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Anonymity in the market place is a cornerstone of the standard competitive equilibrium framework
in which agents are assumed to be price-takers. Anonymity is formally incorporated into a model of
risk sharing by assuming that the central planner is unable to determine who is who, even though
the planner knows the distribution of individual risks and characteristics in the economy. The
constrained Pareto optimal allocation then has the property that it is envy-free in that there are fair
net trades for all agents. This results in a conflict between equity and efficiency. The allocation is
multilaterally incentive compatible and there are no arbitrage opportunities. The allocation, which
also has the property that it is coalitionally fair, will result in a distribution of the intertemporal
marginal rate of substitution across heterogeneous agents. This has strong implications for the

stochastic discount factor used in dynamic, stochastic general equilibrium models.
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Implications for asset pricing, consumption and income distribution are explored in a simple
model in which agents are ex ante heterogeneous because they face different income distribution
risk. Agents are anonymous in the sense that the central planner is unable to determine who is
who, even though the planner knows the distribution of individual risks and characteristics in the
economy. Moreover, the central planner cannot prevent side payments and trading among agents.
With side payments, the appropriate incentive compatibility constraint is the multilateral incentive
compatibility constraint, as described by Hammond [1987] for example, and not the standard
individual incentive compatibility constraint, which rules out side payments and trading coalitions.
An allocation is multilateral incentive compatible (MIC) if no group or coalition can improve upon
an allocation by misrepresentation and trading among itself. The result is that the allocations are
envy free in that all agents face an identical generalized budget constraint for net trades.

To start, the first-best allocation is derived for two cases: pooled endowment across all agent
types and nonpooled endowment in which each agent type trades only with agents of the same
type. In the pooled endowment economy, the competitive equilibrium supporting the allocation
requires that contingent claims prices differ by agent type for the same endowment realization,
which is observable by all agents. The Second Welfare Theorem holds in this case as long as long as
there is a redistribution of the endowment across agent types. In the nonpooled equilibrium, there
are arbitrage profits opportunities across agent types, so that the allocation can be supported as a
competitive equilibrium only if markets are exclusive, meaning that only agents of the same type
are allowed to trade in a given market. Exclusivity of markets cannot be maintained if the agent’s
type is private information. Under that assumption, the allocations of the pooled resource economy
cannot be supported as a competitive equilibrium because the central planner cannot implement
the required transfers. The allocations of the nonpooled resource economy cannot be supported

because the arbitrage opportunities created by separating markets by type imply that agents have



an incentive to trade with agents of different types. Hence, under the assumption of anonymity,
the central planner could still implement transfers that satisfy individual incentive compatibility
constraints, but the central planner cannot force agents to consume the transfers nor can it prevent
agents from forming coalitions to trade among themselves. Hence, the constrained Pareto optimal
solution is one in which all net trades are envy-free. In this application, it means that all net trades
are restricted by the same generalized budget constraint.

Agents only partially insure against endowment risk because a coalition comprised of agents
of the same type will be blocked. Markets fail to separate because agents cannot be prevented
from participating in a market in which they can fulfill all contracts they voluntarily enter because
of their risk class or individual-specific attributes. Essentially ex ante heterogeneous agents can
achieve full risk-sharing within a risk class if they participate in segregated markets, where markets
are segregated by risk class. But an individual agent may be better off to buy or sell claims in
another market. Since market participation cannot be limited only to agents from the same risk
class, the prices for a contingent claim conditional on a particular endowment realization will be
the same across risk classes. Agents are then able to insure against income shocks but not against
differences in the distribution of income by risk class. As a result, the there is distribution of
the intertemporal marginal rate of substitution (IMRS) across agents types. This has important

implications for the pricing kernel in asset markets.

1 Basic Model

I start by examining a two period model and later extend it to an infinite horizon model. This is a
pure endowment economy in which there is no storage between periods. Assume there is a countable
infinity of agents indexed by i € Z = {1,2,3,...} and let ¢ denote the finitely additive cumulative

distribution function over I. In the first period, the endowment for each agent is deterministic and



equal to yg > 0.

An agent’s endowment is random in the second period. Let 8 € © denote the random endow-
ment, where © = {61,...,0)} is a discrete random variable such that #; > 0 and 6 is finite and
the cardinality M is finite. Let n € N = {m,...,nr} be a discrete random variable and let f(n)
denote the measure over IV, where L is finite. At the beginning of time, each agent draws an 7,
which is fixed for rest of his lifetime; for reasons provided below the realization of this random
variable is called the agent’s type.

The distribution of 8 is parameterized by n so that, for a particular n € N, the distribution of 6
is g(0 | n). For example, if e > 1, g(0 | n2) might be a mean-preserving spread of g(6 | n1). More
generally, 17 should be thought of as a vector of attributes. The key idea is that the distribution over
the endowment sample space © will differ across agents, with a fraction f(n) facing distribution
g(0 | n). Because the realization of 1 determines the endowment distribution, an agent with n =1
and an agent with n = j such that ¢ # j are said to be in different income distribution risk
categories.

