. For each n > 0, we embed the H
equations (KT4, h) into a finite family of functions of differences in multi-
pliers, with a recursive structure dictated by two conditions on the zeros of
these functions and their derivatives. We prove that under these conditions

15



the first layer of this family –to be later identified with equations (KT4)–
does not have a solution in a dense subset of Ω, proving our claim.
Recall that Ω = ×h∈HΩ

h is a smooth manifold of parameters, where Ωh

admits an at least locally finite parametrization. Let

(pk, qk) = (
¡
p(sak), q(s

a
k)sak∈Sa

¢
a=0,...,G−1 , p(s

G
k )), k = 1, 2.

so that (p, q) = (pk, qk)k=1,2. For n > 0, let

P n = Int{(p, q) : (1) holds},

be the 1/n-domain of price pairs, where by Lemma 6.i p(s01, 1) = p (s02, 1)
without loss of generality. At (p, q) ∈ P n and ω, by regularity of demand
we can solve the Kuhn-Tucker conditions for optimal asset portfolios and
multipliers as functions of (p, q) and ωh. Hereafter drop all the superscripts
n and write P n = P . Note that P is a smooth manifold of dimension N
with N < H, by Assumption A1. Given any sa = (sa−2, s̄, σ̄), identify any
other pair (s0, σ0) as (s0, σ0) = (sj0(s̄), σl(σ̄)) for j0, l ∈ {0, ..., S − 1}, where
s0(s̄) = s̄, and sj0(s̄) 6= s̄ otherwise, and similarly σ0(σ̄) = σ̄, and σl(σ̄) 6= σ̄
for l > 0.
For each h ∈ H, we then define a family of Σ maps:
1) Zh

s0(p, q, ω) = Zh
0 (p, q, ω) = y1[m

h0(s01)(p1, q1;ω
h)−mh0(s02)(p2, q2;ω

h)];
2) for a ≤ 2, Zh

sa,0(p, q, ω) = λha(sa−1, σ)(p1, q1;ω
h)−λha(sa−1, σ)(p2, q2;ωh),

where s1 º (s0, 1)
3) for each a ≥ 3 and sa = (sa−2, s, σ),
Zh
sa,j(p, q, ω) = λha(sa−2, s, σl)(p1, q1;ω

h)−λha(sa−2, sj0 , σl)(p2, q2;ωh), for
j = lS + j0, and j0, l ≥ 0

Zh
sa,j(p, q, ω) = λha(sa−2, s, σl)(pk, qk;ω

h)−λha(sa−2, sj0 , σl)(pk, qk;ωh), for
j = l(S − 1) + j0 + S(S − 1)(k − 1) + S2, for j0 > 0, l ≥ 0.
So, for each a and sa this is a collection of Ja + 1 real-valued and twice

continuously differentiable maps Zh
sa,j : P × Ωh → R, for all h, j = 0, ..., Ja.

Then, Σ is the set of the indexes (sa, j) of the various maps. From this
collection, we will select H maps, that is: let G = {g : g : H → Σ} be the
set of maps that associate to each individual h a function Zh

g(h) in the family,
and let Zg = (Z

h
g(h))h∈H : P × Ω→ RH , for g ∈ G, with Z0 = (Z

h
0 )h∈H .

For the sequel of the argument bear in mind that

DωhZ
h0
sa,j = 0, for h

0 6= h.
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Let
Eh
sa,j = {(p, q, ω) ∈ P ×Ω : DωhZ

h
sa,j 6= 0}

and let
Nh

sa,j = {(p, q, ω) ∈ P ×Ω : Zh
sa,j 6= 0}, 0 ≤ j ≤ Ja.

Also, for given sa and any given subset of indexes J 0 ⊂ Ja\{0}, let

Eh,J 0

sa = ∪j∈J 0Eh
sa,j and Nh,J 0

sa = ∩j∈J 0Nh
sa,j

and for any nonempty subset S0 ⊂ S and sa = (sa−1, s) let

Eh,S0

sa−1 = ∪s∈S0E
h
(sa−1,s),0 and Nh,S0

sa−1 = ∩s∈S0N
h
(sa−1,s),0

Finally, let

Eg = {(p, q, ω) : DωZg is onto} and Ng = {(p, q, ω) : Zg 6= 0}

Evidently, Eg = ∩hEh
g(h) and Ng = ∪hNh

g(h). Since Zg is twice continuously
differentiable, Eg is an open subset of P ×Ω. Let φg : Eg ×Ω→ RH ×Ω be
a smooth map defined as

φg(e, ω) ≡ [Zg(e), projΩ(e)− ω], for (e, ω) ∈ Eg ×Ω.

By construction φg is transversal to zero and hence, since H > N , by the
transversality and preimage theorems, φ−1g,ω(0) is an empty set, for ω ∈ Ωg, a
dense subset of ω ∈ Ω. Let Ω∗ = ∩g∈GΩg, a dense subset of Ω.
The argument recursive structure hinges upon the existence of a first time

in history where some functions in the family have nonzero derivative, and
before that point they are zero, that is on the existence of a minimal history.
History sa is minimal at (p, q, ω) for h ∈ H if (p, q, ω) ∈ Eh

sa,0, while
(p, q, ω) ∈ [Eh

sa0 ,0
∪Nh

sa0 ,0
]c for all a0 < a. Selection g is minimal at (p, q, ω)

if for all h ∈ H, g(h) = (sah, 0) and sah is minimal at (p, q, ω) for h.
Let’s now introduce the following conditions on the family

¡
Zh
σ∈Σ
¢
h∈H .

Condition Univ For each h ∈ H and any (p, q, ω) ∈ P × Ω, there exists
sa, a ≥ 1, such that (p, q, ω) ∈ Eh

sa,0.

Condition Nest For any (p, q, ω) ∈ P × Ω, let sa = (sa−1, s), a ≥ 2, be
minimal for h. Then:
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0)
(p, q, ω) ∈ Nh,Ja

sa ∪ Eh,Ja
sa ;

1) for all proper subsets J 0 ⊂ Ja,

N
h,Ja\J 0
sa ⊂ Eh,J 0

sa ;

2) for S0 ⊂ S

Nh,Ja
sa ∩NhS\S0

sa−1 ⊂ Eh,S0

sa−1 ;

3)
Nh,Ja

sa ∩NhS
sa−1 ⊂ Ua0<aE

h
sa0 ,0.

Conditions Univ and Nest have a very powerful implication. Condition
Univ will imply the existence of a minimal history. Condition Nest-3 allows
‘rolling back’ through the system in a recursive fashion.

Proposition 7 Under the maintained assumptions, in the dense subset Ω∗ ⊂
Ω, Z0(p, q, ω) = 0 does not have a solution.

The proof of the proposition is broken into two lemmas.

Lemma 8 For (p, q, ω) ∈ P ×Ω∗, either (i) Z0(p, q, ω) 6= 0; or (ii) there ex-
ists g∗ ∈ G and h∗ ∈ H, such that (p, q, ω) ∈ Eg∗, g∗(h∗) = (sa, 0), (p, q, ω) ∈
Nh∗

g∗(h∗), for some s
a minimal at (p, q, ω) for h∗, and (p, q, ω) ∈ [Nh

g∗(h)]
c, for

all h 6= h∗.

Proof: By Condition Univ, ∪g∈GEg = P ×Ω, and for each (p, q, ω) there
exists a minimal history for each h–although it may be not be unique. Then,
there exists a minimal g at (p, q, ω) such that (p, q, ω) ∈ Eg. By definition
of Ω∗, ω ∈ Ωg and hence (p, q, ω) ∈ Ng ∩Eg. We now construct g∗. Starting
from h = 1, let h∗ be the first h such that Zh∗

g(h∗)(p, q, ω) 6= 0. If g(h∗) = 0,
the argument is over, establishing (i).
Hence, suppose that this is not the case and set g∗(h∗) = g(h∗). Consider

now h = h∗+1 and let sa = (sa−1, s) be h’s minimal state. If Zh
g(h)(p, q, ω) =

0, set g∗(h) = g(h) and proceed to h + 1. Otherwise, by Condition Nest-0
and Nest-1, either (p, q, ω) ∈ Nh,Ja

sa or (p, q, ω) ∈ Eh
sa,j\Nh

sa,j, for some j > 0.
In the second case, set g∗(h) = (sa, j) and proceed to h + 1. Otherwise, by
Condition Nest-2, either there exists (sa−1, s0) 6= (sa−1, s) such that (p, ω) ∈
Eh
(sa−1,s),0\Nh

(sa−1,s),0, or (p, ω
h) ∈ NhS

sa−1 . In the first case, we set g
∗(h) =
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((sa−1, s0) , 0) and proceed to h+1. The second case is impossible. Indeed, if
(p, q, ω) ∈ Nh,Ja

sa ∩NhS
sa−1, by Condition Nest-3, (p, q, ω) ∈ Eh

sa0 ,0
, with a0 < a.

However, this contradicts sa being minimal for h. Iterating up through H
delivers the statement.¥
The next lemma concludes the argument.

Lemma 9 For (p, q, ω) ∈ P×Ω∗, if Lemma 8.(ii) holds, then Z0(p, q, ω) 6= 0.

