
Hqwu|/ H{lw/ Hperglhg Whfkqrorj|/ dqg Exvlqhvv F|fohv=

Frpsxwdwlrqdo Dsshqgl{

Mh�uh| U1 Fdpsehoo4

Xqlyhuvlw| ri Urfkhvwhu dqg QEHU

Pdufk/ 4<<:

Devwudfw

Wklv dsshqgl{ surylghv d ghwdlohg h{srvlwlrq ri wkh frpsxwdwlrqdo phwkrg
dssolhg wr wkh prgho ri Fdpsehoo+4<<:,1 Khwhurjhqhlw| lq wkh surgxfwlrq vhfwru
ri wkdw prgho lpsolhv wkdw lwv sulfhv dqg txdqwlwlhv duh frqwlqxrxv ixqfwlrqv rq wkh
uhdo olqh udwkhu wkdq vfdoduv1 Wkh frpsxwdwlrqdo phwkrg xvhg lv dq h{whqvlrq ri
vwdqgdug orj�olqhdul}dwlrq phwkrgv1 Lw xvhv txdgudwxuh dssur{lpdwlrq ri lqwhjudov
wr dssur{lpdwh d v|vwhp ri ixqfwlrqdo htxdwlrqv zlwk d vwdqgdug v|vwhp ri yhfwru
htxdwlrqv1 Vlplodu frpsxwdwlrqdo sureohpv dulvh lq rwkhu hfrqrplf prghov zklfk
lqfrusrudwh khwhurjhqhlw|/ vxfk dv wkdw ri Phu}+4<<8, / vr wkh phwkrgv ri wklv
dsshqgl{ pd| eh ri lqghshqghqw lqwhuhvw wr rwkhu uhvhdufkhuv1

41 Ryhuylhz

Wklv dsshqgl{ surylghv d ghwdlohg h{srvlwlrq ri wkh frpsxwdwlrqdo phwkrg ds0

solhg wr wkh prgho ri Fdpsehoo+4<<:, 1 Khwhurjhqhlw| lq wkh surgxfwlrq vhfwru

ri wkdw prgho lpsolhv wkdw lwv sulfhv dqg txdqwlwlhv duh frqwlqxrxv ixqfwlrqv rq

wkh uhdo olqh udwkhu wkdq vfdoduv1 Wkh frpsxwdwlrqdo phwkrg xvhg lv dq h{whqvlrq

ri vwdqgdug orj�olqhdul}dwlrq phwkrgv1 Lw xvhv txdgudwxuh dssur{lpdwlrq ri lqwh0

judov wr dssur{lpdwh d v|vwhp ri ixqfwlrqdo htxdwlrqv zlwk d vwdqgdug v|vwhp ri

� Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Urfkhvwhu/ Urfkhvwhu/ Q\ 4795:1 m|ufCwurl1ff1urfkhvwhu1hgx1

Jr wr iws=22wurl1ff1urfkhvwhu1hgx2sxe2hfrqrplfv2Mh�bFdpsehoo2sdshuv2hbqbhbdsg1sgi1 wr uhwulhyh

wklv sdshu dv d sruwdeoh grfxphqw irupdw �oh1

4



yhfwru htxdwlrqv1 Vlplodu frpsxwdwlrqdo sureohpv dulvh lq rwkhu hfrqrplf prghov

zklfk lqfrusrudwh khwhurjhqhlw|/ vxfk dv wkdw ri Phu}+4<<8, / vr wkh phwkrgv ri

wklv dsshqgl{ pd| eh ri lqghshqghqw lqwhuhvw wr rwkhu uhvhdufkhuv1

Wr frpsxwh wkh prgho*v frpshwlwlyh htxloleulxp/ lw lv xvhixo wr h{sorlw lwv

htxlydohqfh zlwk wkh vroxwlrq wr d vrfldo sodqqlqj sureohp1 Ehfdxvh wkh djjuhjdwh