There is no aggregate uncertainty. Total endowment in the first period is yy where yy =
Yonen f (n)yo. Since there is a countable infinity of agents, the sample realization over the population
in the second period is a pair {6;,n;} where i € Z. Using the Law of Large Numbers, the frequency
of observing the pair (6;,7;) 6; € © and n; € N, is g(6; | n;) f(n;). Total endowment in the second

period is
y= Oip(di) =" > f(n)bg(@]n). (1)
I nEN 60O

The distribution of # for the economy is a mixture

=> f(m)g(0]n). (2)
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Define the mean of the endowment for type 7 as

Om(n) = g(0 | n)b.
(C]

Before there is any trading, agents observe their realization of 7. A type-n agent has preferences

Ulco) + > 9@ [ n)V(er). 3)

0cO

The functions U,V are continuous and twice continuously differentiable, strictly increasing and
strictly concave. Also, as ¢ — 0, U’(¢) — oo and V’(c) — oo. Notice the expectation in (3) uses the
individual agent’s conditional probability of realizing #. Since there is no aggregate uncertainty,
the only risk an agent faces after realizing n is in second period endowment. A fraction m(#) of

agents have realization 6. Of those, a fraction

f(n)g(0[n)
m(0)

are type 1. Hence a fraction m(#) of agents have endowment 6 with certainty.
The commodity space is §R4A_4 1A consumption allocation for a type 1 agent is an M + 1-

dimensional vector
c(n) = (co(n), (1| n)s ..., (O | m))

A feasible allocation is an L-tuple (c(1), ..., c(N)) such that ¢(j) € RY T for j € N where

and

ST Y g0 1o =" fn) S g0 n)e® | n). (5)

neN 0cO N ©

Let C € §R4A_4 *1 be the set of all feasible allocations; this set is convex and closed.



2 Pareto Optimal Allocations

Two central planning problems will be described in this section. In the first, the central planner
pools the resources of the economy and jointly maximizes the utility of the L types of agents.
The result is the pooled-resource allocation. The pooled resource allocation requires lump-sum
transfers across the different types of agents as well as transfers across agents of the same type.
The competitive equilibrium supporting the Pareto optimal allocations requires that agents of
different types (different 7 realizations) face different prices. In the second version, the central
planner treats the L types of agents as if they are members of different economies; essentially the
central planner doesn’t pool the resources of the L types of agents. The resulting allocation requires
lump-sum transfers among agents of the same type but no resources are transferred across different
types. This is referred to as the nonpooling allocation. As will be demonstrated, the competitive
equilibria supported under these two cases requires exclusivity in markets: agents can trade only

with agents of the same type.

Pooled Resources

Let ¢(n) denote the Pareto weight attached to a type n agent. Under these conditions, the problem

solved can be stated as follows:

max { > o) lU(CO(W)) +2 90 [ mV(c(d] 77))] } : (6)

neN S
subject to
v = > f(n)eco(n), (7)
N
yio = > > fmg@]n)ed|n). (8)
N ©



Let pp denote the Lagrange multiplier for the first resource constraint and p for the second. The

first-order conditions are

o(n)

mUl(Co(n)) = o, 9)
%m(cwm» _— (10)

Hence marginal utility varies inversely with % and consumption in the second period is invariant

with respect to 0. If ¢(n) = f(n), as is often assumed, then Uy (co(n)) = U1(yo) and Vi(c(8 | n)) =
Vi(y1). The central planner will optimally choose to ignore the idiosyncratic income distribution risk
for each type, equalizing second-period consumption across types. The pooled-resources allocation

requires lump-sum transfers equal to

across the L different categories of agents. A type n agent with 8 receives
(0) =0 —y1.

Notice that certain groups pay higher taxes than other groups since 7(n) > 0 for some n while 7(7) <

0 for others, although all agents with realization # receive an identical transfer 7,(n) regardless of

type.

The associated competitive equilibrium supporting this allocation requires prices q : §R4A_4 o,
R, to be indexed by 7 € N. There must be exclusivity in markets in that a type n agent can
purchase contingent claims only in the 1 market and cannot purchase claims in the 77 market,
where 7 # 1. Let ¢(0 | n) denote the price of a contingent claim conditional on 6 for a type 7 agent.

Define the net trades
zo(n) = co(n) — Yo

x(0[n) = c0n)—[0—7(0)]



where the mandatory lump-sum state contingent taxes are incorporated. A type 7 agent faces
lifetime budget constraint
0 <wyo+ao(n)+Y_q(0 |0+ (0 |n)— (). (11)
©
The agent maximizes his objective function (3) subject to the budget constraint (11). The simplified
first-order conditions reduce to