Proof: Let g∗ be the selection of Lemma 8.(ii), and consider the corre-
sponding h∗ and let sa = (sa−1, s) be such that g∗(h∗) = ((sa−1s) , 0). By Con-
dition Nest-0 and Nest-1, either (p, q, ω) ∈ Nh∗,Ja

sa or (p, q, ω) ∈ Eh∗
sa,j\Nh∗

sa,j,
for some j > 0. We claim that the second case is impossible. Indeed, if
(p, q, ω) ∈ Eh∗

sa,j\Nh∗
sa,j, consider the system Zg = [(Z

h
g∗(h))h∈H\h∗, Z

h∗
sa,j]. Then,

DωZg is onto, and (p, q, ω) ∈ Ng, since ω ∈ Ω∗. However, by construction
Zh
g∗(h)(p, q, ω) = 0, for h 6= h∗. Thus, it must be that Zh∗

sa,j(p, q, ω) 6= 0 or,

equivalently, (p, q, ω) ∈ Nh∗,Ja
sa . Then, by Condition Nest-2, either there

exists (sa−1, s0) 6= (sa−1, s) such that (p, q, ω) ∈ Eh∗

(sa−1,s),0\Nh∗

(sa−1,s),0, or
(p, q, ω) ∈ Nh∗S

sa−1. By the same argument of Lemma 8, the second case is
impossible. Thus, (p, q, ω) ∈ Nh∗,Ja

sa ∩ Nh∗S
sa−1 . Then, by Condition Nest-3,

(p, q, ω) ∈ Eh∗

sa0 ,0
, with a0 < a, contradicting the fact that sa is minimal at

(p, ω) for h∗. ¥
We are then left to show that Conditions Univ and Nest are indeed sat-

isfied by our family of functions. This is done in the Appendix.
When G = 2 (as in, say, Constantinides et al., 2002, or in Geanakoplos et

al., 2004)) only Zh
sa,0 need to be carried around, a ≤ 2. Proposition 7 proves

that Z0(p, q, ω) 6= 0 for p ∈ P 1/n and ω in a dense subset Ωn of Ω. Proposition
7 and Lemma 6.i then imply that there exists a dense set Ωn

(s01,s02)
(s) where

Nn
(s01,s02)

(s) is empty, which is what we were to prove.

5 Appendix

Proof of Lemma 1
We are going to construct one such equilibrium for each ω. Start from a

ξ ∈ E(ω,m) and take two date-events st, st0. Assume that the vectors ξ(st)
and ξ(st0) are such that

p(st) = p(st0),
λha(st) = λha(st0) for all h, all 0 < a < G,
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wha(st) = ystm
h(a−1)(st−1) = ys0tm

h(a−1)(st−10) = wha(st0) for all h, all
a > 0,
and st = s0t = s.
We show that we can replace the variables in ξ+(s

t0) with the corre-
sponding variables in ξ+(s

t) without altering the equilibrium, i.e., without
falsifying any of the competitive equilibrium equations. This is obvious for
ξ(sτ) with either τ > t0 and sτ /∈ eSst0, or τ ≤ t0 and sτ £ st0, since we
have not touched these variables, or the equations where they appear. It is
also obvious for ξ(sτ) with τ > t0 and sτ ∈ eSst0, since ξ+(st) was an equi-
librium to start with. As for sτ with τ ≤ t0 and for sτ ≤ st

0
, the only

equations where variables in ξ+(s
t0) appear are: the budget constraints at

(st0)− = st−10, where mh(a−1)(st−10) is, for a > 0, all h; the no arbitrage con-
ditions also at st−10, where λha(st−10, s) appears; the first-order conditions to
problem (H), the budget constraints and the no arbitrage equations at st0, for
all h, all a. By assumption, λha(st0) = λha(st) for all h, all 0 < a < G. Since
ysw

h(G−1)(st−1) = ysm
h(G−1)(st−10) for all h, and since p(st) = p(st0), the opti-

mization problem for individuals of age a = G at st and st0 is the same. Given
strict concavity of uhG, it has a unique solution given commodity prices and
initial wealth,

¡
xhG(st0), λhG(st0)

¢
=
¡
xhG(st), λhG(st)

¢
and all no arbitrage

equations at st−10 are still satisfied after the substitution. Wealth equality at
successor state st0 is the only constraint that mh(a−1)(st−10) must satisfy for
all h, all a < G, but this has been assumed to hold. Finally, FOCs, budget
constraints and no arbitrage equations can simply be substituted without
altering anything else in the equilibrium.
Next, we construct the process ξ̂ ∈ ×st∈eSΞ(st) from ξ recursively as fol-

lows. Use the natural order sum,
P

t St, on eS. Let st(n) be the node reached
at step n ≥ 1 of the construction algorithm. Let ξ̂n−1 ∈ ×st∈eSΞ(st) be given,
with ξ̂0 = ξ. For any array (p, (λha)h∈H,0<a<G, w, s) possible in ξ̂n−1, let

Sn−1(p, (λ
ha)h∈H,0<a<G, w, s) =

{st ∈ eS|p(st) = p, λha(st) = λha, h ∈ H, 0 < a < G, w(st) = w, st = s}

be the corresponding equivalence class. Since under the order sum eS is

well-ordered, minSn−1(p, (λha)h∈H,0<a<G, w, s) = s
p,(λha)h∈H,0<a<G,w,s
n−1 is well

defined. Define ξ̂n by assigning to st(n) the continuation ξ̂n,+(s
t(n)) =

ξ̂n−1,+(s
p,(λha)h∈H,0<a<G,w,s
n−1 ), and letting ξ̂(st(n)) be the st(n)-th element in the
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vector ξ̂n+(s
t(n)), and then go on to step n+ 1. By construction and choice

of the order on eS, each node st is eventually assigned a unique value ξ̂(st)
in at most n < +∞ many steps, with st = st(n). Moreover, ξ̂ is uniquely
determined at each node by s, w, (λha)h∈H,0<a<G and p: for each st, with

st = s and ξ̂(st) such that p̂(st) = p, λ̂
ha
(st) = λha, all h ∈ H, 0 < a < G,

w(st) = w, there is a unique continuation ξ̂+(s
t) = ξ̂(p, (λha)h∈H,0<a<G, w, s).

Since the process on S is Markov, so is the one on (p, (λha)h∈H,0<a<G, w, s).
Since ξ ∈ E(ω,m), then also ξ̂ ∈ E(ω,m), i.e., ξ̂ ∈ EM(ω,m) and we are
done.¥
Proof of Lemma 5
Consider a sequence {ωm}+∞m=1 ⊂ Ω, with ωm → ω ∈ Ω, and any associated

sequence {zm}+∞m=1 ⊂ Ns,s. First, notice that M(ωm)→M(ω) < +∞. Using
(IN.i; k − ii; k), for all h, a and sak there is a subsequence x

ha
m (s

a
k)→ xhaa (s

a
k)

such that M(ω) ≥ xhaa (s
a
k) ≥ 0. Since uha satisfies the boundary condi-

tion, xha(sak) À 0. Using convergence of xham (s
a
k), the price normalization,

Duha À 0 and equations (KT1, h; sak), we have that λ
ha
m (s

a
k)→ λha(sak)À 0.

Then, again the same equations imply that pm(sak) → p(sak) À 0. Equa-
tions (KT2, h; sak) now imply that (q, q̂)m → (q, q̂), and using equations
(KT3, h; sak) and no redundancy, we obtain thatm

ha
m (s

a
k)→ mha(sak) as well.¥

Proof of Theorem 4
Let ω ∈ Ω∗ be given as above. By construction, there is a ξ ∈ E(ω,m)

which also has the property ξ ∈ ENC
M (ω,m). Let w = (..., wha, ...)h∈H,a>0,

and W = {w ∈ RHG | wha = ysτ+1m
h(a−1)(sτ ) for some sτ ∈ eS, sτ+1 ∈ S}.

Then, for all st ∈ eS the vectors ξ(st) can be expressed as ξ(st) = ξ(st, w(s
t)),

i.e., they are the image of a function ξ : S×W → Ξ. For suppose not. First,
it must be that w = w(sτ) also for some sτ 6= st, otherwise the existence
of such function is trivial. Second, suppose there exist ξ1, ξ2 ∈ ξ(s, w) with
ξ1 6= ξ2 (ξ(s, w) is not a singleton). Then, ξ1 = ξ(st) and ξ2 = ξ(sτ ), with
ξ(st) 6= ξ(sτ ). By construction of ξ ∈ EM(ω,m), for all st,

ξ(st) =
³¡
xha(st), λha(st),mha(st)

¢
h∈H,a≤G , p(st), q(st)

´
= ξ̂(p, λ, w, s)

for p = p(st), λ =
¡
λha
¢
(st)h∈H,0<a<G, w = w(st) and s = st, and where ξ̂(.)

is the function from Lemma 1. So if ξ1, ξ2 ∈ ξ(s, w), it must be that

(p1, λ1) = (p(st),
¡
λha
¢
(st)h∈H,0<a<G) 6= (p(sτ),

¡
λha
¢
(sτ)h∈H,0<a<G) = (p

2, λ2)
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while w1 = w(st) = w(sτ) = w2, a contradiction to ξ ∈ ENC
M (ω,m).