surgxfwlrq ixqfwlrq lv Free�Grxjodv/ wkh fdslwdo dxjphqwlqj whfkqlfdo fkdqjh

fdq eh zulwwhq lq oderu dxjphqwlqj irup1 Zulwwhq wklv zd|/ wkh hfrqrp| vdwlv�hv

wkh edodqfhg jurzwk uhvwulfwlrqv ri Nlqj/ Sorvvhu/ dqg Uhehor+4<;:, / vr wkhuh

h{lvwv dq hfrqrp| zlwk vwdwlrqdu| surgxfwlrq srvvlelolwlhv zklfk lv htxlydohqw

wr wkh hfrqrp| ri lqwhuhvw1 Wr frpsxwh wkh htxloleulxp sdwk ri wkh hfrqrp|*v

hqgrjhqrxv yduldeohv/ Nlqj/ Sorvvhu/ dqg Uhehor+4<;:, orj�olqhdul}h wkh vwdwlrqdu|

vrfldo sodqqlqj sureohp*v Hxohu htxdwlrqv durxqg wkhlu qrq�vwrfkdvwlf vwhdg| vwdwh

dqg vroyh wkh uhvxowlqj olqhdu g|qdplf v|vwhp1

Wkh frpsxwdwlrqdo phwkrg xvhg khuh h{whqgv wklv dssurdfk wr wkh fdvh zkhuh

wkh vwdwh yduldeoh lv d ixqfwlrq/ udwkhu wkdq d vfdohu1 Wklv frpsolfdwhv erwk

wkh frpsxwdwlrq ri wkh erwk wkh qrq�vwrfkdvwlf vwhdg| vwdwh dqg wkh qhdu vwhdg|

vwdwh g|qdplfv1 Wkh Hxohu htxdwlrqv gh�qlqj wkh vwhdg| vwdwh dqg wkhlu orj�olqhdu

dssur{lpdwlrqv duh ixqfwlrqdo htxdwlrqv1 Dv vxfk/ wkh| lqyroyh lqwhjudov ri erwk

wkh vwdwh dqg frvwdwh yduldeohv1 Wr dssur{lpdwh wkhvh v|vwhpv/ wkhlu lqwhjudov duh

uhsodfhg zlwk txdgudwxuh dssur{lpdwlrqv1 Wkh txdgudwxuh dssur{lpdwlrq xvhv

rqo| wkh lqwhjudqg*v ydoxh rq d �qlwh vhw ri suhghwhuplqhg srlqwv1 Wklv uhgxfhv dq

lq�qlwh glphqvlrqdo sureohp/ vroylqj iru d frqwlqxrxv ixqfwlrq/ grzq wr d �qlwh

glphqvlrqdo rqh/ vroylqj iru wkh ixqfwlrq*v ydoxh rq d �qlwh vhw ri srlqwv1 Vwdqgdug

olqhdu dojheudlf phwkrgv fdq eh dssolhg wr wkh �qlwh glphqvlrqdo v|vwhpv zklfk

uhvxow1
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Vlplodu frpsxwdwlrqdo fkdoohqjhv qdwxudoo| dulvh lq prghov zlwk khwhurjhqhlw|

lq wkh surgxfwlrq vhfwru1 Phu}+4<<8, hpsor|v wkh phwkrgv ri wklv dsshqgl{ wr

vwxg| d iudphzrun lq zklfk lglrv|qfudwlf surgxfwlylw| vkrfnv h�hfw mre pdwfkhv1

Dowkrxjk wkh frpsxwdwlrq ri wkh prgho*v frpshwlwlyh htxloleulxp wdnhv pxfk

pruh wlph wkdq wkh frpsxwdwlrq iru d vwdqgdug uhdo exvlqhvv f|foh prgho/ wkh

phwkrgv duh vwloo yhu| idvw1 Frpsxwlqj wkh prgho hfrqrp|*v �uvw dqg vhfrqg

prphqwv wdnhv mxvw xqghu wkuhh plqxwhv xvlqj d 433 Pk} 7;9 frpsxwhu xvlqj

Jdxvv iru Zlqgrzv QW2<8 yhuvlrq ��2�2D1 Wkhuhiruh/ wkhvh phwkrgv pd| �qg

sudfwlfdo dssolfdwlrq wr rwkhu vlplodu sureohpv1 D frs| ri wkh surjudpv xvhg iru

wkh frpsxwdwlrq pd| eh rewdlqhg iurp wkh zruog zlgh zhe dw

iws=22wurl1ff1urfkhvwhu1hgx2sxe2hfrqrplfv2MhiibFdpsehoo2uhvhdufk2hbdqgbh1

Wkh qh{w vhfwlrq ri wklv dsshqgl{ ghwdlov wkh wudqvirupdwlrq ri wkh hfrqrp|

lqwr rqh zlwk vwdwlrqdu| surgxfwlrq srvvlelolwlhv1 Wkh iroorzlqj vhfwlrqv ghvfuleh