90 [ mVi(x(0|n) +0)
Ui(zo(n) + wo)

q(0 [ n) =

If ¢(6 | n) = g(0 | n) then consumption is constant in the second period. In particular, co(n) = yo
and ¢(0 | n) = y1, which is the central planner’s allocation when ¢(n) = f(n). Observe that the

intertemporal marginal rate of substitution (IMRS)

is equalized across agents.
The maximization of the objective function (3) subject to the budget constraint (11), is dual

to an expenditure minimization problem

E(q(n), U*) = minfzg + Y _ q(0 [ n)z(0 | n)] (12)
0
subject to
U(zo+y0) + Y g(0 | )V (x(0|n)+6) > T~ (13)
0

where g0 = 1, U(n) = U(yo) + V(y1) and q(n) = {1,q(61 | n),...,q(6n | n)}. This defines the

expenditure function E(-,-) : RM+2 — R,. All agents achieve the same level of lifetime utility
because agents are offered a net trade choice set with prices indexed by type and there is a lump-

sum redistribution of wealth. The type 7 agent is offered a net trade choice set B, (- | ) associated



with the expenditure minimization problem where

B:(q(n)) =infq(n) -z:z€ X

Hence, agents are offered different net trade choice sets based on type.

Separate Resources

If the central planner treats the L types of agents as separate groups, then for each n € N, the

central planner maximizes the expected utility of the representative type n agent (3) subject to
Yo = ¢o (14)

Om(n) > D g(0]n)c (15)

S}

Clearly ¢y = yp and
9(0 [ mVi(e) = u(n)g(@ | n), (16)

where (1) is the Lagrange multiplier. It follows that ¢ is invariant with respect to 6 and ¢ = 6,,(n).

A type n with endowment realization 6 will receive a transfer equal to

(0 | 1) = Oim(n) — 6.

No resources are transferred across groups. In particular

©

The contingent claims market supporting this allocation is a familiar one. Let ¢(6 | n) denote
the price of a contingent claim for a type n conditional on 6. The type 1 household maximizes (3)

subject to

0 = [yo +zo(n)] +D_ a0 | n)[z(6,n) + 6]
©



2 1f q(0 | n) is proportional to g( | n) for all § then all agents of the same type have identical

consumption cg(n) = yo and ¢(0 | n) = 0,,(n). The IMRS is now

Vl(em (77))
U1(vo)

and is not equal to the IMRS for the pooled resources economy with state-contingent lump-sum
taxes as long as 6,,(n) varies with 1. The intertemporal marginal rate of substitution (IMRS) for

a type-n agent is
V1(9m(77))
U1(vo)

which will vary across groups, implying that the risk free rate, [¢(n)]~! will be unequal across n

q(n)

types.
Define U(n) = U(yg) + V(0m(n)). The expenditure function that is dual to the utility maxi-

mization problem is E(q(n),U(n)), where the function E was defined earlier. Once again, the net
trade choice set B, (q | n) will differ across groups and exclusivity of markets is required. Notice
that the prices faced by a type n agent in the two versions of the model are identical, however the
level of utility is different because lump-sum redistribution of wealth is not allowed in the separate
resource economy Clearly some agents are better off in the pooled-resources allocation, while others
are worse off (U* > U(n) for some 7).

The transfers can be implemented only if the central planner can identify an individual agent

by his 7, 8 pair. In this sense, the agents are not anonymous. In addition, both economies require

2The first-order conditions are
Ui(®(m) = A(m)

Ama(@1n) = 9@ [mVi(e(@]n)

10



that the net trade set offered to agents be indexed by the agent’s type. In the next section, the

concept of fair net trade and anonymity will be introduced.

3 Limited Redistribution

The notion of envy-free or an anonymous allocation is described in this section. To understand the
constrained Pareto optimal solution, it is useful to summarize the five key features of the central

planning problems just described:

1. The pooled resource allocation requires lump-sum transfers for the Second Welfare Theorem
to apply. The central planner is able to identify the type of an agent as well as observe his

second-period endowment realization.

2. The net trade choice set must be different for the L groups of agents to support the allocations

chosen by the central planner for both the pooled resource and separate resource economies.

3. There must be exclusivity in the choice sets: a type 1 agent cannot choose from the net trade

set By (q(7)) where n # 1. Otherwise, there are arbitrage profit opportunities.

4. The intertemporal marginal rate of substitution varies across groups when resources are not

pooled.

5. The utility maximization problem is dual to an expenditure minimization problem that re-
quires a price for a unit of consumption in state 6 to differ across agent types: ¢(0 | i) # q(0 | j)
for i # j in general. Hence the fraction m(0) of agents realization endowment 6 pay different

prices for consumption insurance in state 6.

If we assume that the central planner is unable to redistribute or transfer resources across agents,

then the Second Welfare Theorem will generally fail to hold. If the central planner is able to

11



maintain exclusivity in markets and thereby offer net trade sets that differ across agent type,
then the allocation of the separated resource economy can be achieved, but notice that the risk
free rate will differ across groups and there may be an arbitrage opportunity. If exclusivity of
markets cannot be maintained, then the central planner is unable to offer different net trade sets
and the allocations of either the pooled or separate resource economies cannot be supported by a
competitive equilibrium. Exclusivity in markets may be difficult to maintain since the dual space
to the utility maximization problem differs across agents. A type n agent may find that his net
trades xo(n), (01 | n),...,z(0xr | n) are minimized for some ¢(7) such that 7 # 7.

