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Abstract

We show that a standard production economy model where consumers have Epstein-
Zin preferences can jointly explain the low volatility of consumption growth and a high
market price of risk with a low coefficient of relative risk aversion (5). Endogenous
consumption smoothing increases the price of risk in this economy as it induces highly
persistent time-variation in expected aggregate consumption growth (long-run risk),
even though technology follows a random walk. As is usual in production economy
models, the volatility of equity returns is quite low. We propose an extension where we
calibrate the wage process to the data and show that this brings the equity volatility,
and thus the equity premium, much closer to historical values. The model identifies an
observable proxy for otherwise hard to measure expected consumption growth. Using
this proxy, we test and find support for key predictions of our model in the time-series

of consumption growth and the cross-section of stock returns.
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1 Introduction

Long-run consumption risk has recently been proposed as a mechanism for explaining im-
portant asset price moments such as the Sharpe ratio of equity market returns, the equity
premium, the level and volatility of the risk-free rate, and the cross-section of stock re-
turns (see Bansal and Yaron, 2004, Hansen, Heaton and Li, 2005, and Parker and Julliard,
2005). In this paper, we demonstrate how long-run consumption risk arises endogenously
in a standard production economy framework and how this additional risk factor can help
these models to jointly explain the dynamic behavior of consumption, investment, and asset
prices.!

We assume that consumers have Epstein-Zin preferences and dislike negative shocks to
future economic growth prospects. Unlike the case of power utility preferences, where risk
is only associated with the shock to realized consumption growth, investors in this economy
also dislike negative shocks to expected consumption growth and consequentially demand a
premium for holding assets correlated with this shock.? The latter source of risk has been
labelled "long-run risk" in previous literature (Bansal and Yaron, 2004). We show that
even when the log technology process is a random walk, endogenous consumption smoothing
increases the price of risk in the production economy model exactly because it increases
the amount of long-run risk in the economy. The long-run risk, in turn, arises because
consumption smoothing induces highly persistent time-variation in expected consumption
growth rates.

Why does the consumer optimally choose a consumption process that leads to a high
price of risk? The price of risk is related to risk across states, while the agent maximizes the
level of expected utility which also is a function of substitution across time. The agent thus
trades off the benefit of shifting consumption across time with the cost of higher volatility
of marginal utility across states. Asset prices in the production economy reflect the optimal
outcome of this trade-off. A higher elasticity of intertemporal substitution results in more
substitution across time at the expense of additional risk across states, and thus a higher

price of risk, higher Sharpe ratios, and a lower and less volatile risk-free rate.

'For extensive discussions of the poor performance of standard production economy models in terms of
jointly explaining asset prices and macroeconomic moments, refer to Rouwenhorst (1995), Lettau and Uhlig
(2000), Uhlig (2004), and Cochrane (2005), amongst others.

2Epstein-Zin preferences provide a convenient separation of the elasticity of intertemporal substitution

from the coefficient of relative risk aversion which are restricted to v = L in the power utility case.
Y)s T=3 p y

If v > i, investors prefer early resolution of uncertainty (Duffie and Epstein, 1992) and, thus, are averse to
shocks to expected consumption growth (Bansal and Yaron, 2004).



In equilibrium, time-varying expected consumption growth turns out to be a small, but
highly persistent, fraction of realized consumption growth. When the model is calibrated to
fit standard macroeconomic moments, the endogenous expected consumption growth rate
process is quantitatively very close to the exogenous processes that have been specified in
the recent asset pricing literature (see, e.g., Bansal and Yaron, 2004). Note that this result
is of particular interest since it is very difficult to empirically distinguish a small predictable
component of consumption growth from i.i.d. consumption growth given the short sample
of data we have available (see Harvey and Shepard, 1990, and Hansen, Heaton and Li, 2005,
amongst others). Bansal and Yaron (2004), for instance, calibrate a process for consumption
growth with a highly persistent trend component and demonstrate that their process can
match a number of moments of aggregate consumption growth. In lieu of robust empirical
evidence on this matter, the model presented in this paper provides a theoretical justification
for the previously proposed long-run risk dynamics of aggregate consumption growth based
on a standard production economy setup. We conclude that simple consumption smoothing
in an economy with i.i.d. technology growth naturally induces long-run consumption risk.
Long-run consumption risk is therefore not an esoteric assumption for aggregate consumption
dynamics. On the contrary, it is the natural assumption, given our standard theoretical
models, for exogenous consumption growth processes in exchange economy models.

The persistence of the technology shocks is crucial for the asset pricing implications of
long-run risk in the model. In short, permanent shocks lead to time-varying expected con-
sumption growth that increases the price of risk in the economy, while transitory shocks
lead to time-varying expected consumption growth that decreases the price of risk. The
intuition for this is as follows. A permanent positive shock to productivity implies a per-
manently higher optimal level of capital. As a result, investors increase investment in order
to build up a higher capital stock. High investment today implies low current consumption,
but high future consumption. Thus, expected consumption growth is high. The higher in-
vestors’ elasticity of intertemporal substitution, the more willing investors are to substitute
consumption today for higher consumption in the future, and the stronger this effect is.
Since agents in this economy dislike negative shocks to future economic growth prospects,
both shocks to expected consumption growth and realized consumption growth are risk fac-
tors. Furthermore, the shocks are positively correlated and thus reinforce each other. In this
case, endogenous consumption smoothing increases the price of risk in the economy. On the
other hand, if shocks to technology are transitory, the endogenous long-run risk decreases

the price of risk in the economy. A transitory, positive shock to technology implies that



technology is expected to revert back to its long-run trend. Thus, if realized consumption
growth is high, expected future long-run consumption growth is low as consumption also
reverts to the long-run trend. The shock to expected future consumption growth is in this
case negatively correlated with the shock to realized consumption growth, so the long-run
risk component acts as a hedge for shocks to current consumption.® The overall price of risk
in the economy is then decreasing in the magnitude of long-run risk.*

We evaluate the quantitative effects of transitory versus permanent technology shocks on
aggregate macroeconomic and financial moments with calibrated versions of our model. If
technology shocks are permanent, the model can match the high historical Sharpe ratio of
equities and the level and volatility of the risk-free rate with a low coefficient of relative risk
aversion. The equity premium, however, is still too low in the baseline model, which is a
well-known problem of standard production economy models (see, e.g., Jermann, 1998). We
address this problem by calibrating the wage process of the model to the data. This brings
the endogenous dividend process closer to the data, and as a result the equity premium
as well as the equity return volatility increase by an order of magnitude to levels close to
empirical values. Thus, the standard real business cycle model (without habit preferences)
has the clear potential to jointly explain asset prices and macroeconomic time series.

The production economy model relates the aggregate level of technology (total factor pro-
ductivity), consumption, and investment to the dynamic behavior of aggregate consumption
growth. We use this link to derive new testable implications. Our model implies that the
ratio of total factor productivity to consumption is a good proxy for the otherwise hard to
measure expected consumption growth rate. We find empirical support for this by showing
that the ratio of log total factor productivity to consumption forecasts future consumption
growth over long horizons. We furthermore test a linear approximation of the model on
the cross-section of stock returns and show, using the above proxy, that shocks to expected
consumption growth are a priced risk factor that substantially improves the ability of the
Consumption CAPM to explain the cross-section of stock returns.

We proceed as follows. We start by providing an overview of related literature. Then we

3This description is intentionally loose to emphasize the intuition. The consumption response to transitory
technology shocks is actually hump-shaped. Thus, a positive shock to realized consumption growth is followed
by high expected consumption growth in the near term, but lower expected consumption growth in the long
term - the negative correlation arises at lower frequencies. The low frequency effect dominates for standard
values of the time-discounting parameter and leads to a lower price of risk unless the transitory shocks are
extremely persistent.

41f, on the other hand, agents like long-run risk, endogenous long-run risk would increase the price of risk
when technology shocks are transitory and decrease the price of risk when technology shocks are permanent.



give a preview of our results and develop and interpret the model. In Section 5 we calibrate
and solve the model, demonstrate and interpret results, and provide intuition. In Section 6

we test some empirical implications of our model. Section 7 concludes.

2 Related Literature

This paper is mainly related to three strands of the literature: the literature on consumption
smoothing, the literature on long-run risk, and the literature that aims to jointly explain

macroeconomic aggregates and asset prices.

It is well-known that (risk averse) agents want to smooth consumption over time. The
permanent income hypothesis of Friedman (1957) is the classic reference. Hall (1978) is
a seminal empirical investigation of this hypothesis. Hall shows that consumption should
approximately follow a random walk and finds support for this in the data. The results in
our paper are consistent with Hall: We also find that consumption should be very close to a
random walk. But, different from Hall, we emphasize that consumption growth has a small,
highly persistent, time-varying component. Time-variation in expected growth rates, arising
from consumption smoothing in production economy models, has been pointed out before.
For example, Den Haan (1995) demonstrates that the risk-free rate in production economy
models is highly persistent (close to a random walk) even when the level of technology is
ii.d.

Bansal and Yaron (2004) show that a small, persistent component of consumption growth
can have quantitatively important implications for asset prices if the representative agent
has Epstein-Zin (1989) preferences. Bansal and Yaron term this source of risk "long-run
risk" and show that it can explain many aspects of asset prices. They specify exogenous
processes for dividends and consumption with a slow-moving expected growth rate compo-
nent and demonstrate that the ensuing long-run consumption risk greatly improves their
model’s performance with respect to asset prices without having to rely on, e.g., habit for-
mation and the high relative risk aversion such preferences imply. We show that the process
for consumption Bansal and Yaron assume as exogenous can be generated endogenously in
a standard production economy model with Epstein-Zin preferences and the same prefer-
ence parameters Bansal and Yaron use. Since it is very difficult to empirically distinguish
between i.i.d. consumption growth and consumption growth with a very small, highly per-

sistent time-varying component, this result is of particular importance for the Bansal and
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Yaron framework. Hansen, Heaton and Li (2005) emphasize this point in their study of the
impact of long-run risk on the cross-section of stock returns. We also consider the implica-
tions for aggregate investment and output, which Bansal and Yaron abstract from, and we
endogenize the aggregate dividend process. A recent paper that generates interesting con-
sumption dynamics is due to Panageas and Yu (2006). These authors focus on the impact
of major technological innovations and real options on consumption and the cross-section
of asset prices. They assume, as do we, the technology process to be i.i.d. The major
technological innovations, however, are assumed to occur at a very low frequency (about 20
years), and are shown to carry over into a small, highly persistent component of aggregate
consumption. In that sense, Panageas and Yu assume, contrary to us, the low frequency
of the predictable component of consumption growth. Moreover, time-variation in expected
consumption growth (long-run risk) is not itself a priced risk factor in the Panageas and Yu
model because the representative agent does not have Epstein-Zin (1989) preferences, but
external ratio-habit as in Abel (1990). Finally, since investment in their model means paying
a "gardener" to plant a tree, their model does not have a clear separation of investment and
labor income. Parker and Julliard (2005) find that the CCAPM can explain the cross-section
of stock returns only when consumption growth is measured over longer horizons. This is
consistent both with frictions to consumption adjustment and the presence of long-run risks.

There are quite a few papers before Bansal and Yaron (2004) that emphasize a small,
highly persistent component in the pricing kernel. An early example is Backus and Zin
(1994) who use the yield curve to reverse-engineer the stochastic discount factor and find
that it has high conditional volatility and a persistent, time-varying conditional mean with
very low volatility. These dynamics are also highlighted in Cochrane and Hansen (1992).
This is exactly the dynamic behavior generated endogenously by the models considered
in this paper, and as such the paper complements the above earlier studies. The use of
Epstein-Zin (1989) preferences provides a justification for why the small, slow-moving time-
variation in expected consumption growth generates high volatility of the stochastic discount
factor. These preferences have become increasingly popular in the asset pricing literature.
By providing a convenient separation between the coefficient of relative risk aversion and
the elasticity of intertemporal substitution, they help to jointly explain asset market data
and aggregate consumption dynamics. An early implementation is Epstein and Zin (1991),
while Malloy, Moskowitz and Vissing-Jorgensen (2005) and Yogo (2006) are more recent,

successful examples.