wkh frpsxwdwlrq ri wkh qrq�vwrfkdvwlf vwhdg| vwdwh dqg wkh qhdu vwhdg| vwdwh

g|qdplfv1 Wkh �qdo vhfwlrq ghvfulehv wkh vrxufhv ri gdwd xvhg lq wkh sdshu1 Wkh

qrwdwlrq ri wkh dsshqgl{ frqirupv dv forvho| dv srvvleoh wr wkdw ri wkh sdshu1

51 D Vwdwlrqdu| Hfrqrp|

Ehfdxvh wkh �uvw dqg vhfrqg zhoiduh wkhruhpv dsso| wr wkh prgho hfrqrp|/ wkh

sureohp ri fdofxodwlqj wkh prgho*v frpshwlwlyh htxloleulxp fruuhvsrqgv wr wkh

pd{lpl}dwlrq ri d vrfldo zhoiduh ixqfwlrq1 Wklv dsshqgl{ zloo dssurdfk wkh frp0

sxwdwlrqdo sureohp iurp wklv shuvshfwlyh1 Wkh hfrqrp|*v vrfldo sodqqlqj sureohp

lv
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Wkh yduldeoh U
�

| lv wkh pdvv ri lqyhvwphqw surmhfwv zklfk zhuh ehjxq ��� shulrgv

djr lq shulrg |/ vr wkdw U
�

|
lv qhz lqyhvwphqw dqg U

A
�

|
lv wkh pdvv ri surmhfwv zklfk

zloo ehjlq rshudwlrq qh{w shulrg1

514 Wudqviruplqj wkh Ruljlqdo Hfrqrp|

Olqhdul}dwlrq phwkrgv dssur{lpdwh wkh vrfldo sodqqlqj sureohp*v Hxohu htxdwlrqv

qhdu wkh hfrqrp|*v vwhdg| vwdwh/ vr dsso|lqj wkhvh phwkrgv uhtxluhv d vwdwlrq0

du| hfrqrplf hqylurqphqw1 Lpsuryhphqw lq wkh ohdglqj hgjh surgxfwlrq surfhvv

fdxvhv wkh prgho hfrqrp| wr h{shulhqfh orqj whup jurzwk1 Wkh �uvw vwhs wr0

zdugv vroylqj wkh prgho lv dffrpprgdwlqj wklv jurzwk1 Wr gr vr/ �uvw h{suhvv

doo whfkqlfdo fkdqjh lq oderu dxjphqwlqj irup1 Wklv fdq eh grqh ehfdxvh wkh

djjuhjdwh surgxfwlrq ixqfwlrq lv Free�Grxjodv1 Wr gr vr/ gh�qh �| ' �| � 5|3�/

�
|
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vrfldo sodqqlqj sureohp lv
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dqg Uhehor+4<;:,/ vr d vfdohg yhuvlrq ri wkh hfrqrp| h{lvwv zklfk h{shulhqfhv qr

jurzwk1 Wkh htxloleulxp txdqwlwlhv +h{fhswlqj oderu, ri wkh vfdohg hfrqrp| duh

wkrvh ri wkh ruljlqdo hfrqrp| glylghg e| wkh vwdwh ri oderu0dxjphqwlqj whfkqrorj|1

Iroorzlqj Fkulvwldqr+4<;;, / wklv lv fdoohg wkh vwdu hfrqrp|1 Wr ghulyh wkh vwdu

hfrqrp|*v sureohp/ glylgh frqvxpswlrq/ lqyhvwphqw/ dqg wkh fdslwdo vwrfn e| wkh
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Wkh �uvw whup lq wkh remhfwlyh ixqfwlrq lv d frqvwdqw dqg vr fdq eh ljqruhg1 Wkh