The final step to time-invariance is accomplished by establishing the fol-
lowing law of motion on S ×W : given any (s, w) ∈ S ×W , let (s0, w0) be
given by:
(1) s0 ∈ {s}+;
(2) wh(a+1)0 = (w)

h(a+1)
s0 = ys0m

ha(s, w) all a < G.
Clearly, since ξ(st) satisfies conditions (H) , (M) of a competitive equi-

librium, then ξ(s, w) also does, i.e., it satisfies (H 0) , (M 0) in the definition
of recursive equilibrium. Now, transitions Ta, all a, can be constructed by
applying (1) and (2) repeatedly, and conditions (R) are easily established, so
that the state space S×W , the functions ξ(s, w) and the transitions (Ta)a≥0
form a recursive equilibrium for the economy ω, proving our assertion.¥

For the proofs that follow, we need to specify the perturbations and, in-
troducing new notation, perform preliminary computations of various deriv-
atives of our equation system. As well known, for given (p, q), the set of
{xh, λh,mh, eh, uh} solving the system of equations fh(·; p, q) = 0 is a smooth
manifold. We use endowments or utilities to perturb the system fh = 0 with
Zh
σ appended, for some σ ∈ Σ.
Utility perturbations: Pick an age a, a state s and two consumption
bundles xk ∈ RC

++, k = 1, 2, with x1 6= x2. We can always independently
perturb the gradient of uha(·; s) around the two bundles x1 and x2 as follows.
For each k, pick a pair of open balls Bεi(xk), i = 1, 2, centered around xk
and such that: 1) Bε1(xk) ⊂ Bε2(xk); 2) ∩kBε2(xk) = /0. Then, pick smooth
bump functions Φk such that Φk(x) = 1, for x ∈ Bε1(xk) and Φk(x) = 0, for
x 6∈ cl(Bε2(xk). For given arbitrary vector ak ∈ RC and scalar η, define the
utility function

uhaη (x, ak; s) = uha(x; s) + η
2X

k=1

Φk(x)(ak ⊗ x)

where ak⊗x = (..., akcxc, ...). Evidently, uhaη (x, ak,1; s) = uha(x, s), at ak,1 = 0,
k = 1, 2. Most importantly, for any given ak, we can always pick η so close
to zero that uhaη (·; s) is arbitrarily close to uha(·; s) in the C2—uniform con-
vergence topology and it satisfies, therefore, all the maintained assumptions.
For our purposes it suffices to identify a utility perturbation with the deriv-
ative with respect to η of the gradient of uhaη (·, ak; s) computed at η = 0 and
xk, that is, ∆uhak = Dηu

ha
0 (xk, ak; s) = ak.

22



Endowment perturbations: Pick an age a, a state s and a vector ∆e ∈
RC . Let ehaη (s) = eha(s) + η∆e. We identify an endowment perturbation
with the derivative of ehaη (s) with respect to η taken at η = 0, that is, with
∆e.

Preliminary computations
Let (∆xhsa ,∆λhsa ,∆mh

sa) denote the vector of changes in the consumption
vector, multiplier and portfolio at sa induced by some parameter perturba-
tion, while

¡
∆Xh

sa ,∆Λh
sa ,∆Mh

sa

¢
≡ (∆xhsa,s,∆λhsa,s,∆mh

sa,s)s∈{0}∪S. Similarly,
(∆ea,s,∆ua,s) denote a perturbation of endowments and utilities at the state
sa = (sa−1, s). It simplifies notation also to use (∆esa,s,∆usa,s) to denote
(∆ea+1,s,∆ua+1,s), if s > 0, and (∆ea−1,ŝ,∆ua−1,ŝ), if s = 0 and sa = (sa−1, ŝ).
This notation allows to set (∆Esa ,∆Usa) ≡ (∆esa,s,∆ua−1,s; )s∈{0}∪S, .
The corresponding vectors

¡
∆Xh

k ,∆Λh
k,∆Mh

k ,∆Eh,∆Uh
k

¢
=
³¡

∆Xh
k,sa ,∆Λh

k,sa ,∆Mh
k,sa ,∆Eh

sa ,∆Uh
k,a

¢
sa∈Sa

´
a∈A

are elements of the tangent space to the manifold fhk = 0, that is, they have
to satisfy the equations

Dxh,λh,mh,eh,uhf
h ·
¡
∆Xh

k ,∆Λh
k,∆Mh

k ,∆Eh,∆Uh
k ; (pk, qk

¢
) = 0, k = 1, 2

or (dropping the superscript h and the subscript k):

Hsa∆Xsa −ΨT
sa∆Λsa −∆Usa = 0,

RT
saΠsa∆Λsa = 0,

Ψsa∆Xsa −Rsa∆msa −Ψsa∆esa +Qsa∆Msa −
∙
ysa
0

¸
∆msa−1 = 0,

where sa = (sa−1, sa), Hsa is the block-diagonal Hessian matrix (symmetric
and negative definite) of dimension C(S + 1)× C(S + 1), with S + 1 blocks
of dimension C × C, the s-th block given by D2uha(xha(sa, s)) ≡ H(sa, s),
s ∈ {0} ∪ S; Πsa is an (S + 1) × (S + 1) diagonal matrix of conditional
probabilities, with s-th element π(s|sa) if s > 0, and 1 otherwise;

Rsa =

∙
−qsa
Y

¸
, Ψsa =

⎡⎢⎢⎢⎣
p(sa) 0 0
0 p(sa, 1)

. . . 0
0 0 p(sa, S)

⎤⎥⎥⎥⎦
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is the (S+1)×C(S+1)-dimensional matrix of commodity prices from state
sa onward, and

Qsa ≡

⎡⎢⎢⎢⎣
0 0

qsa,1
. . .

0 qsa,S

⎤⎥⎥⎥⎦
and the rest of the notation is standard.
SinceDXh,Λh,Mhfh is invertible, we can solve the system for

¡
∆Xh,∆Λh,∆Mh

¢
as functions of

¡
∆Eh,∆Uh

¢
. In fact, we can solve the system backwards to

find ∆m0 as a function of
¡
∆Eh,∆Uh

¢
only.

Since H−1
sa is negative definite, the matrix Gsa ≡ ΨsaH

−1
k,saΨ

T
k,sa is a well

defined, negative-definite, diagonal matrix of dimension (S + 1) × (S + 1),
with s-th element, g(sa, s) = p(sa, s)H−1(sa, s)p(sa, s)T < 0, s ∈ {0} ∪ S.
Also, set Csa ≡ Ψsa∆Esa −ΨsaH

−1
sa ∆Usa, a vector of dimension (S + 1)× 1,

with s− th element csa,s ≡ p(sa, s)[∆esa,s − [H(sa, s)]−1∆usa,s], s ∈ {0} ∪ S.
Then, since Ψsa∆Xsa = Gsa∆Λsa + ΨsaH

−1
sa ∆usa, after straightforward and

known computations, we get:

∆Λsa = G−1sa [Rsa∆msa + Csa +

∙
ysa
0

¸
∆msa−1 −Qsa∆Msa ].

Then, we use this equation and the no arbitrage condition, 0 = RT
saΠsa∆Λsa.

Let Γsa ≡ ΠsaG
−1
sa , a negative definite diagonal matrix of dimension (S +

1) × (S + 1). Since Rsa has full column rank, the matrix RT
saΓ̂saRsa is neg-

ative definite. Then, letting Asa ≡ [RT
saΓsaRsa ]

−1, and taking into account
that RT

saΠsa∆Λsa = 0, we can solve for ∆msa and get after straightforward
computations:

∆msa = −AsaR
T
saΓsa [Csa +

∙
ysa
0

¸
∆msa−1 −Qsa∆Msa ]. (2)

Equation (2) underscores the recursive structure of the programming prob-
lem. Since ∆msG = 0, all sG, solving backwards, at sG−1 equation (2) is

∆msG−1 = −AsG−1R
T
sG−1ΓsG−1 [CsG−1 +

∙
ysG−1
0

¸
∆msG−2 ]

and premultiplying by qsG−1, we have
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qsG−1∆msG−1 = −qsG−1AsG−1R
T
sG−1ΓsG−1CsG−1+qsG−1(γsG−1AsG−1)q

T
sG−1ysG−1∆msG−2 ,

where γsa is the first-row element of the matrix Γsa. Now introduce the
following matrices Dsa: Dsa ≡ 0 if a ≥ G− 1, and

Dsa =

⎡⎢⎢⎢⎣
0 · · · · · · 0
0 dsa,1
...

. . .
0 dsa,S

⎤⎥⎥⎥⎦ ,
for a ≤ G− 2 where

dsa,s =
©
−qsa,s(γsa,sÃsa,s)q

T
sa,s < 0 for all a ≤ G− 2,

and where Ãsa is defined for a ≤ G− 1 as

Ãsa = [R
T
saΓsa(I +Dsa)Rsa]

−1.

At the end of the Appendix, in Claim 10 we prove that dsa > −1 and
0 > −γsa(1 + dsa)ysaÃsay

T
sa > −1, for all sa ≡ (sa−1, s) ∈ Sa. Thus,

[RT
saΓsa(I + Dsa)Rsa ] is a negative definite matrix, and hence Ãsa is well

defined (and negative definite). Also define recursively the vector Θsa =
(0, θ(sa, 1), ..., θ(sa, S))T as

θsa =

⎧⎨⎩
0

−qsaÃsaR
T
saΓsaCsa

if a = G
if a = G− 1

−qsaÃsaR
T
saΓsa [Csa +Θsa ] if a < G− 1

,

so that ΘsG−1 = 0, and ΘsG−2 = (0, ...,−qsaÃsaR
T
saΓsaCsa , ...)