This paper also makes a contribution to a literature Cochrane (2005) terms ‘production-
based asset pricing’. This literature tries to jointly explain the behavior of macroeconomic
time series, in particular aggregate consumption, and asset prices. The starting point of this
literature is the standard production economy model (standard stochastic growth model)
with capital adjustment costs and the observation that this model, while being able to
generate realistic processes for consumption and investment, fails markedly at explaining
asset prices.’

Both Jermann (1998) and Boldrin, Christiano and Fisher (2001) augment the basic pro-
duction economy framework with habit preferences in order to remedy its shortcomings.
Boldrin, Christiano and Fisher also assume a two-sector economy with adjustment frictions
across sectors and across time. Boldrin, Christiano and Fisher furthermore endogenize the
labor-leisure decision, they assume however that labor can not be adjusted immediately in
response to technology shocks. Jermann and in particular Boldrin, Christiano and Fisher
succeed to a considerable extent to jointly explain with their models macroeconomic time
series and asset prices. However, the price both models pay, typical for simple internal
habit specifications, is excessive volatility of the risk-free rate and very high levels of risk
aversion. In a sense, their internal habits buy volatility in equity returns with volatility in
risk-free rates. Relative to Jermann and Boldrin, Christiano and Fisher our contribution is
to demonstrate that the standard production economy model without habit preferences can
actually, once appropriately calibrated, jointly explain basic macroeconomic time series as
well as important aggregate asset price moments without excessive risk-free rate volatility
and high levels of risk aversion.

Tallarini (2000) proposes a model that is closely related to our setup. In essence, Tallarini
restricts himself to a special case of our model with the elasticity of intertemporal substitution
fixed at unity and no capital adjustment costs. By increasing the coefficient of relative risk
aversion to very high levels Tallarini manages to match some asset pricing moments such
as the market price of risk (Sharpe ratio) as well as the level of the risk-free rate, while
equity premium and return volatilities in his model remain basically zero. We differ from
Tallarini in that our focus is on changing the elasticity of intertemporal substitution and the
implications for the pricing and existence of long-run risk. Relative to the Tallarini setup we
show that (moderate) capital adjustment costs together with an elasticity of intertemporal

substitution greater than unity can dramatically improve the model’s ability to match asset

Cochrane (2005): "[Jermann (1998)] starts with a standard real business cycle (one sector stochastic
growth) model and verifies that its asset-pricing implications are a disaster."



pricing moments. We confirm Tallarini’s conclusion that the behavior of macroeconomic
time series is driven by the elasticity of intertemporal substitution and largely unaffected by
the coefficient of relative risk aversion. However, we do not confirm a "separation theorem"
of quantity and price dynamics. When we change the elasticity of substitution in our model,

both macroeconomic quantity and asset price dynamics are greatly affected.

3 The Model

The model is a standard real business cycle model (Kydland and Prescott, 1982, and Long
and Plosser, 1983). There is a representative firm with Cobb-Douglas production technology
and capital adjustment costs, and a representative agent with Epstein-Zin (1989) preferences.
Our objective is to demonstrate how standard production economy models endogenously give
rise to long-run consumption risk and that this long-run risk can improve the performance
of these models in replicating important moments of asset prices. To that end we keep both
production technology as well as the process for total factor productivity as simple and as
standard as possible. In particular, we do not assume any propagation mechanisms such as

time-to-build. We describe the key components of our model in turn.

The Representative Agent. We assume a representative household whose preferences

are in the recursive utility class of Epstein and Zin (1989):

6
1 - 1y 15
vic)={a-mc7 +8(ET]) 1)
where E; denotes the expectation operator, C; denotes aggregate consumption, 5 the discount
factor, and 0 = 13%71# Epstein and Zin show that v governs the coefficient of relative risk

aversion and 1 the elasticity of intertemporal substitution. These preferences thus have
the useful property that it is possible to separate the agent’s relative risk aversion from the

elasticity of intertemporal substitution, unlike the standard power utility case where v = i
If v # i, the utility function is no longer time-additive and agents care about the temporal
distribution of risk - a feature that is central to our analysis. We focus on the case where

v > % In this case investors have a preference for early resolution of uncertainty. As a

result, investors dislike fluctuations in future economic growth prospects (i.e., fluctuations



in expected consumption growth).® We discuss this property and its implications in more

detail below.

The Stochastic Discount Factor and Risk. The stochastic discount factor, M;, 1,

is the ratio of the representative agent’s marginal utility between today and tomorrow:

M, = U(,](,%Bl). Using a recursive argument, Epstein and Zin (1989) show that:

0
In Myy1 =my =60Ing — EACt—H — (1 =0)ra11, (2)

Ciy1
C

where Ac; 11 = In : andr, ;41 = In A”+tc“l is the return on the total wealth portfolio with

A, denoting total wealth at time ¢.” If v = %b, 0 = 1:7 7 =L and the stochastic discount
factor collapses to the familiar power utility case, where shocks to realized consumption
growth are the only source of risk in the economy. However, if v # i, the return on the
wealth portfolio appears as a risk factor. Persistent time-variation in expected consumption
growth (the expected "dividends" on the total wealth portfolio) induces higher volatility of
asset returns (Barsky and DeLong, 1993). Thus, the return on any asset is a function of the
dynamic behavior of realized and expected consumption growth (Bansal and Yaron, 2004).
Depending on the sign of ¢ and the covariance between realized consumption growth and
the return on the total wealth portfolio, the volatility of the stochastic discount factor (i.e.,
the price of risk in the economy) can be higher or lower relative to the benchmark power
utility case. We show later how this covariance, and thus the amount of long-run risk due to
endogenous consumption smoothing, changes with the persistence of the technology shock.

We focus on the case where investors prefer early resolution of uncertainty (v > %)
and therefore dislike fluctuations in future economic growth prospects. In the appendix, we
explain in more detail how a preference for early resolution of uncertainty translates into
aversion of time-varying expected consumption growth. We will refer to the volatility of

expected future consumption growth rates as "long-run risk".

Technology. There is a representative firm with a Cobb-Douglas production technol-

Ogy:
Y, = (Z,H,)" " K¢, (3)

6See the appendix for a discussion of the difference and implications of a preference for early vs. late
resolution of uncertainty.

"Note that our representative household’s total wealth portfolio is composed of the present value of future
labor income in addition to the value of the firm.



where Y; denotes output, K; the firm’s capital stock, H; the number of hours worked, and
Z; denotes the (stochastic) level of aggregate technology. This constant returns to scale
and decreasing marginal returns production technology is standard in the macroeconomic
literature. We assume households to supply a constant amount of hours worked (following,
e.g., Jermann, 1998) and normalize H; = 1.* The productivity of capital and labor depends
on the level of technology, Z;, which is the exogenous driving process of the economy. We
model log technology, z = In (Z), both as a random walk with drift, and as an AR(1) with

a time trend:

Zg41 = M+ 2+ 08041, (4)
Et N(O, 1),
or:
Zip1 = P+ 9z + 0uE4, (5)

e~ N(0,1), |g <1.

Thus, (4) implies that technology shocks are permanent whereas (5) implies that technology
shocks are transitory. Both specifications are commonly used in the literature.” We discuss

the two specifications separately.

Capital Accumulation and Adjustment Costs. The agent can shift consumption
from today to tomorrow by investing in capital. The firm accumulates capital according to

the following law of motion:

I

Kipi=(1-0)K;+¢ (%) K, (6)
t

where [, is aggregate investment and ¢(-) is a positive, concave function, capturing the notion

that adjusting the capital stock rapidly by a large amount is more costly than adjusting it

step by step. We follow Jermann (1998) and Boldrin, Christiano and Fisher (1999) and

8 Assuming that households supply a constant amount of labor amounts to assuming that households
incur no dis-utility from working, which is the case for our representative agent.

9See, for example, Campbell (1994), who considers permanent and transitory, Cooley and Prescott (1995),
transitory, Jermann (1998), permanent and transitory, Prescott (1986), permanent, Rouwenhorst (1995),
permanent and transitory.



specify:

a -\ (-1/8)
o (I K,) = 1__1/50) + a, (7)

where o, ap are constants and a; > 0.1 The parameter £ is the elasticity of the investment-
capital ratio with respect to Tobin’s ¢. If £ = oo the capital accumulation equation reduces
to the standard growth model accumulation equation without capital adjustment costs.
Each period the firm’s output, Y;, can be used for either consumption or investment.
Investment increases the firm’s capital stock, which in turn increases future output. High
investment, however, means the agent must forego some consumption today, as can been

from the accounting identity C; =Y; — .

The Return on Investment and the Firm’s Problem. Let I1 (K}, Z;; W;) be the
operating profit function of the firm, where W, are equilibrium wages.!* Firm dividends, D,

equal operating profits minus investment:
Dt :H(Kt,Zt;Wt) —It. (8)

The firm maximizes firm value. Let M, ;; denote the stochastic discount factor. The firm’s

problem is then:

T
max EO Z ngch (9)

{It, K1, He Y, =0
where E; denotes the expectation operator conditioning on information available up to time

t. In the appendix, we demonstrate that the return on investment can be written as:

1—6+ 0 (#4)
1 K I
Ri,=¢ — ) | Tk (K1, Zoon; Wig) + A= (10)
K & <[1;+1 ) Ky
t+1

This return to the firm’s investment is equivalent to the firm’s equity return in equilibrium,

E — DipitPi
Rt+1 - Py

(see, e.g., Restoy and Rockinger, 1994, and Zhang, 2005).

, where P, denotes the net present value of a claim on all future dividends

0Tn particular, we set a; = (exp(p) — 1+ 5)1/E and ag = 1 7 (1 =6 —exp(p)). It is straightforward to
)

verify that ¢(4- ~) >0 and o' (& -) <0 for £ >0 and It > 0. Furthermore #(£) = £ and ¢'(£) = 1, where

L = (exp(p) — 1 +0) is the steady state investment- capltal ratio.

1'Wages are in the first part of the paper assumed to be the marginal productivity of labor: W, =
(1 — @) Y;. Since Cy = Dy + Wy, we have in this case that Dy = aY; — I;.
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4 Results

The model generates macroeconomic time series such as output, investment, and consump-
tion, as well as aggregate asset prices. In the first part of our analysis, we present a baseline
calibration of the model compared to calibrations based on power utility preferences. This
illustrates how endogenous long-run risk can improve the ability of the standard production-
based model to jointly explain macroeconomic time series and asset prices and motivates
the subsequent analysis of the mechanisms within the model that generate long-run risk.
We then investigate the model’s implications for both macroeconomic time series and asset
prices more generally. Our discussion is centered around different values of the elasticity of
intertemporal substitution and the two specifications of technology (permanent vs. transi-
tory). We solve the model numerically by means of the value function iteration algorithm.

Please refer to the appendix for a detailed discussion of our solution technique.

4.1 Calibration

We report calibrated values of model parameters that are constant across models in Table
1. The capital share («), the depreciation rate (), the mean technology growth rate (u),
and the persistence of the transitory technology shocks (), are set to standard values for
quarterly parameterizations (see, e.g., Boldrin, Christiano and Fisher, 2001). We set the
coefficient of relative risk aversion (y) to 5 and the capital adjustment costs (£), which
denotes the elasticity of the investment to capital ratio with respect to Tobin’s ¢, to 22
across all models. The former is in the middle of the range of reasonable coefficients of
relative risk aversion, as suggested by Mehra and Prescott (1985), while the latter implies
only moderate capital adjustment costs. We choose this level of capital adjustment costs
to match the macroeconomic moments with our Baseline Model. We vary the elasticity
of intertemporal substitution (1), the rate of time-discounting preference (), and also the
volatility of shocks to technology (o), across models. We will discuss the choice of specific

parameter values for these variables as we go along.