uhpdlqghu lv wkh vrfldo sodqqlqj sureohp iru wkh vwdu hfrqrp|1 Lwv surgxfwlrq

srvvlelolwlhv duh vwdwlrqdu|/ vr lw h{shulhqfhv qr orqj whup jurzwk1

515 Iluvw Rughu Qhfhvvdu| Frqglwlrqv

Wkh Odjudqjldq iru wkh vwdu hfrqrp|*v vrfldo sodqqlqj sureohp lv
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sulfh iru d frqwlqjhqw fodlp rq rqh xqlw ri frqvxpswlrq lq wlph |1 Zulwlqj wkh

rwkhu Odjudqjh pxowlsolhuv dv pxowlsohv riP| h{suhvvhv wkhp dv sulfhv iru fdslwdo

vhuylfhv/ G| dqg fdslwdo jrrgv/ T|E�|�/ T|E�� lq whupv ri fxuuhqw shulrg frqvxps0

wlrq1

Lq dgglwlrq wr wkh vwdu hfrqrp|*v uhvrxufh frqvwudlqwv/ wkh Odjudqjldq*v �uvw

rughu qhfhvvdu| frqglwlrqv duh
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Wkh wudqvyhuvdolw| frqglwlrq lpsrvhv d qr0exeeoh frqvwudlqw rq dvvhw sulfhv1 Dq|

vhtxhqfh zklfk vdwlv�hv wkh Hxohu htxdwlrqv dqg wkh wudqvyhuvdolw| frqglwlrq lv d

vroxwlrq wr wkh vrfldo sodqqlqj sureohp1
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61 Qrqvwrfkdvwlf Vwhdg| Vwdwh

Wkh �uvw vwhs lq frpsxwlqj d olqhdu dssur{lpdwlrq wr wkh Hxohu htxdwlrqv lv

wkh frpsxwdwlrq ri wkh hfrqrp|*v qrqvwrfkdvwlf vwhdg| vwdwh1 Wkh qrqvwrfkdvwlf

vwhdg| vwdwh yhuvlrqv ri wkh Odjudqjldq*v �uvw rughu frqglwlrqv duh
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Lq wkh vwdqgdug rqh0vhfwru prgho/ wkh vwhdg| vwdwh lqwhuwhpsrudo Hxohu htxdwlrq

ghwhuplqhv wkh pdujlqdo surgxfw ri fdslwdo/ wklv dqg wkh suhghwhuplqhg vwhdg|

vwdwh oderu vxsso| ghwhuplqh wkh vwhdg| vwdwh fdslwdo vwrfn dqg rxwsxw1 Wkh vwhdg|

vwdwh fdslwdo vwrfn dqg wkh fdslwdo dffxpxodwlrq htxdwlrq ghwhuplqh vwhdg| vwdwh

lqyhvwphqw dqg frqvxpswlrq1 Wkh xwlolw| ixqfwlrq*v frh!flhqw rq ohlvxuh fdq wkhq

eh fkrvhq wr vdwlvi| wkh vwhdg| vwdwh oderu vxsso|2ghpdqg uhvwulfwlrq1

Xqolnh wkh vwdqgdug rqh vhfwru jurzwk prgho/ wkh htxdwlrqv gh�qlqj wklv prg0

ho*v qrqvwrfkdvwlf vwhdg| vwdwh kdyh qr dqdo|wlf vroxwlrq/ krzhyhu d qxphulfdo

vroxwlrq surfhgxuh h{lvwv zklfk sdudoohov wkdw ri wkh vlpsohu prgho1 Iluvw/ wkh

lqyhvwphqw surmhfw dvvhw sulflqj htxdwlrqv/ wkh sodqw dvvhw sulflqj htxdwlrqv/ dqg

wkh rswlpdo h{lw frqglwlrq duh vroyhg wr ghwhuplqh wkh pdujlqdo surgxfw ri d xqlw