Let ¢(n) € RM+! be a consumption vector for agent-type 7. The following definition is based

on Mas-Colell [| and earlier by [].

Definition 1 The feasible allocation ¢* = (¢(1),...,c(L)) is self-selective (or anonymous or envy-
free in net trades) if there is a set of net trades B € RM¥1, called the generalized budget set, such

that for every agent-type n, x(n) = c¢(n) —w solves the problem

max[U(zo(n) +y0) + > g(@ [ m)V(x(8 | n) + 6) (17)

subject to 9
z(n) € B (18)
2(n) +0>0 (19)

This formulation requires that agents have the identical budget constraint regarding their net

trades. The following assumption is imposed.
Assumption 1 Agents are assumed to have anonymity.

Anonymity in the market-place, as defined above, implies that exclusivity in markets cannot be

maintained. The utility maximization problem solved by a type 7 agent must be dual to the

12



expenditure function E(q, -), where ¢ is identical for all agents. Hence agents can achieve different
levels of expected utility (although all agents of the same type must be identical) by choosing
different bundles of net trades, subject to feasibility, but all agents face the identical price function
q.

Anonymity can be motivated in several ways. One way is to assume that the agent’s type is
private information. Then the central planner cannot distinguish among agents and is therefore
unable to maintain exclusivity in markets or to implement lump-sum redistributions of wealth.
Another way is to assume that the technology to maintain exclusivity in markets is unavailable, or
that discrimination against different types of agents, in the form of offering different price functions
q(n) is illegal. Regardless of the reasons motivating the assumption, the result is a constrained
Pareto optimal solution.

There is an extensive literature on optimal contracts when 7 is private information. In general,
the optimal contract has the property of truthful revelation. Incentive compatibility constraints are
imposed along with the resource constraints. The resulting constrained Pareto optimal allocations
cannot be achieved through a decentralized competitive equilibrium. The approach I am taking
here is to assume that resources are allocated subject to the restriction of anonymity, as defined
above. Agents then self-select in their choice of net trades and the resulting allocations are incentive
compatible.

Agents are now assumed to be anonymous, in that the central planner knows the distribution
f over N and the functions g(# | n) but is unable to identify which agent is an 7, 8 type until after
the net trades are made and, therefore, cannot implement the lump-sum transfers 7,(6,n) defined
above. The set of feasible net trades is defined as X € RM+! such that =+ 0 > 0 and the resource

constraints are satisfied. Define B, as the support of the distribution induced by the net trades x.

13



Specifically, the support is defined for any ¢ € RM*1 as
B.(q) =inf{q-z:2 € X}.
For each = € X, the function B,(-) is a linear function of ¢ while, for each element of g,

Bm(@(el)v cen Gy 7Q(9M))

is the minimum value of the various linear functions B, (-) at q(61),...,q,...,q(fxr)). When the set
X is convex, the support function B provides a dual description of X since X can be reconstructed
from B(q). In particular, {x € RM : ¢z > B(q)for everyq}. The function B is homogeneous of
degree one and is concave. A feasible allocation c?, ¢! is anonymous or envy-free in net trades if

there is a set of net trades B C REXI*M to be called the generalized budget set, such that for

every n € N, z(n) = [°(n) — yo, c(01 | n) — 01, ...c(0a | n) — Oar) solves the problem

max |U(«°(n) + o) +Y_ g0 [ m)V(x(0 | n) +0) (20)
©
subject to
0 > zo+ ) q(f)z(0) (21)
6cO
0 > z(0)+6 (22)

The second constraint is just the nonnegativity of consumption. Hence, all agents face the same
budget constraint for their net trades - in particular this also means the endowment of an agent,
say a type n agent realizing 6 in the second period will have his endowment valued at the same
price as any other agent with endowment 6. Notice this is not true in the two versions of the
Pareto optimal problem described earlier. A type n agent wishing to implement a particular set

of net trades z(n) will face the same relative price as any other agent. An agent then self-selects

14



by choosing the set of net trades that maximizes his expected utility. Agents will reveal their type
through the choices they make. The resulting allocation will be incentive compatible in that no
agent would choose the net trade of any other agent of a different type.

Before the first-order conditions are derived, observe that the nonnegativity constraints will
never bind because of the assumption that the Inada conditions hold. If marginal utility tends to
infinity as consumption goes to zero, then if prices are strictly positive and finite, then agents will
never choose negative or zero consumption in any state, as long as he faces a positive probability of
being in that state. Let A(n) denote the Lagrange multiplier for the generalized budget constraint.