T . Using these
matrices and the expression for qsG−1∆msG−1 , we write:

QsG−2∆MsG−2 = −DsG−2RsG−2∆msG−2 +ΘsG−2 .

Plugging the latter into equation (2) for sG−2, we have

∆msG−2 = −AsG−2R
T
sG−2ΓsG−2[CsG−2 −ΘsG−2 +

∙
ysG−2
0

¸
∆msG−3]−

−AsG−2R
T
sG−2ΓsG−2DsG−2RsG−2∆msG−2
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Since

[I +AsG−2R
T
sG−2ΓsG−2DsG−2RsG−2] = AsG−2 [R

T
sG−2ΓsG−2(I +DsG−2)RsG−2 ],

we then write:

∆msG−2 = −ÃsG−2R
T
sG−2ΓsG−2[CsG−2 +

∙
ysG−2
0

¸
∆msG−3 −ΘsG−2]

By proceeding backward, we get:

∆msa = −ÃsaR
T
saΓsa [Csa −Θsa +

∙
ysa
0

¸
∆msa−1]. (3)

and, since gsa∆λsa = −qsa∆msa + csa + ysa∆msa−1,

gsa∆λsa = (1 + dsa)ysa∆msa−1 + csa + qsaÃsaR
T
saΓsa [Csa −Θsa ] (4)

Using the latter for all sa+1 ∈ {sa}+, the definition of Θsa and Γsa, and again
the equation gsa∆λsa = −qsa∆msa + csa + ysa∆msa−1, we get

Πsa∆Λsa = Γsa{(I +Dsa)Rsa∆msa + Csa −Θsa +

∙
ysa
0

¸
∆msa−1}. (5)

We are often going to compute derivatives induced by parameter perturba-
tions at just one sa. We call such perturbations simple (for short σ-) pertur-
bations applied to sa. The perturbations are defined as follows. We drop both
h and k whenever confusion does not arise. Let ŝa ≡ (ŝa−1, ŝ) º ŝ1 ≡ (s0, 1).
If we perturb endowments, we set ∆U = 0 and we let ∆e have ∆ea,ŝ as
the only non-zero element with pŝa∆ea,ŝ = 1. If we perturb utilities, we
set ∆E = 0 and we let ∆U have ∆ua,ŝ as the only non-zero element with
pŝa [H(ŝ

a)]−1gŝa∆ua,ŝ = −1. It is important to notice that a σ-perturbation
applied to ŝa yields Θsa0 = 0, for all a

0 ≥ a, and csa0 = 0, for all a
0 > a. With

∆sa we denote the changes in variables induced by a σ-perturbation applied
to sa. We call a perturbation symmetric if it generates k-invariant vectors
(Ck,sa,Θk,sa), all sa, all a.
Proof of Lemma 6
Let s1 = (s0, 1). Since ∆mk,s−1 ≡ 0, at s0 = 0 equation (3) is
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∆mk,0 = −Ãk,0R
T
k,0Γk,0[Ck,0 −Θk,0],

which can also be written as

RT
k,0Γk,0{[I +Dk,0]Rk,0∆mk,0 + Ck,0 −Θk,0} = 0 (6)

an expression for ∆mk,0 as a function only of the perturbations ∆E,∆U
through Ck,0 and Θk,0.
If λh11,s1 6= λh12,s1 , then xh11,s1 6= xh12,s1, and we can perturb uh1(·, s1) around

xh11,s1 without disturbing it around xh12,s1. We use a σ-perturbation applied to
s1 induced by a change of endowments, if p1,s1 6= p2,s1 , and by a change in
utilities otherwise. As already argued, in both cases, we get: θk,sa = ck,sa = 0,
for (k, sa) 6= (1, s1), while c1,s1 = 1 and θ1,s1 = d1,1. Thus, using regularity
of demand, to show the claim it suffices to prove that y1∆s1m1,0 6= 0. From
equation (6) we get

y1∆s1m1,0 = −(γ1,1(1 + d1,1))y1Ã1,0y
T
1

Since, by Claim 10, 1 + d1,1 > 0, and Ã1,0 is a negative definite matrix,
y1∆s1m1,0 6= 0. Hence, Ds1Z0 = y1∆s1m1,0 6= 0.¥
Proof that Condition Univ holds
To prove that Condition Univ is satisfied by our family

n
Zh
(sa,j)∈Σ

o
h∈H

at any (p, q, ω) ∈ P × Ω, we need preliminary results stated under the form
of two auxiliary lemmas.8

In almost all the remaining lemmas, we need to guarantee that for any
given k and history sa there exists a simple perturbation inducing a nonzero
change in financial wealth at sa. At the end of the Appendix, Claim 11

8When G = 2, the construction is simpler. It is enough to prove that if for s1 = (s0, 1),
xhk,s1 is k-invariant, DωhZ

h
0 = 0, and DωhZ

h
s1,0 = 0, dhk,s1 is k-invariant. Then, the k-

invariance of dk,s1 as well as the implicit assumption that (p, q, ω) ∈ (P×Ω)\Eh
0 (otherwise

there’s nothing to prove) immediately implies Condition Univ and then Condition Nest-3,
which is all one needs in that case. This is easily verified by applying the definition of
Ds0Z

h
s1,0 for an asymmetric (utility) perturbation at (s

1, s0), obtained if x1,s1,s0 6= x1,s1,s0 ,
i.e., Zh

(s1,s0),0 6= 0, the only case that matters in P ; and then showing that Ds0Z
h
s1,0 6= 0.

When G > 3, the argument becomes more involved, as perturbing states where
x1,sa−2,sa−1,s0 6= x2,sa−1,sa−1,s0 for a > 2 does not guarantee that the perturbation is nil
at other histories (sa−2k , s0a−1, s

0) for s0a−1 6= sa−1, at same or different k. That’s why we
have to make sure that the family

©
Zh
σ

ª
includes more elements, Condition Nest becomes

more complex, and both conditions are more difficult to verify.
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shows that there exists a simple perturbation ∆ea0,sa0 with a0 ≤ a such that
1a,a0 + [ysa∆(a0,sa0)mk,sa−1] 6= 0, where 1a,a0 is a function equal to 1 if a = a0,
and zero otherwise. We denote the successful perturbation as 0∗, and the
changes due to it as ∆0∗.

Auxiliary Lemma 1 Suppose that (p, q, ω) ∈ P ×Ω is such that, for some
sa , a ≥ 1: i) xhk,sa is k-invariant; ii) DωhZ

h
sa,0 = 0; and iii) DωhZ

h
(sa,s),0 =

0, for all s ∈ S. Then:

a) the matrix Γk,sa(I +Dk,sa) is k-invariant, and

(1 + dh2,sa)Y Ã
h
1,sa−1q

T
1,sa−1 = (1 + dh1,sa)Y Ã

h
2,sa−1q

T
2,sa−1;

b) if, in addition, qk,sa is k-invariant, dhk,sa and Ãh
k,sa are k-invariant;

c) if, in addition, xhk,sa,s is k-invariant, d
h
k,sa,s is k-invariant, all s ∈ S.

Proof. a) We apply symmetric perturbations s0 = 0∗, 1, ..., S to derive
restrictions on the endogenous variables, using ii) and iii). We drop the
superscript h. Set Γ∗k,sa ≡ Γk,sa(I +Dk,sa). Because of assumption i), γ1,sa =
γ2,sa = γsa; and because of ii),

(1 + d1,sa)[10∗ + ysa∆0∗m1,sa−1] = (1 + d2,sa)[10∗ + ysa∆0∗m2,sa−1 ] (7)

as well as9

(1+d1,sa)[ysa∆·m1,sa−1 ]+q1,saÃ1,saY
TΓ

∗\
1,sa = (1+d2,sa)[ysa∆.m2,sa−1 ]+q2,saÃ2,saY

TΓ
∗\
2,sa ,

(8)
where [ysa∆·mk,sa−1] ≡ [ysa∆smk,sa−1 ]s0∈S. Furthermore, since by equation
(3)

ys∆0∗mk,sa = ysÃk,saγsaq
T
k,sa(10∗ + ysa∆0∗mk,sa−1),

D0∗Z(sa,s),0 = 0 for all s ∈ S only if

Γ
∗\
1,saY Ã1,saγsaq

T
1,sa(10∗ + ysa∆0∗m1,sa−1)

= Γ
∗\
2,saY Ã2,saγsaq

T
2,sa(10∗ + ysa∆0∗m2,sa−1).

9When a \ appears above a matrix, it denotes the matrix without the first row and
column.

28



Thus, using Claim 11 to substitute 10∗ + ysa∆0∗m1,sa−1 from equation (7),

Γ
∗\
1,saY Ã1,saq

T
1,sa(1 + d2,sa) = Γ

∗\
2,saY Ã2,saq

T
2,sa(1 + d1,sa). (9)

Similarly, since

ys∆s0mk,sa = yÃk,saγsaq
T
k,sa [ysa∆s0mk,sa−1 ]− ysÃk,say

T
s0γ

∗
k,sa,s0 ,

Ds0Z
h
(sa,s),0 = 0 for all (s, s

0) ∈ S2 only if

Γ
∗\
1,saY Ã1,sa{γsaqT1,sa [ysa∆·m1,sa−1]− Y TΓ

∗\
1,sa}+ Γ

∗\
1,sa (10)

= Γ
∗\
2,saY Ã2,sa{γsaqT2,sa [ysa∆·m2,sa−1]− Y TΓ

∗\
2,sa}+ Γ

∗\
2,sa .