ri h�hfwlyh fdslwdo dqg wkh vwhdg| vwdwh h{lw wkuhvkrog1 Wkh pdujlqdo surgxfw ri

h�hfwlyh fdslwdo dqg wkh suhghwhuplqhg vwhdg| vwdwh oderu vxsso| ghwhuplqh wkh

vwhdg| vwdwh h�hfwlyh fdslwdo vwrfn dqg rxwsxw1 Wkh h�hfwlyh fdslwdo vwrfn/ wkh

h{lw wkuhvkrog/ dqg wkh vwhdg| vwdwh sodqw dqg frqvwuxfwlrq surmhfw dffxpxodwlrq

htxdwlrqv wkhq ghwhuplqh wkh vwrfn ri frqvwuxfwlrq surmhfwv dqg wkh vwhdg| vwdwh

surgxfwlylw| glvwulexwlrq dfurvv sodqwv1

614 Txdgudwxuh Dssur{lpdwlrq

Wkh vwhdg| vwdwh frpsxwdwlrq phwkrg ehjlqv zlwk d vwdqgdug lqwhjudo dssur{lpd0

wlrq1 Frqvlghu frpsxwlqj
U
K

@
} E%� _% iru d frqwlqxrxv lqwhjudeoh ixqfwlrq }E%�1 Li

qr dqdo|wlf h{suhvvlrq iru wklv lqwhjudo h{lvwv/ txdgudwxuh phwkrgv/ zklfk dssur{0

lpdwh wkh lqwhjudo zlwk d zhljkwhg vxp/ surylgh d frpsxwdwlrqdo dssur{lpdwlrq1

Il{ d vhw ri julg srlqwv/ %� 	 %2 	 � � � c	 %�3� 	 %� 1 Wkh txdgudwxuh dssur{l0

44



%� @ %2 %� %e %D K %S

}E%�

%

Iljxuh 4= Txdgudwxuh Dssur{lpdwlrq

pdwlrq lv d zhljkwhg vxp ri wkh ixqfwlrq ydoxhv dw wkh julg srlqwv1]
K

@

} E%� _% �
�[

�'�

��E@c K�}E%��

Wkh zhljkwv/ ��E@c K� duh fkrvhq vr wkdw wkh vxp htxdov wkh duhd xqghu wkh dg0

mrlqlqj wudsh}rlgv dv lq �jxuh 41 Wkh Jdxvv surfhgxuh txdgzwv frpsxwhv wkhvh

zhljkwv iru dq| jlyhq julg dqg olplwv ri lqwhjudwlrq1 Iru d pruh ghwdlohg ghvfuls0

wlrq ri txdgudwxuh dssur{lpdwlrq ri lqwhjudov/ vhh Suhvv/ Whxnrovn|/ Yhwwhuolqj/

dqg Iodqqhu| +4<<5,

Dowkrxjk pruh dffxudwh lqwhjudwlrq surfhgxuhv duh dydlodeoh/ wklv vlpsoh ds0

surdfk kdv dq lpsruwdqw dgydqwdjh= Wkh zhljkwv gr qrw ghshqg rq wkh ixqfwlrq

ehlqj lqwhjudwhg1 Wklv doorzv lwv dssolfdwlrq lq wkh vroxwlrq ri ixqfwlrqdo �{hg

srlqw htxdwlrqv1 Iru h{dpsoh/ vxssrvh iru nqrzq ixqfwlrqv KE+� dqg �E+c %�/ zh
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zrxog olnh wr nqrz wkh ixqfwlrq }E+� zklfk vdwlv�hv

}E+� ' KE+� n

]
K

@

� E+c %� } E%� _%�

Dq h{dfw vroxwlrq wr wklv ixqfwlrqdo htxdwlrq lv jhqhudoo| qrw dydlodeoh1 Krzhyhu/

frqvlghu vroylqj wkh dssur{lpdwh ixqfwlrqdo htxdwlrq zklfk uhsodfhv lqwhjudwlrq

zlwk wkh deryh vlpsoh txdgudwxuh vfkhph1

}E+� ' KE+� n
�[

�'�

��E@c K��E+c %��}E%��

Hydoxdwlqj wkh ohiw kdqg vlgh ri wklv htxdwlrq dw hdfk ri wkh julg srlqwv |lhogv d

v|vwhp ri � olqhdu htxdwlrqv dqg � xqnqrzqv1 Ohw O} ' E}E%��c }E%2�c � � � c }E%� ���

ghqrwh wkh yhfwru ri xqnqrzqv/ wkh ixqfwlrq hydoxdwhg dw hdfk ri wkh julg srlqwv>