4.2 Results from the Baseline Model

Table 2 shows the Baseline calibration of our model. Panel A shows the moments the model
is calibrated to match. Technology shocks are permanent, and the volatility of technology

shocks (o) is calibrated to match the volatility of output. The time preference parameter ()
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Table 1

Calibration

Table 1: Calibrated values of parameters that are constant across models.

Quarterly Model Calibration

Parameter Description Value
Q Elasticity of capital 0.34
0 Depreciation rate of capital 0.021
y Coefficient of relative risk aversion 5
i Mean technology growth rate 0.4%
® Persistence of AR(1) technology 0.90

is set to 0.998 in order to match the level of the risk-free rate, the elasticity of intertemporal
substitution (1) is set to 1.5 to match the volatility of consumption growth, while the risk
aversion () is set to 5 to match the Sharpe ratio of equity returns. The model matches
all of these moments simultaneously, which is a significant achievement for this class of
models. As highlighted by, amongst others, Rouwenhorst (1995), Jermann (1998), and
Boldrin, Christiano and Fisher (2001), the standard production economy model with power
utility preferences cannot jointly explain the dynamic behavior of macroeconomic variables
and asset prices.'?> For comparison, Table 2 also shows two calibrations of the power utility
model, which restricts v = i In Power Utility Model I, we use the same E 1S parameter, ¢ =
1.5, which implies v = 2/3. This model can match the volatility of output and consumption,
but generates a Sharpe ratio that is an order of magnitude too low compared to the empirical
value. Power Utility Model II uses the same coefficient of relative risk aversion as in the
Baseline Model, which implies ) = 1/5. The low EIS leads to a too high level of the risk-
free rate. The Sharpe ratio is now 0.26 versus 0.33 in the data. However, the higher Sharpe
ratio is achieved with a consumption growth volatility that is twice as high as both in the
data and in the Baseline Model. So why is it that the Baseline model yields a higher Sharpe
ratio with the same coefficient of risk aversion and only half the consumption volatility?
When v > i, consumers have a preference for early resolution of uncertainty, which creates
a role for long-run risk (see appendix). The dynamic behavior of the optimal, endogenous
consumption choice gives rise to such long-run consumption risk, which is the reason the

equity Sharpe ratio is higher in the Baseline Model although the volatility of consumption

12Boldrin, Christiano, Fisher (2001): ‘{RBC models] have been notoriously unsuccessful in accounting for
the joint behavior of asset prices and consumption.’. See also Cochrane (2005).
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Table 2

Asset Pricing Moments: Adjusted Model versus a Standard Model

Table 2: This table reports annual asset pricing moments for two calibrations of the standard
stochastic growth model where the representative agent has power utility preferences, as well as
the Baseline Model presented in this paper. All models have permanent technology shocks. The
parameters are the same across the models (5 = 0.998 and £ = 22), except the coefficient of relative
risk aversion () and the elasticity of intertemporal substitution (¢). The volatility of shocks to
technology, o, is calibrated so that the models fit the volatility of output growth. The equity
returns in both models are for an unlevered claim on the endogenous, aggregate dividends. The
equity premium due to short-run risk is defined as ycov(Ac;, RF — Ryy).

Power Utility Power Utility Baseline
U.S. Data Model 1 Model II Model
Statistic 1929 — 1998 Y =157= 1 Yp=1,7=5 h=15~v=5
Panel A - Matched Moments
Volatility of Consumption Growth
o [Ac) (%) 2.72 2.72 5.48 2.72

Relative Volatility of Consumption and Output (GDP)
o [Ac] /o [Ay] 0.52 0.52 1.05 0.52

Level of Risk-free Rate
E[R¢]) (%) 0.86 1.83 5.07 0.86

Sharpe ratio of Equity Returns
E [RF — Ry] /o [R¥ — Ry] 0.33 0.02 0.26 0.33

Panel B - Other Moments

Volatility of the Risk-free Rate

o [Rf] (%) 0.97 0.45 1.00 0.43
Equity Returns

E [RF — Rs] (%) 6.33 0.01 0.10 0.19
o [RY — R¢] (%) 19.42 0.61 0.38 0.57

Decomposing the Fquity Premium (%)
Short-Run Risk 0.01 (100%) 0.10 (100%) 0.07 (39%)
Long-Run Risk 0.00 ( 0%) 0.00 ( 0%) 0.12 (61%)
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growth is lower.

Panel B shows financial moments the Baseline Model was not calibrated to fit. The risk-
free rate has low volatility, as in the data, despite the high price of risk. This feature is an
important improvement over production economy models with habit preferences, which can
match the high price of risk, but generate much too volatile risk-free rates (see, e.g., Jermann,
1998, and Boldrin, Christiano and Fisher, 2001). Since the reciprocal of the risk-free rate
is the conditional expectation of the stochastic discount factor, mismatching the risk-free
rate volatility implies that the dynamic behavior of the stochastic discount factor is also
mismatched. The equity claim is defined as the (unlevered) claim to aggregate dividends.
The equity return volatility is quite low in all the models, but the equity premium in the
Baseline Model is more than an order of magnitude higher than for Power Utility Model I
and twice as high as for Power Utility Model II. As was the case for the Sharpe ratio, this is
both due to a higher coefficient of relative risk aversion and the presence of long-run risk. In
fact, Panel B reports that 61% of the risk premium in the Baseline Model is due to long-run
risk, where short-run risk is defined as v x cov (Rf — Ry, Act).

At 0.19% per year, however, the equity premium is still more than an order of magnitude
too low compared to historical values. This is typical for production economies, as the
equity claim is not volatile enough. One standard remedy for this problem is to assume a
stochastic depreciation rate (see, e.g., Storesletten, Telmer, and Yaron, 2005, and Gomes
and Michaelides, 2005). In Section 4.4.4, we propose an alternative remedy. We show that
if we calibrate the wage process to the data, the ensuing dividend process is also closer to
the data. As a result, the risk premium increases by an order of magnitude to levels close
to historical values.

In the following, we provide intuition for how endogenous long-run risk arises in the
model, and how it affects asset prices and macroeconomic moments, and, in particular, the

dynamic behavior of consumption.

4.3 The Endogenous Consumption Choice and The Price of Risk

Before we report moments from different calibrations of the model, it is useful to provide gen-
eral intuition for the endogenous consumption choice and how it is related to the persistence
of the technology shocks and the price of risk in the economy. From the stochastic discount
factor (see eq. (2)), we can see that there are two sources of risk in this economy. The first is

the shock to realized consumption growth, which is the usual risk factor in the Consumption
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CAPM. The second risk factor is the shock to the return on total wealth. Total wealth is
the sum of human and financial capital, and the dividend to total wealth is consumption.
Assume for the moment that future expected consumption growth and returns are constant.

Total wealth, A;, is then given by:
C

9
Te — Ge

At:

(11)

where r, is the expected return to wealth and g, is expected consumption growth: Total
wealth is a function of both current and future expected consumption. Therefore, shocks to
both realized and expected consumption growth translate into shocks to the realized return
to wealth. This example illustrates how we can think of shocks to expected consumption
growth as the second risk factor instead of the return to wealth.!® Understanding the dynamic
behavior of consumption growth is thus necessary in order to understand the asset pricing
properties of the production economy model with Epstein-Zin preferences. In the following,

we consider the consumption response to both transitory and permanent technology shocks.

Transitory Technology Shocks. Panel A of Figure 1 shows the impulse-response
functions of technology and consumption to a transitory technology shock. Agents in this
economy want to take advantage of the temporary increase in the productivity of capital due
to the temporarily high level of technology. To do so, they invest immediately in capital at
the expense of current consumption. As a result, the consumption response is hump-shaped.
This figure illustrates how time-varying expected consumption growth arises endogenously
in the production economy model: A positive shock to realized consumption growth (the
initial consumption response) is associated with positive short-run expected consumption
growth, but negative long-run expected consumption growth as consumption reverts back
to the steady state. Thus, the shock to long-run expected consumption growth has the
opposite sign of the shock to realized consumption growth, implying that shocks to realized

consumption growth are hedged by shocks to the expected long-run consumption growth rate.

13Following Bansal and Yaron (2004), we explicitly show this in the appendix through a log-linear approx-
imation of the return to wealth.

14We make a strong distinction between transitory and permanent shocks in this section to provide clear
intuition. As ¢ — 1, the transitory shock specification (5) approaches the permanent shock specification
(4). The dynamics of the model are in that case very similar for both specifications, so there is actually no
discontinuity at ¢ = 1 in terms of the model’s asset pricing implications. However, the transitory shocks
need to be extremely persistent for the transitory and permanent cases to be similar. At ¢ = 0.9, which
is the case we consider in our calibration, the dynamic behavior of the model with permanent shocks is
very different from the model with transitory shocks. The reader could therefore think of "transitory vs.
permanent” shocks as "not extremely persistent vs. extremely persistent” shocks.
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Figure 1 - Transitory and Permanent Shocks

Panel A: AR(1) Technology Panel B: Random Walk Technology

/Technology

Technology
iy / [ Lower EIS \

Response Response

Consumption

Consumption

Initial consumption response

\ Lower EIS

Initial
consumption

response

Time Time

Figure 1: Impulse-Responses for Technology and Consumption. Panel A shows the impulse-
response of technology and consumption to a transitory technology shock. Panel B shows the
impulse-response of technology and consumption to a permanent technology shock. The arrows
show the direction in which the optimal consumption response changes if the desire for a smoother
consumption path increases (i.e., the elasticity of intertemporal substitution decreases).

As a consequence, long-run risk decreases the price of risk in the economy with transitory

technology shocks.

Permanent Technology Shocks. With permanent technology shocks, long-run con-
sumption risk has the opposite effect. Panel B of Figure 1 shows the impulse-response
functions of technology and consumption to a permanent technology shock. Technology
adjusts immediately to the new steady state, and the permanently higher productivity of
capital implies that the optimal long-run levels of both capital and consumption are also
higher. Agents invest immediately in order to build up capital at the expense of current
consumption, and consumption gradually increases towards the new steady state after the
initial shock. Thus, a positive shock to realized consumption growth (the initial consump-
tion response) is associated with positive long-run expected consumption growth. In this
case, long-run risk increases the price of risk in the economy because a positive technology
shock induces positive shocks to both realized consumption growth and long-run expected

consumption growth.

The Elasticity of Intertemporal Substitution. The elasticity of intertemporal sub-
stitution (F15) is an important determinant of the dynamic behavior of consumption growth.

A low EIS translates into a strong desire for intertemporally smooth consumption paths.
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In other words, agents strive to minimize the difference between their level of consumption
today (after the shock) and future expected consumption levels. The arrows in Figure 1 in-
dicate the directions in which the initial optimal consumption responses change if the desire
for a smoother consumption path increases. As the elasticity of intertemporal substitution
decreases, agents desire a "flatter" response curve. From the figure, we can conjecture that
a lower E'1S decreases the volatility of expected future consumption growth. A high E1S5,
on the other hand, implies a higher willingness to substitute consumption today for higher
future consumption levels. Therefore, the higher the E1S, the higher the volatility of ex-
pected consumption growth and the higher the levels of long-run risk in the economy. A
high E'IS thus decreases the price of risk if technology shocks are transitory, but increases

the price of risk if technology shocks are permanent.

Capital Adjustment Costs. Capital adjustment costs (CAC) make it more costly
for firms to adjust investment. Therefore, higher C AC' induce lower investment volatility.
We can therefore use CAC' to, as far as possible, match the empirical relative volatilities of

consumption, investment, and output with each model.