By equations (8), the l.h.s. of (10) can be rewritten as

Γ
∗\
1,saY Ã1,sa{γsaqT1,sa

(1 + d2,sa)[ysa∆.m2,sa−1)]

1 + d1,sa
+

γsaq
T
1,sa

q2,saÃ2,saY
TΓ

∗\
2,sa − q1,saÃ1,saY

TΓ
∗\
1,sa

1 + d1,sa
− Y TΓ

∗\
1,sa}+ Γ∗1,sa .

Using equations (9), (10) and again by (8),

Γ
∗\
1,saY Ã1,sa{γsaqT1,sa [

q2,saÃ2,saY
TΓ

∗\
2,sa − q1,saÃ1,saY

TΓ
∗\
1,sa

1 + d1,sa
]− Y TΓ

∗\
1,sa}+ Γ

∗\
1,sa

= Γ
∗\
2,saY Ã2,sa{−Y TΓ

∗\
2,sa}+ Γ

∗\
2,sa . (11)

However, by equations (9) the following equality holds true

Γ
∗\
1,saY Ã1,saq

T
1,sa

q2,saÃ2,saY
TΓ

∗\
2,sa

1 + d1,sa
= Γ

∗\
2,saY Ã2,saq

T
2,sa

q2,saÃ2,saY
TΓ

∗\
2,sa

1 + d2,sa
.

Thus, equations (11) can be finally be rewritten as

Γ
∗\
1,saY Ã1,sa{

γsaq
T
1,saq1,saÃ1,sa

1 + d1
+ I}Y TΓ

∗\
1,sa − Γ

∗\
1,sa (12)

= Γ
∗\
2,saY Ã2,sa{

γsaq
T
2,saq2,saÃ2,sa

1 + d2,sa
+ I}Y TΓ

∗\
2,sa − Γ

∗\
2,sa.
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Drop the subscript sa, and let Ck ≡ {Ãk
γqTk qk
1+dk

Ãk + Ãk}. Ck is a negative
definite and, therefore, invertible matrix. Indeed, for all ξ 6= 0,

ξCkξ
T =

γ

1 + dk
ξÃkq

T
k (qkÃkξ

T ) + ξÃkξ
T < 0.

Hence, setting Tk = Y CkY
T and Bk = Γ

∗\
k , equations (12) can be rewritten

as:

B1T1B1 −B1 = B2T2B2 −B2, (13)

These are the restrictions we were looking for. After straightforward compu-
tations, (13) is

B1(T1 − T2)B1 = (B1 −B2)[I − T2(B1 +B2)].

We claim that the latter implies that B1 = φB2, some φ > 0. Suppose by
contradiction that B1 6= φB2 for all φ. Then, since Y is in general position,
the column spans [B1Y ] and [B2Y ] do not coincide, and, hence, ζB1Y = 0,
but ζB2Y 6= 0, for some ζ 6= 0. Therefore, since by definition of T1 and T2,
ζB1T1 = ζB1T2 = 0, it must be that

0 = ζ(B1 −B2)[I − T2(B1 +B2)] = ζ[B1 −B2 +B2T2(B1 +B2)].

However, by equation (13), the latter can be rewritten as:

0 = ζ[B1T1B1 −B2T2B2 +B2T2B1 +B2T2B2] = ζB2T2B1 = ζB2Y C2Y
TB1.

Postmultiply the latter by B−11 B2ζ
T and get 0 = ζB2[Y C2Y

T ]B2ζ
T . Since

ζB2Y 6= 0, and C2 is negative definite, 0 = ζB2Y C2Y
TB2ζ

T < 0, a contra-
diction.
Thus, B1 = φB2 for some φ 6= 0, or

φ2T1B2 − φI = T2B2 − I.

However, for each η 6= 0 orthogonal to Y , it is ηBk = 0, thus φ = 1, otherwise
η = φη. Then, we get B1 = B2 or

Γ
∗\
1,sa = Γ

∗\
2,sa ,
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that is, since γk,sa is k-invariant, Γ
∗\
sa is diagonal, and using (9), we have a).

b) Suppose now that q1,sa = q2,sa. Since Ã−1k,sa = γsaq
T
k,saqk,sa + Y TΓ

∗\
k,saY ,

Ãk,sa is k-invariant. Since dk,sa = γsaqk,saÃk,saq
T
k,sa, dk,sa is k-invariant. Now

c) is trivial.¥

Auxiliary Lemma 2 Suppose that (p, q, ω) ∈ P ×Ω is such that, for some
sa, a ≥ 1: i) xhk,sa is k-invariant; ii) DωhZ

h
sa,0 = 0; iii) x

h
1,sa,s0 6= xh2,sa,s0,

for some s0 ∈ S. Then, DωhZ
h
(sa,s),0 6= 0 for some s ∈ S.

Proof. Suppose otherwise. Then, by i) and ii) and Auxiliary Lemma 1,
and using the notation there, Γ∗1,sa = Γ∗2,sa ≡ Γ∗sa. Consider an asymmetric
perturbation (1, s0) affecting ua+1(·, s0) at x1,sa,s0 without disturbing it around
x2,sa,s0 –this is possible thanks to iii). For any matrixM of dimension S×m,
we denote by M\ denote the matrix obtained from M by deleting the row
s0 ∈ S. Then, Ds0Z(sa−1,s),0 = 0, all s ∈ S\{s0} only if, using (4) and (3),

Y\Ã1,sa{γsaqT1,sa [ysa∆s0m1,sa−1)]− yTs0γ
∗
1,sa,s0} (14)

= Y\Ã2,saγsaq
T
2,sa [ysa∆s0m2,sa−1)]

By Auxiliary Lemma 1, (1 + d2,sa)Y Ã1,saq
T
1,sa = (1 + d1,sa)Y Ã2,saq

T
2,sa. Thus,

(14) can be rewritten as

Y\Ã1,sa{βsaqT1,sa − yTs0γ
∗
1,sa,s0} = 0

for some nonzero scalar βsa. Using the general position of Y , the latter
implies that βsaq

T
1,sa − yTs0γ

∗
1,sa,s0 = 0. However, if this is the case, then

Ds0Z
h
(sa,s0),0 = γ∗1,sa,s0ys0Ã1,sa{βsaqT1,sa − yTs0γ

∗
1,sa,s0}+ γ∗1,sa,s0 = γ∗1,sa,s0 6= 0,

a contradiction. ¥
We are now ready to prove the original claim for any G ≥ 2. By definition

of P , given (p, q) ∈ P , there exists a ≥ 1 such that either i) p1,sa 6= p2,sa (and
then a > 1), or ii) q1,sa 6= q2,sa. If i), then x1,sa 6= x2,sa. If ii) and if
x1,sa = x2,sa, by the optimality conditions there exists at least one s0 ∈ S
such that λ1,sa,s0 6= λ2,sa,s0 , and hence x1,sa,s0 6= x2,sa,s0. Thus, for (p, q) ∈ P ,
there exists an a ≥ 1 such that x1,sa 6= x2,sa. Let ā be the smallest such a.
If ā = 1, Lemma 6.ii applies. If a > 1, the claim is then a consequence of
Auxiliary Lemma 2. ¥
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Proof that Condition Nest holds
We prove that our family satisfies the several items that make up Condi-

tion Nest. We need five auxiliary lemmas to arrive at the desired conclusion.
First we look the properties of the maps Zh

sa+2,j(p, q, ω) with j > S2, i.e.,
for some (sa, s̄, σ), a ≥ 1, Zh

(sa,s̄,σ),j = λhk,sa,s̄,σl − λhk,sa,sj0 ,σl, for some l ≥ 0,
j0 > 0, and k = 1, 2.
We simplify notation by fixing once for all and dropping the indexes h

and k, and identify j as j(l, j0). Given (s̄, j0), j0 > 0, let

S−(s̄, j
0) = {σl, l ∈ {0, 1, ..., S − 1}|xsa,s̄,σl 6= xsa,sj0(s̄),σl}.

Auxiliary Lemma 3 Suppose that π(·|s) is one-to-one in s. Let (sa, s̄, σ)
and k be given, a ≥ 1. For any j0 > 0, if S−(s̄, j

0) = ∅, then
DωZ(sa,s̄,σ),j(l,j0) 6= 0 for some l ≥ 0.