OK ' EKE%��c KE%2�c � � � c KE%� ��
�
ghqrwh wkh frqvwdqw yhfwru> dqg � ghqrwh d pdwul{

zlwk ��*wk hohphqw htxdo wr ��E@c K��E%�c %��1 Wkhq wklv v|vwhp ri htxdwlrqv fdq

eh zulwwhq dv

O} ' OKn�O}

Li wkh pdwul{ U� �� lv ri ixoo udqn/ wkhq wklv kdv d vlpsoh vroxwlrq1

O} ' EU� ���
3�OK

Wr vroyh iru }E+� dw dq| rwkhu ydoxh ri +/ soxj wkh vroxwlrq iru O} edfn lqwr wkh

txdgudwxuh dssur{lpdwlrq ri wkh ruljlqdo ixqfwlrqdo htxdwlrq1

615 Vwhdg| Vwdwh Vroxwlrq Surfhgxuh

Wr vroyh iru wkh pdujlqdo surgxfw ri h�hfwlyh fdslwdo/ Gf/ �uvw vxssrvh wkdw lw

dqg wkh vwhdg| vwdwh h{lw wkuhvkrog/ �
f
duh nqrzq1 Jlyhq wkhvh wzr vfdoduv/ wkh

sodqw dvvhw sulflqj frqglwlrq gh�qhv d ixqfwlrqdo �{hg srlqw sureohp olnh wkdw

vwxglhg deryh1 Wkh vwhdg| vwdwh sodqw dvvhw sulfhv/ TfE�|� vdwlvi| wklv �{hg srlqw

sureohp1 Dowkrxjk wkh olplwv ri lqwhjudwlrq lq wkh ruljlqdo htxdwlrqv duh lq�qlwh/
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wkh suredelolw| ri d sodqw dftxlulqj h{wuhpho| kljk ru orz surgxfwlylw| lv vpdoo1

Wkhuhiruh/ dssur{lpdwlqj srvlwlyh dqg qhjdwlyh lq�qlw| zlwk vxlwdeo| odujh dqg

vpdoo qxpehuv vkrxog qrw eh sureohpdwlf1 Wkh lpsohphqwdwlrq ri wkh txdgudwxuh

vroxwlrq phwkrg iru wklv sureohp xvhv d julg O� ' E��c �2c � � � c ���1 Wkh julg srlqwv

duh hyhqo| vsdfhg dqg fhqwhuhg durxqg }hur1 Wkh olplwv ri lqwhjudwlrq duh fkrvhq

wr eh wkh orzhvw dqg kljkhvw julg srlqwv/ �� dqg �� 1 Wkh ghqvlw| dqg qxpehu ri

julg srlqwv/ �����3� dqg� / duh erwk lqfuhdvhg wr hqvxuh wkh vroxwlrq*v urexvwqhvv1

Ohw OTf ' ETfE���c � � � cTfE���� ghqrwh wkh dssur{lpdwh sodqw dvvhw sulfhv/

frqglwlrqdo rq Gf dqg �
f
1 Wklv vroxwlrq zloo kdyh wkh irup

OTf ' �Gf n(�

Wkh � � � pdwulfhv/ � dqg ( rqo| ghshqg rq �
f
dqg wkh prgho*v sdudphwhuv/ vr

wkh| fdq eh fdofxodwhg lqghshqghqwo| ri Gf1

Qrz/ vxssrvh wkdw rqo| �
f
lv nqrzq1 Vxevwlwxwlqj wkh A � frqvwuxfwlrq surmhfw

dvvhw sulflqj frqglwlrqv lqwr rqh dqrwkhu |lhogv wkh iroorzlqj uhvwulfwlrq rq sodqw

dvvhw sulfhv1
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Frpelqlqj wklv zlwk wkh dssur{lpdwh vroxwlrq iru OTf |lhogv

� ' 8
�
�Gf n 8 �(c

iurp zklfk wkh vroxwlrq iru Gf lv lpphgldwh1

Ilqdoo|/ frqvlghu wkh vwhdg| vwdwh rswlpdo h{lw frqglwlrq1 Li wkh fkrvhq ydoxh ri