Without a loss of generality, set go = 1. The first order conditions are

Am) = U((n) + o), (23)
Ama(0) = g(@]n)Vi(x(8]n)+0). (24)

Eliminate the multiplier to obtain

g0 | Vala(® | n)+ )
1) =0 ) (25)

The key property emerges: the intertemporal marginal rate of substitution (IMRS)

Vi(z(8[n) +6)
Ur(2%(n) + yo)

is no longer equal across 7. However, the weighted IMRS is equalized, where the weight is the
conditional probability g(€ | n), which varies across 7.
The equilibrium conditions are now discussed. The real value of the endowment, equal to

>0 q(0)0 (aggregate demand), must equal the endowment, or

DD fmg@mo=">_a(0)o (26)
n 0 0

15



Multiply the budget constraint for a type n agent by f(n) and then sum over all 5, and rewrite to

obtain
> a®)0=> f(n Zq c(0 | n)
0 n

Substitute this into the previous equation

ZZf g0 mo=">_f(n) Y a®)c(@|n) (27)
n [%

or
ZZf 9(0[m)0 — q(0)c(b | n)] (28)
For each # € ©, market clearlng in the § market requires
D [Fmg@1n) — @] —c@]n)]=0 (29)
n

3.1 Equilibrium with Anonymity

To solve for the equilibrium, choose a numeraire consumer - say 7 = 1 - and define

() = % (30)
Then (23) can be expressed as
S0  Dalao(m) + ) 1)

Ur(zo(1) + o)
Given the N — 1 values of A and x((1), define the function

2(n) = Ho(A, ) = (U1) ™" (AU1(0 + %0)) — Yo-

Observe that Hy is decreasing in its first argument and increasing in its second. Given the N — 1
values of A, the equilibrium net trades in the first period can be determined from the resource

constraint
N

0= f(1)zo(1) + Y (1) Ho(A(n), o). (32)

n=2

16



The right side is strictly increasing in cg, given the L — 1 values A\. Hence

solution cy(\). Next, solve (24) for the price ¢(6) and observe that

J(0) = SCIDVAEO ) +6) _ 96| OVila(0] 1) +0)
A(n) A1)
Define
_ _ g0 |n)
901 m =205

Then rewrite (33) as
<o g@ vz ] n)+6)
A = = GE T+ 0

Given the N — 1 values of A\ and M values of 2(# | 1), define the function

(0 | n) = Hy(A(n),0,2) — 0

as the solution to B
AmVi(z(0 1) +0)
g(0|n)

Substitute these functions into the lifetime budget constraint

Vi(z(0|n)+0) =

0= Ho(A o) + 3 q(0)Hy (A, 0, 2(0))
0)

This equation can be solved for A, given xg, (6 | 1) where

_ 9@ D)Vi(x(0]1) +6)

a(9) Ur(zo(1) + vo)

there exists a unique

. (33)

The final step is to solve for the M + 1 values of z(1) = {zg,z(01 | 1),...2(0p | 1)}. Define the

operator T}, : R L R, as
1% n + +

Hence given the vector x € §R4A_4 *1 the operator T, n yields the value of the multiplier that solves the

equation.

17



The next step is to incorporate equilibrium in each of the M contingent claims markets. The
payments made for a contract contingent on 6 equals 3°, f(n)q(6)z(0 | n). The total number of

contingent claims held for 0 equals -, f(7)g(€ | n)z(0 | 7). In equilibrium,
0=">_f(mla(®) —g(®|m]z(0 | n) (38)
"

Substituting in for ¢(#), and using the functions H,,

Vi(z(0) +6)
Ui(zo + yo)

0=">f(ng(®]1)

n

=90 [ ] — Hy(T(2), 0, 2(6))] (39)

This established a mapping. Let 20 € §R4A_4 *1 be given. Define 7 : §R4A_4 o, §R4A_4 *1 as the solution

x! to the system of M equations of the form (39).

Incentive Compatibility

Let x*(n) denote the solution to the maximization problem () with constraint (). Notice that there
is no incentive compatibility constraint that is imposed on the opportunity set of the agent. The

incentive compatibility constraint is

Ulyo +zo(m) +>_g(0 | mV(0+ (0| n)) = Ulyo +wo()) + D90 | m)V(0+2(0]9)  (40)
© ©

for all ) # n and 7,7 € N. The question arises whether the net trade z7(n) satisfied the incen-
tive compatibility constraint. The answer is that it does by construction. Since all net trades
xo(n),x(01 | n),...,x(0p | n) for n € N lie along the same hyperplane, or equivalently all agents
face the same generalized budget constraint, the net trades chosen by other agents :Ej;(f/) where
7 # n are within the generalized budget constraint faced by a type n agent. Hence, the solution
to the maximization problem will satisfy (40). Hence the agent’s actions, summarized by his net
trades x*(n), will truthfully reveal his type. As long as the agent faces the generalized budget

constraint , he has no incentive to deviate from his actions. The approach taken here differs from
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the standard one in which a principal designs an incentive compatible contract. The allocations

are multilaterally incentive compatible, using the terminology of Hammond and Haubrich.

3.2 Coalitions and Market Structure

Boyd, Prescott and Smith model economic organizations as coalitions of agents instead of exoge-
nously imposing an organizational structure and, by doing so, show that the pattern of trade and
resulting allocations will be affected. In the simple economy studied above, if we assume that there
is an insurance industry selling insurance under a zero-profit assumption, then markets will be
separated by type. If we drop the assumption that there is an insurance industry and allow agents
of different types to trade directly, the equilibrium allocations are changed. The goal then is to
determine what sort of organization will emerge endogenously, where an organization is a coalition
of agents, and to determine what type of trading structure will result.