Proof. We use the 0∗ perturbation at sa, and the s-perturbations at
sa+1(denoted by ŝ) and at (sa, s, σ0), σ0 ∈ S, (denoted by σ0); now ω denotes
one generic such perturbation.
Without loss of generality, fix s̄ = 1 and sj0(s̄) = 2. By contradiction,

suppose DωZ(sa,s̄,σ),j(l,j0) 6= 0 for all l ≥ 0. By equation (5), this is true only
if

(I +Dsa,1)
\[Y∆ωmsa,1 + Iω] = (I +Dsa,2)

\[Y∆ωmsa,2 + Iω]

where Iω is a diagonal, S-dimensional matrix with diagonal elements 1ωσ
equal to one if ω = σ, and zero otherwise. Equivalently, using equation (3),

(I +Dsa,1)
\{Y Ãsa,1[γsa,1q

T
sa,1(y1∆ωmsa + 1ω1)− yTωγ

∗
sa,1(ω)] + Iω} = (15)

(I +Dsa,2)
\{Y Ãsa,2[γsa,2q

T
sa,2(y2∆ωmsa + 1ω2)− yTωγ

∗
sa,2(ω)] + Iω}

with 1ωs = 1 if ω = s, and zero otherwise, and where yTωγ
∗
sa,s(ω) = yTσ γ

∗
sa,s,σ

if ω = σ, and zero otherwise (here γ∗sa,s = (1 + dsa,s)γsa,s). However, using
once more equation (3),

ys∆0∗msa = ysγsaÃsaq
T
sa(ysa∆0∗msa−1 + 10∗), s = 1, 2

with 10∗ = 1 if 0∗ = sa, and zero otherwise; while

∆ŝmsa = Ãsa [γsaq
T
sa(ysa∆ŝmsa−1)− yTŝ γ

∗
sa,ŝ], all ŝ

32



and by Claim (6), (ysa∆0∗msa−1 + 10∗) 6= 0. Finally,

ys∆σ0msa = ysÃsaγsaq
T
sa(ysa∆σ0msa−1)− ysÃsaY

TΓ
\
saΘ

\
sa

with θsa,s = qsa,sÃsa,sy
T
σ0γ

∗
sa,s,σ0. Thus, substituting for Y∆0∗msa into (15)

with ω = 0∗, we have

Msa(1, 2)Ãsaq
T
sa = 0, (16)

where

Msa(1, 2) ≡ {(I +Dsa,1)
\Y Ãsa,1γsa,1q

T
sa,1y1 − (I +Dsa,2)

\Y Ãsa,2γsa,2q
T
sa,2y2}.

While substituting ∆ŝmsa into (15) for ω = ŝ, rearranging and using (16) we
get if ŝ = 1,

(I +Dsa,1)
\Y Ãsa,1γsa,1q

T
sa,1 =Msa(1, 2)Ãsay

T
1 γ

∗
sa,1, (17)

−(I +Dsa,2)
\Y Ãsa,2γsa,2q

T
sa,2 =Msa(1, 2)Ãy

T
sa,2γ

∗
sa,2 (18)

if ŝ = 2, and for ŝ > 2
Msa(1, 2)Ãsay

T
s = 0. (19)

Finally, denoting with (ysa∆·msa−1) the vector (ysa∆σ0msa−1)σ0∈S, and sub-
stituting for ys∆σ0msa into (15) with ω = σ0, all σ0, we get

(I +Dsa,1)
\Y Ãsa,1{γsa,1qTsa,1[y1Ãsaγsaq

T
sa(ysa∆·msa−1)− y1ÃsaY

TΓ
\
saΘ

\
sa ]

−Y TΓ
∗\
sa,1}+ (I +Dsa,1)

\ (20)

= (I +Dsa,2)
\Y Ãsa,2{γsa,2qTsa,2[y2Ãsaγsaq

T
sa(ysa∆·msa−1)− y2ÃsaY

TΓ
\
saΘ

\
sa ]

−Y TΓ
∗\
sa,2}+ (I +Dsa,2)

\

However, using equations (16) - (19), and by the definition of γ∗sa,s, equations
(20) can be rewritten as

(I +Dsa,1)
\Y Csa,1Y

TΓ
∗\
sa,1 − (I +Dsa,1)

\

= (I +Dsa,2)
\Y Csa,2Y

TΓ
∗\
sa,2 − (I +Dsa,2)

\.
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where Csa,s ≡ Ãsa,s{
γsa,sq

T
sa,sqsa,s

1+dsa,s
+I}. Bear in mind that, since S−(s̄, j0) = ∅,

λsa,s,σ is s-invariant, for s = s̄, sj0(s̄), and so xs,σ is s-invariant, then Gsa,s

is s-invariant. Then, drop the subscript sa, and set Ts = Y CsY
TΠs and

Bs = G−1(I+Ds). Observe that Cs is essentially the same matrix appearing
in the proof of Auxiliary Lemma 1. Rewriting (20) as

B1T1B1 −B1 = B2T2B2 −B2, (21)

obviously (21) is the same as equation (13). Therefore, we arrive at the
same conclusion (here we postmultiply by B−11 Π−12 B2ζ

T instead of by only
B−11 B2ζ

T to adjust for the different definition of Bs): B1 = B2. Here this
means Y C1Y TΠ1 = Y C1Y

TΠ2 or, transposing,

Π1Y C1Y
T = Π2Y C2Y

T

Given that Cs is invertible and that Y has rank J , the latter implies the equal-
ity of the column spans of the matrices Π1Y and Π2Y . Since Y is in general
position and S > J , this is true if and only if Π1 = Π2, a contradiction.¥
The next lemma is identical to the previous one in all assumptions except

for S−(s̄, j0) = ∅.

Auxiliary Lemma 4 Suppose that π(·|s) is one-to-one in s. Let (sa, s̄, σ)
and k be given, a ≥ 1. For any j0 > 0, if S−(s̄, j

0) 6= ∅, then
DωZ(sa,s̄,σ),j(l,j0) 6= 0 for some σl ∈ S\S−(s̄, j0).

Proof. Again, fix s̄ = 1 and sj0(s̄) = 2, and let S−(s̄, j0) ≡ S−. We
denote by Y\ the matrix with rows yσ, σ ∈ S\S− and with (I + Dsa)\ the
(S − S−) × (S − S−) matrix obtained from rows indexed by s ∈ S\S− in
(I+Dsa)

\. By performing symmetric perturbations, using the same argument
of Auxiliary Lemma 3 we get that DωZ(sa,s̄,σ),j(l,j0) 6= 0 for all σl ∈ S\S−(s̄, j0)
and for ω = 0∗, 1, ..., S only if (16) - (19) hold, with (I +Dsa,s)\Y\ replacing
(I +Dsa,s)

\Y for s = 1, 2 in Msa(1, 2) –now call it Msa(1, 2)\.
Now perform asymmetric perturbations (sa, 1, σ), σ ∈ S−, that is, per-

turbations affecting ua+1(·;σ) around xsa,1,σ, but not around xsa,s,σ, for all s
with xsa,s,σ 6= xsa,1,σ, and get

ys∆(sa,1,σ)msa = ysÃsaγsaq
T
sa(ysa∆(sa,1,σ)msa−1)− ysÃsaY

TΓ
\
saΘ

\
sa(1)

where θ(sa,s)(1) = qsa,sÃsa,sy
T
σ γ

∗
sa,s,σ if xsa,s,σ = xsa,1,σ, and zero otherwise.

Let S1,σ = {s|xsa,s,σ = xsa,1,σ}. Bear in mind that since σ ∈ S−, 2 6∈ S1,σ.
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Thus, D(sa,1,σ)Z(sa,1,σ),j(l,j0) = 0, for all σl ∈ S\S− and for an asymmetric
(sa, 1, σ), σ ∈ S−, only if

(I +Dsa,1)\Y\Ãsa,1{γsa,1qTsa,1[y1Ãsaγsaq
T
sa(ysa∆(sa,1,σ)msa−1) (22)

−y1ÃsaY
TΓ

\
saΘ

\
sa(1)]− yTσ γ

∗
sa,s,σ}

= (I +Dsa,2)\Y\Ãsa,2{γsa,2qTsa,2[y2Ãsaγsaq
T
sa(ysa∆(sa,1,σ)msa−1)

−y2ÃsaY
TΓ

\
saΘ

\
sa(1)]}, for σ ∈ S−.

However, by the modified equations (17) - (19) and since 2 6∈ S1,σ, we get
that

Msa(1, 2)\Ãsa [
X
s∈S1,σ

yTs γsa,sqsa,sÃsa,sy
T
σ γ

∗
sa,s,σ]

= (I +Dsa,1)Y\Ãsa,1γsa,1q
T
sa,1[

qsa,1Ãsa,1y
T
σ γ

∗
sa,1,σ

1 + dsa,1
]

Thus, by exploiting this and equations (16) and (22), D(sa,1,σ)Z(sa,1,σ),j(l,j0) =
0, for all σl ∈ S\S−, and for all such asymmetric perturbations if and only if
(dropping the subscript sa)

(I +D1)\Y\C1Y
T
− Γ

∗
1,− = 0 (23)

where, Y− and Γ∗1,− are obtained from Y and Γ∗1 by deleting rows and columns

s ∈ S\S−, and C1 ≡ {Ã1 γ1q
T
1 q1

1+d1
Ã1 + Ã1}, an invertible matrix. Hence the

matrix C1Y
T
− Γ

∗
−1 has rank equal to min{J, S−}. However, the rank of Y\ is

equal tomin(J, S−S−}. Thus, there are at mostmax(0, J−(S−S−)) vectors
in its orthogonal complement. Ifmin{J, S−} = J , we have a contradiction. If
min{J, S−} = S−, but min(J, S − S−} = J , once again we have a contradic-
tion. Thus, it must be that min{J, S−} = S− and min(J, S −S−} = S −S−,
again a contradiction. ¥
Next, we study the properties of the maps Zh

sa+2,j(p, q, ω) with 0 ≤ j ≤ S2,
i.e., such that given (sa, s̄, σ), a ≥ 0, Zh

(sa,s̄,σ),j = λ1,sa,s̄,σl−λ2,sa,sj0 ,σl, for some
l, j0 ≥ 0. Drop the superscript h. In the next two auxiliary lemmas we assume
that:

i) the optimal choices xk,sa0 are k-invariant for all a
0 ≤ a+1, andDωZsa0 ,0 =

0, for all perturbations ω and all a0 ≤ a+ 1;

35



ii) for each k, sa and σ, the optimal choices xa+2k,sa,s,σ are one-to-one in s;
and

iii) π(·|s) is one-to-one in s.