�
f
lv wkh vwhdg| vwdwh h{lw wkuhvkrog/ wkhq lw dqg wkh dvvhw sulfhv fdofxodwhg deryh

pxvw vdwlvi| wkh rswlpdo h{lw frqglwlrq1 Wr hydoxdwh wkh rswlpdo h{lw frqglwlrq/

uhsodfh lwv lqwhjudo zlwk d txdgudwxuh dssur{lpdwlrq xvlqj wkh julg srlqwv O�1

Il{lqj dq h{lw wkuhvkrog/ �/ fdofxodwlqj wkh dvvhw sulfhv zlwk wkh deryh surfhgxuh/

dqg wkhq hydoxdwlqj wkh rswlpdo h{lw frqglwlrq gh�qhv d qrqolqhdu ixqfwlrq1
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Wkh urrw ri }E�� lv wkh dssur{lpdwh vwhdg| vwdwh h{lw wkuhvkrog/ �
f
1 Wkh Jdxvv

surfhgxuh vvbs xvhv d elvhfwlrq whfkqltxh wr �qg wkh urrw ri }E��1 Lw wkhq frp0

sxwhv wkh dvvrfldwhg sodqw dvvhw sulfhv/ frqvwuxfwlrq surmhfw dvvhw sulfhv/ dqg wkh

fdslwdo uhqwdo udwh1

Wkh vhfrqg vwhs lq frpsxwlqj wkh hfrqrp|*v qrqvwrfkdvwlf vwhdg| vwdwh lv wr

xvh wkh vwhdg| vwdwh dvvhw sulfhv dqg h{lw wkuhvkrog wr frpsxwh wkh vwhdg| vwdwh

txdqwlwlhv1 Jlyhq wkh vwhdg| vwdwh oderu vxsso|/ �f dqg wkh pdujlqdo surgxfw ri

h�hfwlyh fdslwdo/ Gf/ wkh fdslwdo vhuylfhv sulflqj htxdwlrq |lhogv wkh vwhdg| vwdwh

h�hfwlyh fdslwdo vwrfn/ g
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dqg �f lqwr wkh djjuhjdwh surgxfwlrq

ixqfwlrq ghwhuplqhv wkh vwhdg| vwdwh ohyho ri rxwsxw1

Wr vroyh iru wkh vwhdg| vwdwh phdvxuh ri sodqwv/ g
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E�|� dqg wkh vwhdg| vwdwh
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/ frqvlghu wkh vwhdg| vwdwh
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Dsso|lqj wkh txdgudwxuh vroxwlrq phwkrg xvlqj wkh julg O� wr wklv sureohp |lhogv

d vroxwlrq ri wkh irup
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f
1 Uhsodflqj wkh lqwhjudo ri wkh fdslwdo vhuylfhv vxsso| htxdwlrq

zlwk d txdgudwxuh dssur{lpdwlrq xvlqj wkh julg O� |lhogv
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*EM �C�1 Zlwk wklv lq kdqg/ wkh vroxwlrq wr wkh

sodqw dffxpxodwlrq htxdwlrq |lhogv Og


f
dqg wkh frqvwuxfwlrq surmhfw dffxpxodwlrq

htxdwlrqv |lhog U
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f
iru � ' �c � � � c A �

� �1 Wkh vwdwlf uhvrxufh frqvwudlqw wkhq

lpsolhv wkh vwhdg| vwdwh ohyho ri frqvxpswlrq/ �


f
1 Ilqdoo|/ V fdq eh fkrvhq wr

vdwlvi| wkh vwhdg| vwdwh oderu ghpdqg2vxsso| uhvwulfwlrq1 Wkh Jdxvv surfhgxuh

vvbt lpsohphqwv wkhvh frpsxwdwlrqv1

71 Qhdu Vwhdg|0Vwdwh G|qdplfv

Zlwk wkh qrqvwrfkdvwlf vwhdg| vwdwh sulfhv dqg txdqwlwlhv/ orj olqhdul}dwlrq ri wkh

vwdu hfrqrp|*v Hxohu htxdwlrqv lv whglrxv exw vwudljkwiruzdug1 Ohw orzhu fdvh

ohwwhuv ghqrwh shufhqwdjh ghyldwlrqv ri wkh vwdu hfrqrp|*v hqgrjhqrxv yduldeohv
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714 G|qdplf Vroxwlrq Surfhgxuh