4.3.1 Results from Calibrated Models

We confirm the intuition from the impulse-responses in Figure 1 by reporting relevant macro-
economic moments and the equilibrium price of risk for different model calibrations. In
particular, Table 3 reports relevant macroeconomic moments and consumption dynamics for
models with either transitory or permanent technology shocks and different levels of the elas-
ticity of intertemporal substitution (1) = 1/7,0.5,1.5). We match the U.S. output volatility
over the period 1929 to 1998 with all models by setting the volatility of the technology
shocks, 0., appropriately. We re-calibrate the discount factor (/) for each model so as to
jointly match the values for (C/Y), (I/Y), (D/Y), that is aggregate average consumption,
investment, and dividends relative to output, with each model. This is quite important, both
since these are first-order moments and because we compare the volatility of growth rates
across models. Capital adjustment costs (§) are the same across models and the value of £
is set in order to match the relative volatility of consumption to output with the Baseline
Model. The coefficient of relative risk aversion () is constant across models. We show in
the appendix, confirming Tallarini (2000), that the level of v has only second-order effects

on the time series behavior of the macroeconomic variables.
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Table 3

Macroeconomic Moments and Consumption Dynamics

Table 3: This table reports relevant macroeconomic moments and consumption dynamics for models
with either transitory (¢ = 0.90) or permanent technology shocks and different levels of the elasticity
of intertemporal substitution (¢). The coefficient of relative risk aversion () is 5 across all models.
We re-calibrate the discount factor (/) for Models 1 to 5 so as to jointly match the values for (C/Y),
(I/Y), (D/Y), with each model. In the Baseline Model, 8 = 0.998, allowing the model to match
the level of the risk-free rate. Capital adjustment costs (§) are 22 in order to match the relative
volatility of consumption to output with the Baseline Model. We estimate the following process for
the consumption dynamics: Acip1 = o+ ¢ + 10411, Ter1 = pTe + epy1. Az = log(Xy) — log(Xi—1),
and o[X] denotes the standard deviation of variable X. We use annual U.S. data from 1929 to 1998
from the Bureau of Economic Analysis. The sample is the same as in Bansal and Yaron (2004).

Model 1  Model 2 Model 3 Model 4 Model 5 Baseline

Transitory Shocks Permanent Shocks
Zty1 = Wt + pze + 0E1 11 Zi41 = B+ 2t + Ot

Statistic v=1/y =05 =15 v=1/y =05 =15
Panel A: Macroeconomic Moments (Quarterly)

U.S. Data

1929-1998
o[Ay] (%) 2.62 2.62 2.62 2.62 2.62 2.62 2.62
o[Ad]/o[Ay] 0.52 0.29 0.34 0.40 1.01 0.84 0.52
o[Ai]l/o[Ay] 3.32 3.97 3.68 3.49 0.97 1.65 1.90

Panel B: Consumption Dynamics: Aci = p+ o +101, Tip1 = pTs + epq1.
Bansal, Yaron

Calibration
o[Ac] (%) 1.360 0.760 0.891 1.048 2.646 2.201 1.362
P 0.938 0.992 0.982 0.954 0.983 0.972 0.969
olz] (%) 0.172 0.067 0.097 0.158 0.116 0.205 0.329

Panel C: The Price of Risk and the Sharpe ratio of the Equity Return (Annual)

o [M]/E [M] n/a 0.074  0.062  0.054 0.255  0.270 0.337
SR [RE] 0.33 0.069  0.059  0.051 0.253  0.266 0.331
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The Volatility of Realized Consumption Growth. The volatility of realized con-
sumption growth is the standard risk factor in consumption-based asset pricing models,
where a higher volatility of consumption growth leads to a higher price of risk. This is not
necessarily true in this model.

In Models 1 to 3, technology shocks are transitory and the EIS is increasing across
models from the power utility case (¢p = 1/ = 0.2, Model 1) to 1.5 (Model 3). Panel A of
Table 3 shows that consumption volatility is increasing with FIS. Agents with higher F1S
take advantage of a temporarily high technology level by consuming relatively more today
and less in the future as technology reverts back to its long-run trend. As a result, the level
of risk associated with shocks to realized consumption growth is increasing with the EIS
in the model with transitory shocks. The overall price of risk in the economy, however, is
decreasing in the F1S (Panel C in Table 3), due to long-run risks.

In Models 4,5, and the Baseline Model, technology shocks are permanent. Here the
consumption growth volatility is decreasing with the FIS. Consider a positive shock to
technology. Since the shock is permanent, agents with a high £ 1.5 want to increase the capital
stock to its new optimal level as quickly as possible for consumption to grow faster towards
its new, permanently higher level. To that end they need to invest more today, implying a
smaller initial consumption response. Thus, the level of risk associated with shocks to realized
consumption growth is decreasing with the £1S in the model with permanent shocks. With
respect to this standard risk factor, a higher E1S therefore reduces risk in the permanent
shock model. Nevertheless, Panel C of Table 3 shows that the price of risk in this case is,
again, due to long-run risks increasing in the ETS.

Thus, the models imply a surprising inverse relation between the volatility of realized
consumption growth and the price of risk. The magnitude of this relation is large. In the
transitory shock models, the relative consumption volatility increases by 40% from Model 1
to Model 3, while the price of risk decreases by 30%. In the permanent shock models, the
relative consumption volatility decreases by 50% from Model 4 to the Baseline Model, while

the price of risk increases by 30%.

The Volatility of Expected Consumption Growth (Long-run Risk). The above
results are due to the varying degree and effect of long-run risk in the models because shocks
to expected consumption growth are also a risk factor. In Panel B of Table 3, we report both
the volatility of consumption growth, the volatility of conditional expected consumption

growth (z;), and the latter’s first order autocorrelation (p). To a first order, these statistics
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summarize the magnitude and nature of long-run risk in the models.!> The implied system

for consumption growth is:

Acipr = p+x+ 0,
Tep1 = PTy+ €441,

E; [77t+1} = Eilera] =0,

which is similar to that assumed in the exchange economy of Bansal and Yaron (2004).
For comparison, Panel B also gives the parameters that Bansal and Yaron use in their cal-
ibration. The relative magnitudes of the volatility of realized and expected consumption
growth show that the time-varying growth component is very small. The implied average
R? across models is around 1 — 2%. Note however that the persistence of the expected
consumption growth rate (p) is very high, which is important if risk associated with a small
time-varying expected consumption growth rate component is to have quantitatively inter-
esting asset pricing implications. As expected from the discussion in Section 4, the volatility
of expected consumption growth, o [z], is increasing in the elasticity of intertemporal sub-
stitution. Whether shocks to expected consumption growth increase or decrease the price of
risk in the economy, however, depends on their effect on the return to total wealth and its
correlation with realized consumption growth. The negative correlation between shocks to
realized and expected consumption growth induced by transitory technology shocks yields
a price of risk that is decreasing in the amount of long-run risk. For permanent technology
shocks, this correlation is positive and the price of risk in the economy is increasing in the

amount of long-run risk.

4.4 Asset Pricing Implications

Table 4 presents key financial moments. We calibrate the volatility of aggregate consumption
growth to its empirical value for each model we report in Table 4 by adjusting the volatility
of technology growth. Keeping the volatility of aggregate consumption growth constant
across models allows us to compare asset prices while holding this traditional measure of

risk constant. This approach highlights the impact of long-run risk, with the caveat that

15In the appendix, we show that these moments indeed capture most of the dynamics of consumption
growth generated by the models and as such are meaningful moments to consider. There is some het-
eroskedasticity in both shocks to expected and realized consumption growth, but these effects are second
order.
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Table 4

Financial Moments

Table 4: This table reports relevant financial moments and consumption dynamics for models with
either transitory (¢ = 0.90) or permanent technology shocks and different levels of the elasticity of
intertemporal substitution (¢). The coefficient of relative risk aversion (7) is 5 across all models,
while the discount factor (f) is 0.998 and capital adjustment costs (£) are 22, in order to match
the equity Sharpe ratio, the level of the risk-free rate, and the relative volatility of consumption to
output with the Baseline Model. We re-calibrate o. in order to match the volatility of consumption
growth with each model. We estimate the following process for the consumption dynamics: Acpr1 =
B+ T+ 0Ny, Tepl = PTt+ Telpil. o[X] denotes the standard deviation of variable X. The data
are taken from Bansal and Yaron (2004) who use annual U.S. data from 1929 to 1998.

Model 7 Model 8 Model 9 Model 10 Model 11 Baseline

Transitory Shocks Permanent Shocks
Zt41 = ,LLt + pz + Oc€¢41 Zt+1 = W + z: + Oc€t41
Statistic Data v=1/y ¥=05 =15 v=1/y =05 =15

Panel A: The Price of Risk and Consumption Dynamics (Annual)

o [Ad (%) 2.72 2.72 2.72 2.72 2.72 2.72 2.72
o [2] (%) nja 0.12 0.14 0.19 0.06 0.10 0.33
o [M]/E[M] n/a 0.13 0.08 0.02 0.13 0.18 0.34
SR [RA n/a 0.12 0.08 0.02 0.13 0.17 0.34
SR [RF 0.33 0.11 0.08 0.02 0.13 0.17 0.33

Panel B: Financial Moments (Annual)

E[R;] (%) 0.86 7.63 3.70 1.80 7.68 3.45 0.86
o [Ry] (%) 0.97 1.14 0.56 0.25 0.58 0.41 0.43
The Consumption Claim

E[RA — Ry] (%) n/a 0.78 0.36 0.05 0.03 0.19 1.46
o [RY — R¢] (%) n/a 6.74 4.71 1.85 0.17 1.14 4.35
The Dividend Claim

E[RF — R;] (%) 6.33 0.25 0.13 0.03 0.04 0.05 0.19
o [RE — R¢] (%) 19.42 2.37 1.78 1.29 0.22 0.28 0.58
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the volatility of output (Y;) is mismatched for all models but the Baseline Model. We use
the coefficient of relative risk aversion (), the discount factor (), and adjustment costs (§)
to respectively match the equity Sharpe ratio, the level of the risk-free rate, as well as the
relative volatility of consumption to output with the Baseline Model, which is the model that
best fits the macroeconomic moments. We keep these parameters (v, 3,&) constant across
models in order to examine the effect of the F'1S and technology specification on endogenous
long-run risk and asset prices. The empirical moments are taken from Bansal and Yaron
(2004), who use annual U.S. data from 1929 to 1998.

4.4.1 The Price of Risk and Sharpe Ratios

Panel A of Table 4 reconfirms that long-run risk, as measured by the volatility of the expected
consumption growth rate, o [z], increases substantially for both the case of permanent and
transitory shocks as we increase the F1S, and that the price of risk (o [M] /E [M]), as well
as the Sharpe ratio of the return on wealth and the return on equity, are decreasing with
the E1S for transitory shocks and increasing with the E1.S for permanent shocks. In the
case of transitory shocks, the Sharpe ratio of equity returns drops more than five-fold from
0.11 to 0.02 as the FIS increases from 0.2 (= 1/7) to 1.5. In the case of permanent shocks,
the Sharpe ratio of equity returns increases from 0.13 to 0.33 as the E'1S increases from 0.2
to 1.5. Comparing Model 10 (power utility) with the Baseline Model (y > %), endogenous
long-run risk combined with a preference for early resolution of uncertainty almost triples

the price of risk in the economy.