We mimic the argument of the previous lemmas. Let

S−(s̄, j
0) = {σl|xa+21,sa,s̄,σl

6= xa+22,sa,sj0 ,σl
}.

Auxiliary Lemma 5 assumes that S−(s̄, j0) = ∅ and j0 > 0, while Aux-
iliary Lemma 6 assumes that S−(s̄, j0) 6= ∅ and, most importantly, that
j0 ≥ 0.

Auxiliary Lemma 5 Let (sa, s̄, σ) and j0 > 0 be given, a ≥ 1. Sup-
pose that assumptions i) - iii) hold, and that S−(s̄, j

0) = ∅. Then,
DωZ(sa,s̄,σ),j(l,j0) 6= 0 for some l ≥ 0.

Proof. Again, fix s̄ = 1 and sj0(s̄) = 2 = j0. Using i), we exploit
Auxiliary Lemma 1 thereby dropping the subscript k from variables that are
k-invariant when convenient. Given S−(s̄, j0) = ∅, since x1,(sa,1,σ) = x2,(sa,2,σ)
for all σ, and by ii) it must be that xk,(sa,k,σ) 6= xk,(sa,s,σ), for all s 6= k, k = 1, 2.
For each σ, we consider perturbations that affect only x1,(sa,1,σ) = x2,(sa,2,σ)
without disturbing any xk,(sa,s,σ) 6= x1,(sa,1,σ). We call σ such perturbation.
Then, θk,(sa,s,σ) = qk,(sa,k)Ãk,(sa,k)y

T
σ γ

∗
k,(sa,k,σ) if s = k = 1, 2, while θk,(sa,s,σ) =

0 otherwise.
Since by i) DσZsa,0 = 0 for all σ ∈ S, denoting with [ysa∆·mk,sa−1 ] the

vector (ysa∆σmk,sa−1)σ∈S, and since DσF(sa,1),0 = 0, we get that:

y1Ãsa [q
T
saγsa(ysa∆σm1,sa−1)− yT1 γ1,sa,1θ1,sa,1,σ] = (24)

y1Ãsa [q
T
saγsa(ysa∆σm2,sa−1)− yT2 γ2,sa,2θ2,sa,2,σ]−

θ1,sa,1,σ
1 + dsa,1

.

Suppose now, by contradiction, that DσZ(sa,1,σ),j(l,2) = 0, for all l ≥ 0 and all
perturbations σ ∈ S. This is true only if

(I +D1,sa,1)
\Y Ã1,sa,1{γsa,1qT1,sa,1y1Ãsa [γsaq

T
sa(ysa∆·m1,sa−1) (25)

−Y TΓ
\
saΘ

\
1,sa,1]− Y TΓ

∗\
1,sa,1}+ (I +D1,sa,1)

\

= (I +D2,sa,2)
\Y Ã2,sa,2{γsa,2qT2,sa,2y2Ãsa [γsaq

T
sa(ysa∆·m2,sa−1)

−Y TΓ
\
saΘ

\
2,sa,2]− Y TΓ∗2,sa,2}+ (I +D2,sa,2)

\.
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However, by equations (24) and by the definition of Θk,sa,k, the left-hand side
of equation (25) is

(I +D1,sa,1)
\Y Ã1{γsa,1qT1,sa,1[y1Ãsa(γsaq

T
sa(ysa∆·m2,sa−1)− yT2 γsa,2q2,sa,2Ã2,sa,2Y

TΓ
∗\
2,sa,2)

(26)

−
q1,sa,1Ã1,sa,1Y

TΓ
∗\
1,sa,1

1 + dsa,1
]− Y TΓ

∗\
1,sa,1}+ (I +D1,sa,1)

\

Using equation (16) of Auxiliary Lemma 3, and by taking into account equa-
tion (26), equation (25) can be rewritten as

(I +D1,sa,1)
\Y Ã1,sa,1{γsa,1qT1,sa,1[

q1,sa,1Ã1,sa,1Y
TΓ

∗\
1,sa,1

1 + dsa,1
(27)

+y1Ãsay
T
2 γsa,2q2,sa,2Ã2,sa,2Y

TΓ
∗\
2,sa,2] + Y TΓ

∗\
1,sa,1}− (I +D1,sa,1)

\

= (I +D2,sa,2)
\Y Ã2,sa,2{Y TΓ

∗\
2,sa,2

+γ2,saq
T
2,sa,2y2Ãsaγ2,say

T
2 q2,sa,2Ã2,sa,2Y

TΓ
∗\
2,sa,2}− (I +D2,sa,2)

\.

However, by equations (18),

M12
sa (1, 2)[Ãsaγ

∗
2,sa,2y

T
2 ]
[q2,sa,2Ã2,sa,2Y

TΓ
∗\
2,sa,2]

1 + dsa,2

= −(I +D2,sa,2)
\Y Ã2,sa,2γsa,2q

T
2,sa,2

q2,sa,2Ã2,sa,2Y
TΓ

∗\
2,sa,2]

1 + dsa,2
.

where M12
sa (1, 2) is Msa(1, 2) of Auxiliary Lemma 3 with indexes (k, sa, k)

replacing (sa, k), k = 1, 2. Thus, equation (27) is

(I+D1,sa,1)
\Y C1,sa,1Y

TΓ
∗\
1,sa,1−(I+D1,sa,1)

\ = (I+D2,sa,2)
\Y C2,sa,2Y

TΓ
∗\
2,sa,2−(I+D2,sa,2)

\

where Ck,sa,k is the by now familiar matrix. Then, by the same argument of

Auxiliary Lemma 3, we get a contradiction. ¥
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Auxiliary Lemma 6 Let (sa, s̄, σ) and j0 ≥ 0 be given, a ≥ 0. Sup-
pose that assumptions i) - iii) hold, and that S−(s̄, j

0) 6= ∅. Then
DωZ(sa,s̄,σ),j(l,j0) 6= 0 for some σl ∈ S\S−(s̄, j0).

Proof. We break the argument in two steps. First we consider symmet-
ric, and then asymmetric perturbations identical to those used in Auxiliary
Lemma 5. As usual, we fix s̄ = 1, drop the superscript h and use the notation
introduced in the previous lemmas.
Step 1) Start with 0∗ and s. Bear in mind that by i) and Auxiliary

Lemma 1, ∆ωmk,sa−1 is k-invariant for all symmetric perturbations ω =
0∗, 1..., S. Also, if l ∈ S\S−, and by ii), these perturbations affect only
x1,(sa,1,σl) = x2,(sa,j(2),σl) without disturbing any xk,(sa,s,σ) 6= x1,(sa,1,σ). Then,
DωZ(sa,1,σ),j(l,j0) = 0 for all σl ∈ S\S− and any ω = 0∗, 1..., S only if

(I +D1,sa,1)\Y\Ã1,sa,1{γsa,1qT1,sa,1[y1∆ωm1,sa + 1ω1]} =
(I +D2,sa,sj0 )\Y\Ã2,sa,sj0{γsa,sj0q

T
2,sa,sj0

[ysj0∆ωm2,sa + 1ωsj0 ]}

where 1ωs = 1 if ω = s, and zero otherwise. Since by i) DωZsa,0 = 0, we get
that ∆ωmk,sa is k-invariant. Hence, we get back the equivalent of equations
(16)-(19) of Auxiliary Lemma 4:

M12
sa (1, sj0)\Ãsaq

T
sa = 0, (28)

M12
sa (1, sj0)\Ãsay

T
s = 0, for all s > 2,

(I +D1,sa,1)\Y\Ã1,sa,1γsa,1q
T
1,sa,1 =M12

sa (1, sj0)\γ
∗
1,sa,1Ãsay

T
1 ,

−(I +D2,sa,sj0 )\Y\Ã2,sa,sj0γsa,sj0q
T
2,sa,sj0

=M12
sa (1, sj0)\γ

∗
2,sa,sj0

Ãsay
T
sj0
,

whereM12
sa (1, sj0)\ follows the obvious notational conventions of the previous

auxiliary lemmas.
Step 2) Consider now the same asymmetric perturbations (sa, 1, σ) of

Auxiliary Lemma 5, σ ∈ S−. First, for given s, let

S2(s) = {σ|x2,sa,s,σ = x1,sa,1,σ, σ ∈ S−}

By ii), for each σ ∈ S− there is at most one s 6= 1 such that x2,sa,s,σ = x1,sa,1,σ.
Start by considering j0 > 0with, say, sj0(1) = 2. Then,D(sa,1,σ)Z(sa,1,σ),j(l,j0) =

0 for all (σ, σl) ∈ S− × S\S− only if

(I +D1,sa,1)\Y\Ã1,sa,1{γsa,1qT1,sa,1[y1∆·m1,sa ]− Y T
− Γ

∗
1,−]} (29)

= (I +D2,sa,2)\Y\Ã2,sa,2{γsa,2qT2,sa,2[y2∆·m2,sa ]}

38



Since D(sa,1,σ)Z(sa,2),0 = 0, σ ∈ S−, by i) and the definition of S− we have
∆·m1,sa = ∆·m2,sa. Hence, the right-hand side of equation (29) can be rewrit-
ten as