A coalition is a subset of agents § € I. Agents form coalitions with the goal of pooling risk
and exploiting gains from trade. The economy with separated markets, in which insurance firms
sell insurance and separate markets, can be viewed as N separate coalitions (the number of agent
types) where all members within a coalition are identical. It is convenient for discussion’s sake
to assume that N = 2. Let ¢ = (¢1,12) denote the measure of each type in a coalition. In the
separated markets example, there are two coalitions 1)1 = (f(11),0) and ¥2(0, f(12)). An allocation

c(0 | n1),c(8 | ne) is feasible for a particular coalition v if

> {alg(0 | )0 — (8 | m)] + 2lg(0 | n2)[6 — (6 | m2)} > 0.
(C]

An arrangement or a sharing rule A is mapping that specifies an allocation for a coalition as a
function of its membership. A feasible arrangement A is blocked by another feasible arrangement
B if some agent is made better off under arrangement B than A and no other agent is made worse

off. In the discussion above, in which there was retrading among agents of different types after the
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first round of trading with full insurance, is an example where another coalition ¢, (f(m), f(12))
(the grand coalition of all agents) blocked the N separate coalitions.

A core arrangement is an unblocked feasible coalition. Let 1) be a coalition such that 0 < 11 < f;
and 0 < 99 < fy. The coalition maximizes the expected utility of the representative agent. The

probability of a representative coalition member realizing endowment 6 is

p1 = Y1911 + V2go1,

where p; = h(61) if 1 = f1, and po = 1 — p; is the probability of a representative coalition member
realizing endowment 6. It is also the frequency of observing 6; or 6o within the coalition. Let
¢;,j denote the coalition weight for a type j agent with endowment realization 6;, for ¢ = 1,2 and

j =1,2. The coalition v solves the maximization problem
2 2
max YD biU(ciy) (41)
i | -
subject to the resource constraint

p101 + paba > pi[thicii + Yacia] + pafthacar + Pacaal,

and the participation constraints

2
Zlgi,jU(Ci,j) = U(Om(n;)), (42)
for j = 1,2. Let A denote the multiplier for the resource constraint. The first-order conditions take
the form
¢i;Ui(cij) = Apir;. (43)
Observe that if p; = f1 and
Gij = M,
Hj

that the allocation coincides with the allocation achieved when retrading is allowed.
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4 Infinite-Horizon Markets

Assume now that an agent has an infinite time horizon. As before, at time 0, an agent observes
the realization of a random variable 7 that affects the distribution of his endowment for all future
periods. Let 6%(i) = {61(i), ..., 0:(i)} denote the history of endowment realizations for a particular
agent i € I. Let g;(0'(i) | n) denote the probability of the history #(i) under the assumption that
agent ¢ is a type n agent. For the first period, the allocations across different n agents with different
endowments @ lie in NV x M. The history of allocations for agents from periods 1 to ¢ is an element
of (N x M)!. There is no aggregate uncertainty and the history of the system is the entire space
(N x M)! at time t and hence is deterministic. Initially prices are allowed to be functions of history
0%, since the history of endowments is observable for any agent and, moreover, it is possible for &
to be identical for two agents of different types n; # n;.

A stationary solution is an allocation in N x M. Under the assumption that only stationary
solutions are considered, the history of the system does not affect the price of a contingent claim
in market #. The distribution of the endowment remains unchanged so that the probability that
a random agent has realization 0 is Y n f(n)g(f | ). I assume that there is a clearing house

announcing prices that clear the market for each 8, with no price discrimination based on 7 type.

4.1 Integrated Markets in the Infinite Horizon

Under the assumption that prices are stationary, agents will have an incentive to borrow and lend
in other n-agent markets if agents are allowed to retrade. In that case, where markets cannot be

segregated, agents solve

max Y > g:(6" | m)BU(ce(6" | m)) (44)

t=0 ot
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subject to

0<> > pu(B)[6r — (6" | )] (45)

t=0 gt
Let fi,, denote the Lagrange multiplier. The first-order condition is

D a0 [ )BT (er(0" [ 0) = fiy Y pe(6r) = finpe(6:) (46)
gt—1 gt—1

Consider only stationary solutions. Let

Pe(0r)
el

q(0;) =

Observe that, if we assume only stationary solutions are to be considered so c( | n) = c;(6* | n)

and since

> (0" [n) = g(6: | m),

gtfl
then the first-order condition becomes

Ur(c(81n))g(0]n)
fu(n)

= q(0). (47)

The construction of the equilibrium allocation given the endowments proceeds in the same
way as described in the one period model because this is an endowment economy with no capital
accumulation decision and we focus on the stationary solution. The intertemporal model has the
property that the stationary consumption allocation is identical with the allocation in the one-
period model. Since the endowment is nonstorable and there are no capital market frictions such
as borrowing constraints, this is not surprising.