4.4.2 The Risk-free Rate

Panel B of Table 4 shows that the risk-free rate is decreasing in the E1S, as expected. A
higher FIS increases the intertemporal substitution effect (see eq. (40)), and the volatility
of the risk-free rate is low. The time-variation in expected consumption growth rates does
not induce too volatile risk-free rates, because the growth shocks are very persistent and not
very volatile. This is an improvement over habit formation models like in Jermann (1998)
or Boldrin, Christiano and Fisher (2001), where time-variation in the state variable "surplus
consumption" induces much too volatile risk-free rates when the models are calibrated to
match empirical proxies for the price of risk (e.g., the equity Sharpe ratio).

Since the risk-free rate is the reciprocal of the conditional expected value of the stochastic

discount factor, a misspecified risk-free rate implies a misspecified stochastic discount factor.
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Therefore, it is important to note that the production economy model we consider in this
paper, in conjunction with permanent technology shocks, can match both the level and

volatility of the risk-free rate, as well as empirical measures of the price of risk.

4.4.3 The Level and the Volatility of Excess Returns

For the models with permanent shocks, the average excess returns on both total wealth and
equities are strongly increasing in the FIS (Panel B of Table 4). From the power utility
model with v = 5, ¢ = % to the case with v = 5, ¥» = 1.5 the equity premium increases
six-fold from 0.04% to 0.19%, and equity return volatility increases from 0.22% to 0.58%.
While these are substantial relative increases, the equity premium is still roughly an order
of magnitude too low due to the low volatility of equity returns. Note, however, that the
premium and volatility of returns to the wealth portfolio are much more sensitive to increases
in the £1S. The return premium on the consumption claim increases almost two orders of
magnitude, from 0.03% to 1.46%.'6

The production economy model generates dividends endogenously and the endogenous
dividend process differs from the endogenous consumption process along important dimen-
sions: While equity dividends are given by DE = aY; — I, dividends to the wealth portfolio
are given by D/ = C; = Y; — I,. Consider a permanent, positive shock to technology. If
investors have higher FIS, this results in higher investment volatility and higher expected
future consumption growth. Both equity dividends as well as dividends to the wealth portfo-
lio now respond less to a positive shock. However, equity dividends are much more sensitive
to this effect, and may even decrease in response to a shock, implying a negative correlation
between dividend growth and expected consumption growth. So, while the price of the eq-
uity claim increases, the current dividend decreases, which dampens the total equity return
response to technology shocks. The result is that the equity return volatility, and thus the
equity premium, increase by less with the FIS relative to the total asset return.

In an exchange economy, it is possible to exploit the fact that the claims to total wealth
and equity have different dividend processes (i.e., consumption and dividends), and use this
as a degree of freedom to fit the asset pricing moments. Bansal and Yaron (2004), for in-

stance, exogenously specify the dividend process such that expected dividend growth is very

16 Many papers define dividends as a levered claim to the consumption stream, in order to fit the volatility
of dividend growth, the high equity return volatility and the equity risk premium. With a leverage factor of
about 3 the "equity" return premium for the Baseline Model would be around 4% with a return volatility
of about 12%.
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sensitive to shocks to expected consumption growth, which makes the equity claim risky and
volatile. That way they are able to fit the equity volatility, and thus the equity premium,
with roughly the same (exogenous) consumption process and preference parameters as in
the Baseline Model. The production economy model, on the other hand, restricts the joint
dynamic behavior of aggregate consumption and dividends. Thus, while the general equi-
librium framework considered so far in this paper provides a theoretical justification for a
consumption process with long-run risk, it imposes constraints on dividends that are unfa-
vorable in terms of matching the volatility of equity returns. We take a closer look at those

constraints in the following section.

4.4.4 Baseline Model II: Alternative Specification for Wages

Is the low volatility of the (unlevered) equity claim endemic to the class of models considered
in this paper? In this section, we argue that a promising avenue for future research is to
carefully consider the mechanisms for labor supply and wages. So far, we have considered
an economy where agents supply a constant amount of labor and where wages are set such
that it is optimal for the firm to demand exactly the same amount of labor: wages equal
the marginal product of labor. The equilibrium total wages paid are then W; = (1 — a) Y;
(see appendix). Thus, log wage growth is perfectly correlated with and as volatile as log
output growth. In the data, however, wages are only about half as volatile as output and
not strongly procyclical. In this section, we specify the wage process to match the empirical
volatility of wages relative to the volatility of output and show that this wage process, which
is closer to what we observe in the data, allows the model to also generate a process for
dividends that is much closer to the data. As a result, the equity premium increases by an
order of magnitude.

In the recent labor market search literature, less volatile and less procyclical wages have
been identified as an important avenue for making operating profits, firm value, and ulti-
mately employment more volatile and more procyclical.!” We essentially propose the same
in order to resolve the equity premium puzzle in our model. Instead of assuming that labor

is paid its marginal product, we calibrate the wage process to the data. In the presence of

17In that literature, the counterfactually low volatility of employment, induced by too low volatility of firm
values, has been a long-standing puzzle, dubbed the "Shimer puzzle". For accounts of (and solutions for) the
lack of movement in employment within the standard Mortensen and Pissarides (1994) labor market matching
framework, see for example Den Haan, Ramey, Watson (2000), Hornstein, Krusell, Violante (2005), Shimer
(2005), and Den Haan and Kaltenbrunner (2006). Making wages "stickier" has been originally promoted as
an important contribution to the resolution of the Shimer puzzle by Hall (2005).
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labor market frictions, for instance a search and matching friction, it is not necessarily true
that labor is paid its marginal product. The search and matching literature assumes instead
that wages are an outcome of a bargaining process between firm and worker. The wage
process we propose is similar to the sticky wage rule Hall (2005) proposes. The consequence
of less volatile wages are more volatile and more procyclical firm operating profits and firm
dividends compared to the original model. This in turn leads to more volatile firm values
and equity returns and to a higher equity risk premium. One way of viewing this is that we
increase the operating leverage of the firm by introducing a less volatile and less procyclical
"fixed-cost-component".

We specify the following wage process:
WiV = woY 2 K, (12)

so that wages are a constant fraction of a composite measure of the size of the aggregate
economy. Note that Y; fluctuates much more around the trend growth rate than does Kj;.
As a result, wages are less volatile the lower wq, which enables us to fit the relative volatility
of wages and output. We calibrate this process to U.S. data from 1952 to 2004.%®

Table 5 reports asset pricing moments for the Baseline Model. We report both the original
equity return, that is the return of a claim on the original dividend process, as well as the
adjusted equity return, that is a claim on the new dividend process (D! =Y, — W4 — I).

From Table 5 we can see that the standard production economy model has the potential
to match both the level as well as the volatility of the equity premium. With our simple
adjustment of the process for wages, the premium of the unlevered equity return increases
from 0.19% to 1.41% for the Baseline Model. Because the equity return from the data is the
return on a levered equity claim we add financial leverage to our model (the debt is assumed
risk-free and specified as in Jermann, 1998). Now the model is able to generate an equity
premium of 2.12% with an equity return volatility of 6.56%. The model underestimates
the volatility of dividend growth, but matches the correlation between dividend growth and
consumption growth. Given that we calibrate the wage process and not the process for
dividends, the model does generate remarkably realistic dividend processes.

We conclude that a wage process closer to what we observe in the data yields an equity

18We set wg = 0.19 in order to match E [g] = 13% and w; = 0.63 in order to match Z[[};;I;((/l:))]] = 0.63,

where hp (x) denotes the cyclical component of 2 extracted using the Hodrick-Prescott filter with a smoothing
parameter of 1600.
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Table 5

Adjusted Wage Process — Asset Pricing Moments

Table 5: This table reports asset pricing moments for the Baseline Model. The elasticity of in-
tertemporal substitution (¢) is 1.5. We report both the original equity return, that is the return
of a claim on the original dividend process, as well as the adjusted equity return, that is a claim
on the adjusted dividend process. The data are taken from Bansal and Yaron (2004) who use U.S.
financial markets data from 1929 to 1998. All values reported in the table are annual.

Statistic Data Baseline Model
o [Ad] (%) 2.72 2.72
o [Ad] Jo [Ay] 0.52 0.52
o[M]/E[M] n/a 0.34
E[Ry] (%) 0.86 0.86
o [Ry] (%) 0.97 0.43
SR[RF] 0.33 0.33
E[Rr? — R] (%) 6.33 0.19
o[RE — Ry) (%) 19.42 0.57
SR[RFadb) 0.33 0.33
E[RFS — Rf] (%) 6.33 1.41
o[RFU — Ry] (%) 19.42 4.21
o[AdY] (%) 5.27 0.99
corr [Adadj, Ac] 0.45 0.45

Financial Leverage

Data: (D/V =~ 0.33) Model: D/V =0.33
E[RF — R, (%) 6.33 2.12
o[RFU — R¢] (%) 19.42 6.56
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risk premium substantially closer to the what we find in the data. An important step for

future research is to endogenize labor and hours worked in the framework of this paper.’

4.5 The Case of v < i

In the previous discussions our focus was on the case of v > where agents prefer early

1
resolution of uncertainty and dislike fluctuations in expectedwconsumption growth rates.
With transitory shocks and v > X, this second risk factor acts as a hedge for shocks to realized
consumption growth and therefore reduces the price of risk. This raises the possibility
that if agents like fluctuations in expected consumption growth rates, that is when v < %,
consumption smoothing increases the price of risk when technology shocks are transitory.
The question is whether this channel can give rise to long-run risks that help in explaining
asset prices with a low elasticity of intertemporal substitution. The short answer is yes.
However, a low FIS unfortunately gives rise to a risk-free rate puzzle (Weil, 1989). A

detailed analysis of this case is given in the appendix.

5 Empirical Tests: Expected Consumption Growth and

the Cross-Section of Stock Returns

We test key predictions of the model for the time series of technology (total factor productiv-
ity) and consumption growth, as well as for the cross-section of stock returns. In particular,
we test whether proxies for expected consumption growth suggested by our model actually
forecast long-horizon consumption growth or not, whether shocks to expected consumption
growth are a priced risk factor or not, and whether the price of risk is positive or negative.

In a recent paper, Bansal, Kiku, and Yaron (2006) test the exchange economy version
of the model in this paper and show that consumption growth is indeed predictable using
forecasting variables such as lagged consumption growth, the default spread, and the market
price-dividend ratio. Furthermore, they show, using the cross-section of stock returns, that
shocks to expected consumption growth are indeed a positively priced risk factor. We there-

fore confine our empirical analysis to test restrictions that are particular to the production

Y9Kaltenbrunner (2006) incorporates a search and matching model into standard production economy
models with habit preferences in order to jointly explain macroeconomic time series, including labor market
series, and asset prices.
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economy. We consider an instrument Bansal, Kiku, and Yaron do not use and which is

related to the level of technology - the driving process of the production economy model.
The consumption data and data on Total Factor Productivity (TFP; the equivalent to

"technology" in our model) are obtained from the Bureau of Economic Analysis and the Bu-

reau of Labor Statistics, respectively. The return data are from Kenneth French’s homepage.

5.1 Expected Consumption Growth

As highlighted by Harvey and Shepard (1990), Bansal and Yaron (2004) and Hansen, Heaton
and Li (2005), amongst others, it is difficult to estimate long-run consumption growth dynam-
ics from the relatively short samples of data we have available. In our model, slow-moving
expected consumption growth dynamics arise due to endogenous consumption smoothing,
and the production economy model therefore identifies observable proxies for the otherwise
unobservable expected consumption growth rate. In particular, the ratio of the level of
technology to the level of consumption forecasts future consumption growth with a positive
sign when technology shocks are permanent. This intuition is confirmed in Figure 2, which
shows the impulse-response of consumption to a one standard deviation permanent shock to
technology (total factor productivity) for high and low levels of the E'1.S. Investors respond
to a technology shock by increasing investment in order to build up higher levels of capital.
Thus, while technology immediately adjusts to its new permanent level, consumption only

slowly grows to a permanently higher level as capital needs to be built up to support the

2 =n (%) | (13)

If z¢; is high, consumption is more likely to increase towards a new steady-state level. Our

new steady state consumption level.