(I +D2,sa,2)\Y\Ã2,sa,2{γsa,2qT2,sa,2[y2∆·m2,sa ]} =
(I +D2,sa,2)\Y\Ã2,sa,2{γsa,2qT2,sa,2y2Ãsa [γsaq

T
saysa∆·m1,sa−1 − γsa,1y

T
1 q1,sa,1Ã1,sa,1Y

T
− Γ

∗
1,−}

and using the first and the third of equations (28), we finally get that (29)
holds only if

(I +D1,sa,1)\Y\C1,sa,1Y
T
− Γ

∗
1,− = 0.

and C1,sa,1 is the familiar matrix. Comparison with (23) gives us the conclu-
sion, as in Auxiliary Lemma 4.
When j = 0, and sj(1) = 1, since γsa,1(I +D1,sa,1)\Y\Ã1,sa,1γsa,1q

T
1,sa,1 =

γsa,2(I +D2,sa,2)\Y\Ã2,sa,2q
T
2,sa,2 and obviously y2 = y1, equation (29) reduces

to (I +D1,sa,1)\Y\Ã1,sa,1Y
T
− Γ

∗
−1 = 0, again a contradiction. ¥

Auxiliary Lemma 7 Let sa be given, for some a ≥ 0. Suppose that: i)
xk,sa,s,σ is one-to-one in (k, s), for all σ ∈ S; ii) xk,sa0 is k-invariant,
for all a0 < a + 2. Then, there exists s such that DωZ(sa,s),0 6= 0 for
some perturbation ω.

Proof. Pick an s ∈ S, say s = 1, and consider asymmetric perturbation
(sa, 1, σ) affecting ua+2(·, σ) around x1,sa,1,σ . By i), it does not disturb ua+2

either around x2,sa,1,σ or around xk,sa,s,σ, s 6= 1. Then, if by contradiction
DσF(sa,s),0 = 0 for all s 6= 1 and σ ∈ S, by ii) and Auxiliary Lemma 1 we
have

(1 + dsa,s)ys(∆σm1,sa −∆σm2,sa) = 0, for s ∈ S\{1}.
Since S > J and Y is in general position, the latter implies that ∆σm1,sa =
∆σm2,sa, for all σ ∈ S. Then DσF(sa,1),0 = 0 only if

q1,sa,1Ã1,sa,1y
T
σ = 0 for all σ ∈ S

a contradiction, given that Y is in general position. ¥
Now we conclude the proof that Condition Nest holds by putting together

the pieces. Given a (p, q, ω) and a minimal sa, if (p, q, ω) ∈
¡
NJa

sa
¢c
, there

exists a J 0 ⊂ Ja such that Zsa,j = 0 for j ∈ J 0, that is, (p, q, ω) ∈ N
Ja\J 0
sa :

either λ1,sa−2,s,σl − λ2,sa−2,sj ,σl = 0 if j ≤ S2, or λk,sa−2,s,σl − λk,sa−2,sj0 ,σl = 0
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otherwise. If the second case, Auxiliary Lemmas 3 or 4 deliver thatDωZsa,j 6=
0 for some j ∈ J 0 ⊂ Ja, that is, (p, q, ω) ∈ EJ 0

sa , and Conditions Nest-0 and
Nest-1 hold true. Otherwise, if j ≤ S2, assumptions i)-iii) of Auxiliary
Lemmas 5 or 6 apply, delivering the same conclusion. Next, suppose that
(p, q, ω) ∈ Nh,Ja

sa ∩N
hS\S0
sa−1 . Again by Auxiliary Lemmas 3 or 5, (p, q, ω) ∈ Eh,S0

sa−1

, and Condition Nest-2 holds. Finally, if (p, q, ω) ∈ Nh,Ja
sa ∩NhS

sa−1, xk,sa−2,s,σ
is one-to-one in (k, s), for all σ ∈ S, while sa minimal means that xk,sa0 is
k-invariant for a0 < a. Then, Auxiliary Lemma 7 applies and there exists
s, ω0 such that Dω0Z(sa−2,s),0 6= 0, i.e., (p, q, ω) ∈ Esa0 ,0 for s

a0 = (sa−2, s) ≺ sa,
and Condition Nest-3 holds, concluding the argument.¥
Proofs of Claims
Let X an N ×M dimensional matrix and of full column rank M . Here

xm denotes the m-th row of X. Let D be a diagonal matrix of dimension
M ×M , with negative diagonal elements. Let A = (XTDX)−1, a negative
definite matrix of dimension M ×M . Consider the quadratic expression:

dmxmAx
T
m, m = 1, ...,M.

The quadratic expressions γsqsÃsq
T
s , γs(1 + ds)ysÃsy

T
s and γs,s0ys0Ãsy

T
s0 are

of the this type. Therefore, it is enough to prove the following statement.

Claim 10 dmxmAx
T
m < 1, for all m.

Proof. Let
χm = xmA.

Observe that (dmxmAxTm)
2 = (dm)

2χm(x
T
mxm)χ

T
m. Therefore, (dm)

2χm(x
T
mxm)χ

T
m <

1 implies dmxmAxTm < 1, and it is enough and more convenient to prove the
statement involving χm.
Let Xm be the matrix of dimension (N − 1) ×M obtained from X by

deleting the m-th row. Let Dm be the diagonal matrix of dimension (M −
1)× (M−1) obtained from D by deleting the m-th row and column. Finally,
let Am = (X

T
mDmXm)

−1. Then

xmAx
T
m = χmA

−1χTm = χmX
TDXχTm (30)

and
xmAmx

T
m = χmA

−1AmA
−1χTm. (31)

However, since

40



A−1 = dmx
T
mxm + (Am)

−1,

we get

A−1AmA
−1 = (dmx

T
mxmAm + I)(dmx

T
mxm + (Am)

−1)

= (dm)
2xTmxmAmx

T
mxm + 2dmx

T
mxm + (Am)

−1

= (dm)
2xTmxmAmx

T
mxm + 2dmx

T
mxm +A−1.

Thus,

χm(A
−1AmA

−1)χTm = χm(A
−1)χTm + χm(x

T
mxm)χ

T
mdm(dmxmAxm

T + 1).

Using (30) and (31), we get

xmAmx
T
m

xmAxTm
= 1 +

χm(x
T
mxm)χ

T
mdm(dmxmAmx

T
m + 1)

xmAxTm

or equivalently

xmAmx
T
m

xmAxTm
(1− χm(x

T
mxm)χ

T
m(dm)

2) = 1 +
χm(x

T
mxm)χ

T
mdm

xmAxTm
. (32)

Since dm < 0 and χm = xmA, we have
χm(x

T
mxm)xTmdm
xmAxTm

> 0. Hence, the

r.h.s. of equation (32) is positive. Since xmAmxTm
xmAxTm

> 0, the latter implies that
χm(x

T
mxm)χ

T
m(dm)

2 < 1, and we are done.¥

Claim 11 Let k and sa be given, a ≥ 1. There exists a simple perturbation
∆ea0,s, a0 ≤ a, such that 1a0,a + [ysa∆(a0,s)msa−1] 6= 0.

Proof. We consider endowment changes ∆ea0,sa0 along the realized his-
tory sa, i.e., ∆ea0,s 6= 0 only if a0 ≤ a, s = s̄a0 where sa = (s0, s1, ...s̄a0 , ...sa),
and we choose ∆ea0,sa0 such that pk,sa0∆ea0,s = 1. The induced change in
financial wealth at sa is equal to 1a,a0 + ysa∆(a0,sa0)m

k
sa−1 . Observe that by

perturbing ∆e(a, sa) we get

ysa∆(a,sa)msa−1 = γsa−1ysaÃsa−1q
T
sa−1(ysa−1∆msa−2)− γsa(1 + dsa)ysaÃsa−1y

T
sa

for a > 1, where (ysa−1∆msa−2) ≡ 0 for a = 1. By Claim 10, −γsa(1 +
dsa)ysaÃsa−1y

T
sa > −1. Hence, if a = 1 or ysaÃsa−1q

T
sa−1 = 0, the claim
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is proved. Suppose it is not, and that 1a,a + ysa∆(a,sa)msa−1 = 0. Then,
consider the perturbation ∆e(a − 1, sa−1) at the unique predecessor of sa.
We have

ysa∆(a−1,sa−1)msa−1 = γsa−1ysaÃsa−1q
T
sa−1(1 + ysa−1∆msa−2)

and

ysa−1∆(a−1,sa−1)msa−2 = γsa−1ysa−1Ãsa−2q
T
sa−2(ysa−2∆msa−3)−γsa−1(1+dsa−1)ysa−1Ãsa−2y

T
sa−1

Once again, by Claim 10 if ysa−1Ãsa−2q
T
sa−2 = 0, ysa−1∆(a−1,sa−1)msa−2 > −1,

and 1a0,a + ysa∆(a−1,sa−1)msa−1 = ysa∆(a−1,sa−1)msa−1 6= 0, and we are done.
Thus suppose that this is not the case, and that 1+ysa−1∆(a−1,sa−1)msa−2 = 0.
Proceed backward, and let sa = (s1, ..., sa−1, s). If for some 1 < j ≤ a,
ysjÃsa−2q

T
sj−1 = 0 we are done. If this is not the case, then j = a = 1, and it

suffices to show that

ys1∆(1,s1)m0 = −γs1(1 + ds1)ys1Ã0y
T
s1 > −1

which is the case. ¥
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