The infinite horizon problem can also be expressed as a sequential dynamic programming prob-
lem and doing so provides insight into how the integration of markets affects agents facing unin-
surable income distribution risk. The key is to note that the conditional probability of moving to

a state 6/ € O for agent 1 with endowment 6 differs across different n-types. As mentioned earlier,
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the property that consumption insurance isn’t actuarially fair creates a wedge between the trade-off
over states offered by the market and the marginal rate of transformation of marginal utility across
states for the agent. Let G(041,6:,n) denote the effective price of a unit of consumption in state

0:+1 for a type n agent with current endowment 6;. The Bellman equation is

V(2,60 |n) =max |U(c)+ B> 901 | m)V(2(041, 01 | 1), 01 | 1) (48)
)
subject to
0+z>c+d (01, 00,m)2(011,0: | m) (49)
)

Let A(6,7n) denote the Lagrange multiplier. The first-order conditions and envelope condition are

U'le) = Ao,m) (50)
q(Or41, 00, A0, 1) = Bg(Oria [ n)Vz (51)
Ve = Abn) (52)
These conditions can be simplified as
U'(c)q(0e41,00,m) = Bg(Ore1 | MU’ (cr41) (53)
For any 6 € O,
() = g(0| n)qU(le()C(e [m))
U'(c(6: [ ) = %- (54)

Update the time subscript in (54) by one and substitute into (53) to obtain

~ [u(n)g(6)
0= [ 9(0: | 7)

w(n)q(0r41)
9(0sy1 | M)

] 4(0e41, 0¢,m) — Bg (011 | ) [
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so that
q(0:41)g(0¢ | 1)
Q(et)

The price ¢ measures the intertemporal terms of trade for a type n agent with current endowment

G(Or41,0:,m) = (56)

0;. Notice that (55) also implies

. 90 [n) 9(0e+1 [ m)
U'(c(6; | n)m =U (C(9t+1777)7q(9t+1) :

Notice the similarity between this equation and (?7); the price ¢ takes into account the wedge
created by the property that consumption insurance is actuarially unfair.

Observe that by averaging over the different agent types

. 0 0.
qutﬂ,@taﬁ) = ﬁz —Q( t+1)o t|n)] (57)
- ; q(0r)
q(0141)
= 58
q(0r) (58)
As a result, the intertemporal marginal rate of substitution for an individual type n agent is
U'(c(0
m (041, 0:,m) = ﬁM (59)

U'(c(0c | m))
For any #', 6 pair in O, observe that there is a distribution of IMRS m(€', 6, n).

To understand the implications for the agent’s budget constraint, solve (49) for z(0; | n),

2(0: | m) = c(6: | ) — O + Z@(QHL Or,m)2(Or+1 | M)
e

Define
q(0r41)
Q(Qt)

Make the substitution for ¢ and solve recursively forward to obtain

Qe(Or41,0:) =

20 1m) = cO|n) =048 |ae(01,00)9(0: | m)[c(Os1 | n) = Ors + D G(Orra, 0e41,m)2(Or42 | )

9t+1 9t+2
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J—1

= O |m) = 0+Y 6| D | acBrri|6)gBrsi | n) | [c(Bras | 1) — Ops]

j=1  |6;4;€0 \i=0
5 Aggregate Risk

The model so far has deterministic output; there is idiosyncratic risk for an individual agent, and
because the idiosyncratic endowment distribution risk is not insurable at a actuarially fair price,
agents experience consumption fluctuations that average out in the aggregate. The next step is to
introduce aggregate uncertainty in a tractable way.

Let S = {s1,...,s5} be a discrete random variable forming a Markov chain with

T(S¢41, 5¢)

denoting the one-step ahead probability of the state next period equaling s;1; conditional on
starting in state s;. Now assume that the individual agent’s probability of an endowment realization

# conditional on the aggregate state s and type 7 is

g(01[n,s)

For example, there may be some type n agents that have an endowment distribution that is un-
affected by an aggregate shock while other type n agents have endowment distributions that are
affected by the aggregate shock. If so > s; then an example would be g(6 | n,s2) is a mean-
preserving spread of g(6 | n,s1). Let sg,s1,...,s be a history of realizations of the aggregate
shock. Denote the probability of the history as m(s).

The type 1 agent solves

max | Y > Bm(s)gu(0" | s',mU (8", s" | ) (60)

t=0 st Ot
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subject to
0= "> (0, — ct(6s, 5" | )] (61)
t St 9,5

The first-order condition is
Brmi(sh) > g0 | 5, m)U (cr(0", 5" [ ) = p(n) D pe(0, ") (62)
gt—1 ot—1

Only stationary equilibria will be examined. Let c(6;, s¢ | ) denote a solution. Define

ZG“l pt(etv st)

Plow ) = =g ()

so that the first-order condition can be expressed as

7(s0)g(0: | se,mU" (8, 5t | 1)) = u(n)p(st, br). (63)