In particular, define:

model thus implies that zc¢; is a good instrument for the expected consumption growth rate.
Our model predicts that zc; is stationary even though both Z; and C; are non-stationary
(I1(1)), because C; evolves around the stochastic trend Z;: If the production technology is
specified as:

Yi = 21O KON (14)

as is the case in our model, all endogenous variables in the economy evolve around the
stochastic trend Z; (see Appendix 9.5). We get data on Z; (TFP) from the Bureau of Labor
Statistics (BLS). The BLS computes TFP as follows. First it collects data on Y; (output),
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Figure 2: Impulse-Response of Consumption Impulse responses of consumption to a one
standard deviation positive and permanent shock to technology for different levels of the EIS. The
impulse-responses are for Model 5 (EIS = 0.5) and Model 6 (EIS = 1.5), respectively.

on K; (capital input), and on N; (labor input). Then the BLS estimates a value for the

parameter o and computes TFP as the Solow residual:
InZ, =Y, —alnk,—(1-a)lnN,. (15)
Note that the BLS specifies the following production technology:
Y, = Z, KON} (16)
It follows that we need to normalize:
Z, = 7107, (17)

We take as the value for o the value we use in our model (o = 0.34). We check our results
for robustness by assuming different values for a € [0.30,0.40], and find that our results are
robust with respect to the choice of «.

The Baseline Model, which has permanent technology shocks, suggests the following

forecasting relationship:

Aciirj = o+ Bre + €ra4j, (18)

where 8 > 0. In the model, the relation is not exactly linear, but when simulating data from
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our model (Baseline Model) we find that zc; accounts for more than 99% of the variation
in expected consumption growth in a linear regression. We test this forecasting relationship
both on data from 1948 to 2005 and on data generated by our model (Baseline Model). In
particular, in Table 6 we report results from forecasting regressions of annual log nondurable-
and services consumption growth on the lagged log TFP to consumption ratio, our measure
of expected consumption growth.

Panel A shows that consumption growth is forecastable by the zc — ratio using simulated
data from our model. The regression coefficient is increasing with the horizon up to 7 years.
The forecasting regression coefficients are found by simulating 10,000 samples of length 58
years, running the regression on each sample, and computing the average regression coeffi-
cient. The sample errors are the sample standard deviation of each [-estimate. Interestingly,
the regression coefficient is not significant in any of the regressions using data simulated from
the model. The variation in expected consumption growth is too slow-moving for the re-
gressions to on average uncover the forecasting relationship over the relatively short sample
period.

Panel B shows the results from the forecasting regressions using real data. Here both
the regression coefficients and the R*’s are increasing with the forecasting horizon. The
coefficients are significant at the 10% level for all regressions using Hodrick (1992) standard
errors, which have relatively good small sample properties for overlapping regressions. The
coefficients are overall lower than those estimated using simulated data. This could be
because there is less variation in expected consumption growth in the data or because the
empirical zc — ratio is measured with noise.?’

We conclude that the log TFP to consumption ratio, a measure of expected consumption
growth implied by our theoretical model, forecasts future consumption growth and that the
level of measured variation in expected consumption growth is similar in magnitude to that

implied by our model with v =5 and ¥ = 1.5.

5.2 The Cross-Section of Stock Returns

The model in this paper implies that the shock to expected consumption growth is a priced

risk factor as long as v # i, i.e. as long as agents care about the temporal resolution of risk.

20The R?’s are higher for the long-horizon regressions than predicted by the model, although Valkanov
(2003) cautions that R?’s are badly behaved in small samples where the fraction of overlapping observations
relative to the total sample length is large. Thus, the sample R?’s are likely to overstate somewhat the true
R?’s,
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Table 6: This table reports forecasting regressions of annual log nondurable- and services consump-
tion growth on a lagged measure of expected consumption growth, the log TFP to Consumption
ratio. The consumption and TFP data are from the Bureau of Economic Analysis and the Bureau
of Labor Statistics respectively. We use annual data from 1948 to 2005, resulting in 58 - j obser-
vations for a regression with a j year forecasting horizon: Multi-year forecasting regressions are
overlapping at an annual frequency. The standard error estimates (in parenthesis) are corrected for
heteroskedasticity and overlapping observations using Hodrick (1992) standard errors. Results for
the model are based on 10,000 replications of sample size 58 x 4 each. Numbers in bold indicate
significance at the 5% level or more in a two-tailed t-test, while an asterisk indicates significance

Table 6

Estimating Expected Consumption Growth

at the 10% level.

Regression: Ac; 15 = o+ Bzc + €414

Panel A: Model implied (j denotes forecasting horizon in years)

j 1 2 3 4 5 7 10

B 0.077 0.135 0.178 0.208 0.226 0.233 0.192
(0.051) (0.101) (0.151) (0.201) (0.251) (0.345) (0.468)

dej 9.2% 10.2% 10.9% 10.8% 10.3% 9.3% 8.3%
(0.092) (0.118) (0.128) (0.131) (0.131) (0.128) (0.124)

Panel B: Historical estimates (j denotes forecasting horizon in years)

j 1 2 3 4 5 7 10

B 0.021* 0.041~ 0.060* 0.084* 0.107* 0.147* 0.233*
(0.012) (0.024) (0.036) (0.048) (0.060) (0.085) (0.127)

Ridj 3.3% 5.5% 7.6% 11.1% 13.8% 17.6% 30.0%
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The cross-section of stock returns can tell us both whether shocks to expected consumption
growth are a priced risk factor and whether the price of risk on this factor is positive or
negative, which in turn depends on whether the relative risk aversion of the representative
agent is smaller or larger then the reciprocal of the elasticity of substitution and on the
persistence of the technology shocks. To relate the consumption dynamics directly to the
stochastic discount factor, we assume that the dynamic behavior of consumption growth

generated by the model follows:

Aciy1 = P+ o+ 14, (19)
Tiy1 = PTr+ ey, (20)
Ope = COIT (et+1, 77t+1) . (21)

We verify in the appendix that this parsimonious specification captures the true behavior
of consumption growth from our model well. Given the consumption dynamics in (19) and
log-linearizing the return on the wealth portfolio around the steady state ratio of wealth to

aggregate consumption, the stochastic discount factor can be written:
M1 ~ a — biAcyy1 — baeryy — bawy, (22)

where Ac;,1 denotes realized consumption growth, z; is the current level of expected con-
sumption growth, e;.; is the shock to expected consumption growth, and b, = v, by =
(1 —0) Ak, bg = (0 — 1) A1 (1 — K1p) (see the appendix for a detailed derivation and defi-
nitions of the constants Ay, k; > 0. If v > %, the coefficients by, by > 0 and b3 < 0. We will
test these restrictions using the cross-section of stock returns.

We use the log ratio of TFP to consumption, zc;, to obtain measures of x; and e;,; from

the following regressions:

Aciyr = ko4 krzer + i, (23)
B = ki(zc,— Brlzcy)), (24)
2041 = ks + kyzc, + Viit, (25)
€yl = ky 2Ci41 — ks — kqzc, , (26)

where Er [-] denotes the sample mean and k; is an OLS regression coefficient. The permanent

shock model predicts that shocks to realized (7)) and expected (é) consumption are positively
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correlated, which we confirm is the case in our sample.
By applying a standard log-linear approximation of the stochastic discount factor (see

appendix), we arrive at the linear factor model:

E[Ri1+1 — Rot+1] = biCov (Actiq, Rity1 — Rory1) + b2C0v (€441, Rip1 — Rott1)
+b300U (.’L‘t, R’i,t+1 - RO,t+1) . (27)

The standard consumption-based asset pricing model with power utility implies that b, =
v = i, while by = by = 0. As noted above, if ¥ > L, however, by, > 0 and bs < 0.

Because TFP data are only available on an annual basis from the Bureau of Economic
Analysis, we use annual returns on the 25 Fama-French portfolios as test assets along with
the risk-free rate (U.S. t-Bill). The sample consists of 57 observations from 1948 to 2005.
Table 7 displays results for the benchmark Consumption CAPM (by = b3 = 0) and the
three-factor model of this paper.

Table 7 displays the sign of the estimated quantities with p-values in parentheses. The
factor loading on realized consumption growth risk is insignificant for the standard Con-
sumption CAPM model and the adjusted cross-sectional R? is 17.4%. The three-factor
model including measures of the level and the shock to expected consumption growth in-
creases the adjusted R? to 46.6%. The factor loading on the shock to expected consumption
growth carries a positive sign and is significant at the 10% level. The sign on the coefficient
on the measure of expected consumption growth (b3) is negative as predicted, but not quite
significant. The power utility benchmark implies that by = b3 = 0. A test of this joint
hypothesis yields a p-value of 0.06. Thus, the statistical evidence is not very strong, but
significant at the 10% level. On the other hand, we are relying on a noisy proxy and the
sample is fairly small.

We conclude that the linear three-factor model derived from our theoretical model out-
performs the benchmark Consumption CAPM. We reject the null hypothesis that long-run
risk is not important relative to the standard Consumption CAPM for the cross-section of
stock returns. The signs on factor loadings by and b3 are consistent with a model where

agents prefer early resolution of uncertainty (y > %)
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Table 7
The Price of Long-Run Risk from Cross-Sectional Regressions

Table 7: This table reports the estimated loadings on the factors of the Consumption CAPM and
the long-run risk production-based model developed in this paper (Prod.CAPM). Test assets are
the 25 Fama-French portfolios sorted by size and book-to-market equity ratios. All variables are
annual. There are 57 observations from 1949 - 2005. Estimation is by two-pass regression, where
the standard errors are corrected for generated regressors (Shanken, 1992). P-values are reported
for each variable, where the null hypothesis is that the estimate is zero. Numbers in bold indicate
significance at the 10% level or more in a two-tailed t-test.

Tests of Factor Significance: Miy1 = @ — by Acey1 — boegy1 — by
Factor loading b Cons.CAPM Prod.CAPM
Realized Cons. Growth (b1) >0 <0
(p-value) (0.24) (0.82)
Shock to Exp. Cons. Growth (b3) >0
(p-value) (0.09)
Expected Cons. Growth (b3) <0
(p-value) (0.11)
Joint test: bp =b3 =0 reject
(p-value) (0.06)
R, 17.4% 46.7%
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6 Conclusion

We analyze a standard stochastic growth model where agents have Epstein-Zin preferences.
We show that long-run risk arises endogenously as a consequence of consumption smooth-
ing, even though log technology follows a random walk. When the coefficient of relative risk
aversion is greater than the reciprocal of the elasticity of intertemporal substitution, agents
dislike negative shocks to future economic growth prospects and shocks to expected con-
sumption growth appear as a risk factor. The presence of long-run risk in this case decreases
the market price of risk if technology shocks are transitory, while it increases the market
price of risk if technology shocks are permanent. The model therefore provides a theoretical
justification for a long-run risk component in aggregate consumption growth. This result is
of particular interest since it is very difficult to empirically distinguish a small predictable
component of consumption growth from i.i.d. consumption growth given the short sample
of data we have available.

We calibrate the model to key aggregate macroeconomic moments and show that we
can match the level and volatility of the risk-free rate and the unconditional equity Sharpe
ratio. The model achieves this with a low level of relative risk aversion, unlike habit forma-
tion models where typical implementations also generate too much volatility in the risk-free
rate. The elasticity of intertemporal substitution, which strongly affects the dynamics of
the macroeconomic variables, also strongly affects the price of risk and the Sharpe ratio of
equity in the model. Thus, there is a tight link between quantity dynamics and asset prices
in our implementation of the standard stochastic growth model.

The production economy model identifies the ratio of technology to consumption as a
proxy for the otherwise hard to estimate expected consumption growth. We test this link
in the time-series of consumption growth and in the cross-section of stock returns. We find
support for both tests. In particular, the production-based CAPM outperforms the standard
CCAPM in a cross-sectional test. The parameter estimates obtained from the cross-sectional
analysis are consistent with a model where technology shocks are permanent and agents have

a preference for early resolution of uncertainty.
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8 Appendix

8.1 Model Solution

The Return to Investment and the Firm’s Problem The firm maximizes firm

value. Let M, ., denote the stochastic discount factor. The firm’s problem is then:

& { (Y = WeH, — 1) - H 28)
2 (K- =0 K- (£) &) f]°

max Ey
{It,K11,Hi b

where ¢; denotes the shadow price of the capital accumulation constraint, equivalent to
marginal ¢g: The expected present value of one marginal unit of capital. Maximizing over
labor we obtain (1 — o) Z} *K¢H;“ = W, and H, = (1 — 04)é Z;flwtféKt. In other words,
we assume an exogenous wage process such that it is optimal for the firm to always hire at full
capacity (H; = 1), which is the same amount of labor as the representative agent is assumed
to supply. In this case, total wages W;H, = W, = (1 — ) Y}, so wages are pro-cyclical and

have the same growth rate volatility as total output. The operating profit function of the
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firm follows as:

o 11 g 1 lma 1 1.4 1
(K, Z:W,) = 2 [u—maalmgwﬂ Ko —W,(1—a)* 27 "W, ° K,

1-a R N 1 Llg 11
= e fa-ar W K- (-t W (29)
B TN
- (a(l_a)éflzg”wfa) K, (31)

The operating profit function of the firm is thus linearly homogenous in capital. Substituting

out equilibrium wages we obtain IT (K;, Z;; W;) = aY;. We re-state the firm’s problem:

o0

o 5[0 10 (Koo (£) )}

{It, Kt 113520

Each period in time the firm decides how much to invest, taking marginal ¢ as given. The

first order conditions with respect to I; and K,;,; are immediate:

0 = —1+qd (%) , (33)

and

0 = —a+E

]mﬂ{ ,Hfm ) . }l (34)
+qi+1 ((1 —0)—¢ (ﬁ) ﬁ +o <ﬁ>>

Substituting out ¢; and ¢, in (34) yields:

[ (L= 6) = of (L) dier 4 g (e
! = By | My g () + <KH1> Kot <K+ ) ’ (35)
¢’ (L> ¢ (ﬁ)
K - Kt
_ 1— 640 (1
1 = E | My ¢ (i) g () + <K’5+1> i (36)
Ky ¢ (I]g—“> K
- t+1
1 - Et [Mt+1R7g[+1:| (37)
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Equation (37) is the familiar law of one price, with the firm’s return to investment:

I,

Rz{ﬂ = ¢/ <E) g (Kii1, Zir; Wiga) +

B gy
1 ZZg;) _ If<++ . (38)

Ky

8.2 Risk and the Dynamic Behavior of Consumption

Epstein-Zin preferences have been used with increasing success in the asset pricing literature
over the last years (e.g., Bansal and Yaron, 2004, Hansen, Heaton and Li, 2005, Malloy,
Moskowitz and Vissing-Jorgensen, 2005, Yogo, 2006). This is both due to their recursive
nature, which allows time-varying growth rates to increase the volatility of the stochastic
discount factor through the return on the wealth portfolio, as well as the fact that these
preferences allow a convenient separation of the elasticity of intertemporal substitution from
the coefficient of relative risk aversion.

Departing from time-separable power utility preferences with v = i means agents care
about the temporal distribution of risk. In particular, Epstein and Zin (1989) show that
v > i implies a preference for early resolution of uncertainty. This is a key assumption of
our analysis, because it is precisely this departure from the classic preference structure that
renders time-varying expected consumption growth rates induced by optimal consumption

smoothing behavior a priced risk factor in the economy.

8.2.1 Early Resolution of Uncertainty and Aversion to Time-Varying Growth
Rates

To gain some intuition for why a preference for early resolution of uncertainty implies aversion
to time-varying growth rates, we revisit an example put forward in Duffie and Epstein (1992).
Consider a world where each period of time consumption can be either high or low. Next,
the consumer is given a choice between two consumption gambles, A and B. Gamble A
entails eating Cy = 3C¥ + 3C* today, where C* is a high consumption level and C* is a
low consumption level. Tomorrow you flip a fair coin. If the coin comes up heads, you will
get CH each period forever. If the coin comes up tails, you will get C* each period forever.
Gamble B entails eating Cy today, and then flip a fair coin each subsequent period t. If the
coin comes up heads at time ¢, you get C¥ at time ¢, and if it comes out tails, you get C'*
at time t. Thus, in the first case uncertainty about future consumption is resolved early,

while in the second case uncertainty is resolved gradually (late). If v = i (power utility),
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the consumer is indifferent with respect to the timing of the resolution of uncertainty and
thus indifferent between the two gambles. However, an agent who prefers early resolution of
uncertainty (i.e., she likes to plan), prefers gamble A.

We can now also phrase this discussion in terms of growth rates. From this perspective,
gamble A has constant expected consumption growth, while gamble B has a mean-reverting
process for expected consumption growth. Thus, a preference for early resolution of uncer-
tainty translates into an aversion of time-varying expected consumption growth.

Another, more mechanical, way to see this is by directly looking at the stochastic discount
factor. It is well known, e.g. Rubinstein (1976), that the stochastic discount factor, M, 1,
is the ratio of the representative agent’s marginal utility between today and tomorrow:

My = U[/J(,((jg )1). Using a recursive argument, Epstein and Zin (1989) show that:

0
In Mt+1 = Mty = Hlnﬁ — EACt_‘_l — (1 — (9) Ta,t+1, (39)

Cit1+At41
Ay
with A, denoting total wealth at time ¢.2! If v = i, 0 = li;l% = 1, and the stochastic
discount factor collapses to the familiar power utility case. However, if the agent prefers

Cit1

where Ac;y 1 = In o and 14441 = In is the return on the total wealth portfolio

early resolution of uncertainty, the return on the wealth portfolio appears as a risk factor.
More time-variation in expected consumption growth (the expected "dividends" on the total
wealth portfolio) induces higher volatility of asset returns, in turn resulting in a more volatile
stochastic discount factor and thus a higher price of risk in the economy.??

The effect on the equity premium can be understood by considering a log-linear ap-
proximation (see Campbell, 1999) of returns and the pricing kernel, yielding the following

expressions for the risk-free rate and the equity premium:

1 0 f—1
Tl = — lOgﬁ + EEt [ACH_I] — 2_77Z120-ic + %O—?,TA’ (40)
E Ut2rE
E, [Tt_,’_l] — T RN EUtIEC +(1—=0)o, 54 — 2 , (41)

where E; [Acyy4] is expected log consumption growth, oy., 0,4, 04,5, are the conditional

standard deviations of log consumption growth, the log return on the total wealth portfolio,

21 Note that our representative household’s total wealth portfolio is composed of the present value of future
labor income in addition to the value of the firm.

22This assumes that the correlation between the return on the wealth portfolio and consumption growth
is non-negative, which it is for all parameter values we consider in this paper (and many more).
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and the log equity return, and oz, and o0y ,2,4 are the conditional covariances of the log
equity return with log consumption growth and the log return on the total wealth portfolio
respectively. We can see how the level of the equity premium depends directly on the

covariance of equity returns with returns on the wealth portfolio.

8.2.2 Technology and Risk Aversion

Standard production technologies do not allow agents to hedge the technology shock. Agents
must in the aggregate hold the claim to the firm’s dividends. Therefore, the only action
available to agents at time t in terms of hedging the shock at time t + 1, is to increase
savings in order to increase wealth for time ¢t + 1. The shock will still hit the agents at
time ¢ + 1 though, no matter what. Wealth levels may be higher if a bad realization of
the technology shock hits the agents, but wealth is also higher if a good realization of the
technology shock occurs. The difference between the agents’ utility for a good realization
of the technology shock in period t + 1 relative to their utility for a bad realization of the
shock is thus (almost) unaffected. However, it is this utility difference the agents care about
in terms of their risk aversion. Now, because the agents’ utility function is concave, this is
not quite true. A higher wealth level in both states of the world does decrease the difference
between utility levels. Agents thus respond by building up what is referred to as "buffer-
stock-savings". This is, however, a second-order effect. As a result, the dynamic behavior
of consumption growth is largely unaffected by changing agents’ coefficient of relative risk
aversion. The fundamental consumption risk in the economy remains therefore (almost) the
same when we increase risk aversion () while holding the E1S (1) constant. Asset prices,
of course, respond as usual to higher levels of risk aversion.

Table 8 confirms this result. We report Model 3 and the Baseline Model from Table 3
with a coefficient of relative risk aversion () of 5, as well as versions of the models with a

higher level of risk aversion (y = 25).

8.3 The Case of 7 < i

In the previous discussions our focus was on the case of v > —, where agents prefer early

1
ﬂ?
resolution of uncertainty and dislike fluctuations in expected consumption growth rates.
With transitory shocks and v > i, this second risk factor acts as a hedge for shocks to realized
consumption growth and therefore reduces the price of risk. This raises the possibility

that if agents like fluctuations in expected consumption growth rates, that is when v < 1,
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Table 8

The Effect of Risk Aversion on Macroeconomic Time Series

Table 8: This table reports relevant macroeconomic moments and consumption dynamics for mod-
els with either transitory (¢ = 0.90) or permanent technology shocks and different levels of the
coefficient of relative risk aversion. The elasticity of intertemporal substitution (¢) is 1.5 across all
models. We re-calibrate the discount factor (3) for each model so as to jointly match the values
for (C/Y), (I/Y), (D/Y), with each model. Capital adjustment costs (§) are 22 in order to match
the relative volatility of consumption to output with the Baseline Model. Model 3 and Model 13
share the same parameter values apart from the coefficient of relative risk aversion (7). The same is
true for the Baseline Model and Model 14. We estimate the following process for the consumption
dynamics: Acir1 = p+ 2t + 1401, Tep1 = poe + €p41. Az = log(X;) —log(X;—1), and o[X] denotes
the standard deviation of variable X. We use annual U.S. data from 1929 to 1998 from the Bureau
of Economic Analysis. The sample is the same as in Bansal and Yaron (2004). Under Panel B
we report the calibration of the exogenous consumption process Bansal and Yaron use. All values
reported in the table are quarterly.

Model 3 Model 13 Baseline Model 14
Transitory Shocks Permanent Shocks
Zt1 = Pl + @2zt + 0141 Zi41 = b+ 2t + OcE41
Statistic y=5 v =25 =5 v=25
Panel A: Macroeconomic Moments (Quarterly)
U.S. Data
1929-1998
o[Ay] (%) 2.62 2.62 2.62 2.62 2.62
o[Ac]/o[Ay] 0.52 0.40 0.40 0.52 0.45
o|Ai]/o[Ay] 3.32 3.49 3.48 1.90 1.61

Panel B: Consumption Dynamics: Acii1 = p+ 2 +101, Teg1 = pTe + €pq1.
Bansal, Yaron

Calibration
o[Ad] (%) 1.360 1.048 1.035 1.362 1.179
olz] (%) 0.172 0.158 0.157 0.329 0.325
p 0.938 0.954 0.953 0.969 0.973
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consumption smoothing increases the price of risk when technology shocks are transitory. In
this section, we investigate whether this channel can give rise to long-run risks that help in
explaining asset prices with a low elasticity of intertemporal substitution. The short answer
is yes. However, a low F IS unfortunately gives rise to a risk-free rate puzzle (Weil, 1989).