For any two aggregate states §, 5, observe that

w90 | & mUc6.5|m)  (5)g(6 | 5.)U(8.5 | )
) = 2(5.0) - 2(5.0) |

is not equalized across states since the marginal utility is weighted by the individual’s conditional

probability of 6, s. The agent’s intertemporal marginal rate of substitution is

9(Oss1 | se1, MU' (c(Or41, 5t41 | M)
U'(c(0r,5¢ | 1))

m(et1, 0, St41, 5¢,m) =0 (64)

Observe that given 611, 0;, s¢11, S¢, the IMRS is a distribution over N.
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6 Conclusion

Under full consumption insurance, heterogeneous agents are able to equalize their marginal rate
of substitution (MRS) state by state. Hence the associated pricing kernel and stochastic discount
factor for the heterogeneous agent model are identical with the representative agent model. Since
the representative agent model has performed poorly in empirical testing, there have been many
efforts to enrich the model by introducing uninsurable idiosyncratic risk. In many instances, agents
are modeled as being identical ex ante and become differentiated only over sample paths. If there
is a countable infinity of agents, the model has the property that the cross sectional distribution of
idiosyncratic risk is identical to the endowment risk an agent faces over his lifetime. In the absence
of capital market frictions, this means that the consumption insurance offered by a standard Arrow-
Debreu contingent claims market allows complete smoothing of idiosyncratic risk. Restrictions on
the asset market structure, such as simple borrowing constraints, have not substantially improved
the empirical performance of the model.

There are two main results. The first is related to Boyd, Prescott and Smith: The exogenously
imposed market structure results in allocations that are very different from those that emerge when
organizations are formed as endogenous coalitions of agents. In the example developed here, agents
will choose not to separate into coalitions comprised of identical agents. The market structure
achieving the identical allocation as the grand coalition is a clearing house of the form modeled by
Wright. A second result is that agents trade not just to achieve risk pooling but also to exploit gains
from trade with different types of agents. As a result, agents optimally choose to only partially
insure. By introducing ex ante heterogeneous income distribution risk that is only partially insured,
the asset market implications of the model are significantly altered. The stochastic discount factor
is now a distribution over different categories of income distribution risk and the pricing kernel is

a weighted average of the individuals’ pricing kernels.

27



References

Aiyagari and Peled [1991]. “Dominant Root Characterization of Pareto Optimality and the Ex-
istence of Optimal Equilibria in Stochastic Overlapping Generations Models,” Journal of Eco-
nomic Theory, 54, 69-83.

Aiyagari, S.R. [1994]. “Uninsured Idiosyncratic Risk and Aggregate Saving,” Quarterly Journal of
Economics, 109, no. 3, 659-684.

Alvarez F. and U. Jermann [2000]. “Efficiency, Equilibrium, and Asset Pricing with Risk of De-
fault,” Econometrica, 68, 775-797.

Alvarez F. and U. Jermann [2005]. “Using Asset Prices to Measure the Persistence of the Marginal
Utility of Wealth,” Econometrica, 73, no. 6, 1977-2016.

Boyd, J., Prescott, E. and B. Smith [1988]. “Organizations in Economic Analysis, Canadian Journal
of Economics, 21, no.3, 477-91.

Constantinides and Duffie [1994]. “Asset Pricing with Heterogeneous Consumers,” Journal of
Political Economy, 104, no.2, 219-40.

Hammond, P.J. [ 1987]. “Markets as Constraints: Multilateral Incentive Compatibility in a Con-
tinuum Economy,” Review of Economic Studies,54, 399-412.

Haubrich, J. [1988]. “Optimal Financial Structure in Exchange Economies,” International Eco-
nomic Review,29, no.2, 217-35.

Huggett, M. [1993]. “The Risk Free Rate in Heterogeneous-Agents Incomplete-Insurance Economies,”
Journal of Economic Dynamics and Control, 17, 953-969.

Hansen, L. and R. Jagannathan [1991]. “Implications of Security Market Date for Models of
Dynamic Economies,” Journal of Political Economy, 99, 225-262.

Kehoe, T. and D. Levine [1993]. “Debt-Constrained Asset Markets,” Review of Economic Studies,

60, no. 4, 865-888.

28



Kehoe, T. and D. Levine [2001]. “Liquidity-Constrained versus Debt Constrained Markets,” Econo-
metrica, 69, no. 3, 575-598.

Kocherlakota, N. [1996]. “Implications of Efficient Risk Sharing without Commitment,” Review of
Economic Studies, 63, 595-609.

Prescott, E. and R. Townscend [1984]. “Pareto Optima and Competitive Equilibria with Adverse
Selection and Moral Hazard,” Econometrica, 52, no. 1, 21-46.

Rothschild, M. and J. Stiglitz [1976]. “Equilibrium in Competitive Insurance Markets: An Essay on
the Economics of Imperfect Information,” Quarterly Journal of Economics, 90, no. 4, 629-49.

Wilson, R. [1968]. “The Theory of Syndicates,” Econometrica, 36, no.1, 119-32.

Wright, R. [1987]. “Market Structure and Competitive Equilibrium in Dynamic Economic Models,”

Journal of Economic Theory 41, 189-201.

29