Table 9 shows calibrated macroeconomic and financial moments from models with v = 5,
and ¢ = % and 1) = 0.1. From Model 7 to Model 15 we increase capital adjustment costs in
order to fit the relative volatility of consumption to output. Higher capital adjustment costs
increase the equity return volatility, as marginal ¢ is now more volatile. From Model 15 to
Model 16 we decrease the E'1S relative to the benchmark power utility model. A lower ETS
induces a higher equity return Sharpe ratio and a higher price of risk due to the preference
for time-varying expected consumption growth, which is negatively correlated with shocks
to realized consumption growth. In other words, the effect of long-run risk on the price of
risk is now decreasing in the E1S, as opposed to the case of permanent technology shocks.
Long-run risk with a low EIS is quite different from the intuition in Bansal and Yaron
(2004) and may seem surprising given that a low E1S implies that consumers strive to make
the consumption path smooth over time and therefore minimize the volatility of expected
consumption growth. However, the fact that we are increasing capital adjustment costs to
match the macroeconomic moments renders consumption smoothing more costly. Therefore,
in equilibrium, a substantial amount of long-run risk remains in the economy even with a low
EIS. As a result, the price of risk almost doubles relative to the power utility benchmark
model. The equity return volatility also increases due to high capital adjustment costs. The
net effect is a substantial increase in the equity premium.

Unfortunately, decreasing the elasticity of intertemporal substitution also leads to a risk-
free rate puzzle. The average annual risk-free rate is with 7.63% already much too high
in the benchmark power utility model and increases further to 14.92% as we decrease the
EIS. Thus, endogenous long-run risk can substantially improve the asset pricing properties
of production economy models even with a very low F1S. However, the risk-free rate is too
high given an average annual consumption growth rate of 1.6% as assumed in this paper. If
one is willing to assume that the average real consumption growth rate is close to zero, it

would be possible to also fit the average risk-free rate.
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Table 9
The Case of v < i: Asset Pricing Implications

Table 9: This table reports relevant macroeconomic moments, consumption dynamics, and fi-
nancial moments for models with transitory (¢ = 0.90) technology shocks and different levels of
the elasticity of intertemporal substitution. The coefficient of relative risk aversion (v) is 5 and
B is 0.998 across all models. We re-calibrate o. in order to match the volatility of consump-
tion growth with each model. We estimate the following process for the consumption dynamics:
Aciyr = p4 xp + oy, Tip1 = pxy + oeerp1. Az = log(X;) — log(X;—1), and o[X] denotes the
standard deviation of variable X. We use annual U.S. data from 1929 to 1998 from the Bureau of
Economic Analysis and from Bansal and Yaron (2004). Under Panel B we report the calibration
of the exogenous consumption process Bansal and Yaron use.

Model 7 Model 15 Model 16
Transitory Shocks
Zi41 = W+ @2 + 0c€441
T

v=7 =2 ¥ =0.10
Statistic £E=22 £E=2 £E=2
Panel A: Macroeconomic Moments (Quarterly)
U.S. Data
1929-1998
o[Ay] (%) 2.62 4.72 2.62 2.62
o[Ac]/o[Ay] 0.52 0.29 0.52 0.52
o[Ai]/o[Ay] 3.32 4.83 2.88 4.03

Panel B: Consumption Dynamics (Quarterly): Acip1 =p+ 2+ 001, Tip1 = pTe + epq1.

Bansal, Yaron

Calibration
o[Ac] (%) 1.360 1.360 1.360 1.360
olz] (%) 0.172 0.123 0.206 0.165
P 0.938 0.934 0.917 0.924

Panel B: Financial Moments (Annual)

o[M]/E[M] nja 0.13 0.13 0.19
SR [RF] 0.33 0.11 0.13 0.19
E[Rs] (%) 0.86 7.63 7.61 14.92
o [Rys] (%) 0.97 1.14 1.96 3.30
E[RE — R;] (%) 6.33 0.25 1.05 2.06
o [RE — Rf] (%) 19.42 2.37 7.76 10.82
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8.4 Accuracy of the Approximation of the Endogenous Consump-

tion Process

In Section 5.1 we propose the following approximation for the dynamics of the endogenous

process for consumption:

Acit1 = p+ 3+ oy, (42)
Tip1 = PTy+ 0y, (43)
Tpe = cOrr (s €irn) - (44)

Here Ac,y is log realized consumption growth, z; is the time-varying component of expected
consumption growth, and 7,, e; are zero mean, unit variance, and normally distributed dis-
turbance terms with correlation o, .. This functional form for log consumption growth is
identical to the one assumed by Bansal and Yaron (2004) as driving process of their exchange
economy model. Our results therefore provide a theoretical justification for their particular
exogenous consumption growth process assumption. To evaluate whether the above specified
process is a good approximation of the true consumption growth dynamics we first estimate
the process from simulated data for a whole range of different model calibrations both with
random walk- as well as with AR(1) technology processes. Then we compare the autocorre-
lation function obtained directly from the simulated data to the one implied by the above
specified process which we have imposed on the data.

For the random walk technology the autocorrelation functions are virtually indistinguish-
able in all cases we have examined. Figure 3 shows this for the Baseline Model.?* For the
AR(1) technology the approximation turns out to get worse the lower the persistence of
the driving process. Figure 3 shows the autocorrelation functions for Model 3. A look at
Figure 1 makes clear why the above specified approximation for the dynamics of the endoge-
nous process for consumption is worse for the case where technology shocks are transitory,
because the impulse-response of consumption to technology shocks is "hump-shaped". We
therefore conclude that our postulated process is a good representation of the endogenous

consumption growth dynamics for models with highly persistent technology shocks.?*

23We assume the disturbance terms 7 and e to be i.i.d. normally distributed. The shocks we obtain when
we estimate our postulated process for consumption growth from simulated data turn out to be very close
to normal. They display mild heteroscedasticity.

24This conclusion relies on the assumption that the consumption process is covariance-stationary, which it is
since the production function is constant returns to scale and preferences are homothetic. The autocorrelation
function is then one of the fundamental time series representations. See, e.g., Hamilton (1994).
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Figure 3: Autocorrelation Functions Consumption Growth Comparison of the autocorre-
lation function obtained directly from simulated data of Model 3 and the Baseline Model to the
autocorrelation function implied by the postulated process for expected consumption growth which
we have estimated from the same simulated data of Model 3 and the Baseline Model respectively.
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8.5 Numerical Solution
8.5.1 Solution Algorithm

We solve the following model:

Ct, K41

V(K 2) = s {[u—ﬁ) a7+ (5, [vuaﬂ,ztﬂmﬁ]“}’ v

I

Kiyi=01-90)K+¢ (ﬁ) Ky, (46)
t

It = }/; - Ot7 (47)

Y, = 2" YKp, (48)

In Zt+1 = QOIH Zt + Ettl, (49)

e ~ N(p,0.). (50)

We focus in this appendix on the case where ¢ = 1. Since then the process for productivity
is non-stationary, we need to normalize the economy by Z;, in order to be able to numerically
solve the model. To be precise, we let I?t = %,@ = %,ft = é—tt, and substitute. In the
so transformed model all variables are stationary. The only state variable of the normalized
model is K.2> We can work directly on the appropriately normalized set of equations and
then re-normalize after having solved the model.?

The value function is given by:

7 (R) = mas [(1— 90 4o (5[ (v(;?m))”])ér R

C, K11

We parameterize the value function with a 5th order Chebyshev orthogonal polynomial over

25Note that Z is not a state variable of the normalized model. This is due to the fact that we assume the
autoregressive coefficient of the process for productivity In Z; 11 = pln Z; 4+ €441 to be unity: p=1. As a
consequence, AZ is serially uncorrelated.

26In the paper we also report results for models where p < 1. In this case we work directly on the above
non-normalized set of equations. The state variables are then K and Z. The solution algorithm is identical
to the case where p = 1.
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a 6 x 1 Chebyshev grid for the state variable K:
A (f() =7V (f() . (52)

We use the value function iteration algorithm. At each grid point for the state K , given a

polynomial for the value function ¥# <[/€ ), we use a numerical optimizer to find the policy

(C*) that maximizes the value function:

Ki e =Y, — Cr + (1 - 0)K, (53)

_0
-

o (7) = [0 (@) 7 o (e (o () )] e

where Gauss-Hermite quadrature with 5 nodes is used to approximate the expectations
operator. We use a regression of V* on K in order to update the coefficients of the polynomial

for the value function and so obtain ¥# , ([? )

8.6 The Linear Factor Model

The log stochastic discount factor is:

0
My = 0In f — EACH-I - (1 - 9) Ta,t4+1, (55)
where 0 = 11:1 The process for consumption growth is:
»
Aciyr = p+ x4+ o, (56)
Tep1 = PT¢+ OcCiy, (57)
Ope = COIT (5t+1, 77t+1) . (58)

For convenience, the shocks are normalized to have unit variance here, unlike in the main
part of the paper. Linearizing the wealth-consumption ratio around it’s steady state, we
obtain (see Campbell, 1999, for a detailed derivation):

Tat41 & Ko + K1PCiy1 — Py + Acy1, (59)
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exp(pct)
1-+exp(per)

state log wealth-consumption ratio. Assuming log aggregate consumption growth Ac;.; to

where pc; is the log wealth-consumption ratio, k1 = ~ 0.96, and pc; is the steady

follow (56), Bansal and Yaron (2004) show that the log wealth-consumption ratio can be

written as:
peir1 &= Ao + A1, (60)
where L1
A= 1= /;f,o' (61)

Since 0 < p < 1,0 < kyp < 1. Thus, 4; > (<) 0if ¢ > (<) 1. We substitute for 7,441 in
the log stochastic discount factor (55):

mipr ~ Olnf — %Actﬂ — (1 —=10) ko
— (1 =0) kipcis1 + (1 —0) pey — (1 — 0) Acyyq

Alnfs — (1 — )mo—(l—ﬁ—i— )Actﬂ

— (1 —=0) [k1 A + k1 A1z — Ag — Ay

)
(
)
= IS —(1—0)ro— (1—9+9) Acpir — (1= 0) Agky + (1 — 0) Ag
)
(
)

Q

(0
— (1 —=0) [k1 A1 (pry + TcCry1) — A1y

= ‘911’15 1-— )K0—<1—¢9)A0I€1+(1—9)A0—<1—9+%)A01§+1
—(1=0) Aykrpry — (1 — 0) Aykroeeryn + (1 — 6) Ay (62)
Let:
CMZQIDB—(1—9)%0—(1—9)A0/€1+(1—0)A0. (63)

Then:

M1 ~ a— YAy — (1 —0) Aikipry — (1 — 0) Ajkioceir + (1 — 0) Ajay
= a—7Ac +(1—=0)A1 (1 — kip)ze — (1 — 0) Aik10c€441.

Write this as:
Mip1 ~ a — by Acgy1 — boegy1 — by, (64)
where by = v, by = (1 —0) Ajk10. > 0, b3 = — (1 —0) Ay (1 — k1p) < 0, since (1 —0) A} =

1—k1p”

Thus, if v > 1, then (1 —6) A; > 0. By applying a standard log-linear first-order
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approximation (see, e.g., Yogo, 2006, for a similar application), the (not log) stochastic

discount factor can be written as:

M,

E[M]

~1+my— FEmy. (65)
This in turn implies a linear unconditional factor model (see Cochrane, 2001):

E[Rit41 — Rogr1] = 01Cov (Aciy1, Ripy1 — Rogg1) + 02C0v (441, Rijpp1 — Rogs1)
4 bsCov (1, Rigst — Rossr) (66)

where R;; denotes the time ¢ gross return on asset 4, and 2y, denotes the time ¢ gross return
on a reference asset (the risk-free rate). Recall that by,by > 0, b3 < 0. The sign of the price
of risk of each factor depends on the covariance matrix of the factors. The permanent shock

model predicts that cov (nt 1 €t+1) > 0, which we confirm in the data.
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