Wr frpsxwh dq dssur{lpdwh vroxwlrq wr wklv v|vwhp ri gl�huhqfh htxdwlrqv/ �{

d julg/ O� ' E��c �2c � � � c �� � iru wkh txdgudwxuh dssur{lpdwlrq1 Wklv qhhg qrw eh

wkh vdph julg xvhg wr frpsxwh wkh vwhdg| vwdwh1 Uhsodflqj wkh v|vwhp*v lqwhjudov

zlwk txdgudwxuh dssur{lpdwlrqv dqg hydoxdwlqj wkh sodqw dvvhw sulflqj htxdwlrq

dqg wkh sodqw dffxpxodwlrq htxdwlrq dw hdfk ri wkh julg srlqwv surgxfhv d �qlwh

glphqvlrqdo olqhdu gl�huhqfh htxdwlrq1 Wr frqyhqlhqwo| dqdo|}h wklv v|vwhp/ gh�qh

irxu yhfwruv= d yhfwru ri vwdwh yduldeohv/ O&|/ d yhfwru ri frvwdwh yduldeohv/ Ô|/ d yhfwru

ri frqwuro yduldeohv/ OS|/ dqg d yhfwru ri h{rjhqrxv iruflqj yduldeohv O+|1

O&| ' E&|E���c &|E�2�c � � � c &|E�� �c �
2

|
c � � � c �A

�

|
��

Ô| ' E^|E���c ^|E�2�c � � � c ^|E�� �c ^|E2�c � � � c ^|EA
��c6|�

�

OS| ' ES|c �
�

|
c?|c &|c h�|c _|�

�

O+| ' E05
|
c 05

|3�
c � � � c 0

5

|3A �n�
��

Jurxs wkh dssur{lpdwh Hxohu htxdwlrqv lqwr irxu jurxsv1 Wkh �uvw lv wkh frqwuro

htxdwlrqv= wkh frqwlqjhqw fodlpv sulflqj htxdwlrq/ wkh vwdwlf exgjhw frqvwudlqw/

wkh oderu vxsso|2ghpdqg frqglwlrq/ wkh fdslwdo vhuylfhv surgxfwlrq frqvwudlqw/

wkh rswlpdo h{lw frqglwlrq/ dqg wkh fdslwdo vhuylfhv sulflqj frqglwlrq1 Xvlqj wkh

yhfwruv gh�qhg deryh/ wkh| fdq eh zulwwhq dv

�SSOS| n�S&
O&| n��

S&
O&|n� n�S^Ô| n��

S^Ô|n� n�S+O+| n��

S+O+|n� ' f�

Wkh vhfrqg jurxs lv wkh dvvhw sulflqj htxdwlrqv1 Lw lqfoxghv wkh sodqw dqg lqyhvw0

phqw surmhfw dvvhw sulflqj htxdwlrqv1

�^^Ô| n� �

^^Ô|n� n�^&
O&| n�^SOS| n�^+O+| ' f

Wkh sodqw dffxpxodwlrq htxdwlrq dqg wkh lqyhvwphqw surmhfw dffxpxodwlrq htxd0
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wlrqv duh wkh fdslwdo dffxpxodwlrq htxdwlrqv1

�
�

&&
O&|n� n�&&

O&| n�&SOS| n�&+O+| ' f

Ilqdoo|/ wkh odz ri prwlrq iru wkh h{rjhqrxv iruflqj yduldeohv fdq eh zulwwhq dv

�
�

++
O+|n� n�++O+| ' fc

zkhuh

�
�

++
' UA �

�++ '

5
997

f � � � f

UA �
3�

f

1

1

1

f

6
::8

Wr ixuwkhu vlpsoli| wkh v|vwhp/ vroyh wkh frqwuro htxdwlrqv iru OS| dqg holpl0

qdwh wkh frqwuro yduldeohv iurp wkh uhpdlqlqj htxdwlrqv1 Gh�qh wkh yhfwru Or| '

EÔ
�

|
c O& �

|
c O+ �

|
�

�
1 Wkh dvvhw sulflqj htxdwlrqv/ fdslwdo dffxpxodwlrq htxdwlrqv/ dqg wkh

odzv ri prwlrq iru wkh h{rjhqrxv gulylqj yduldeohv pd| wkhq eh frpelqhg wr sur0

gxfh d �uvw rughu gl�huhqfh htxdwlrq lq Or|1

�Or|n� n�Or| ' f

Wkh Jdxvv surfhgxuh orjolq lpsohphqwv wklv orj0olqhdul}dwlrq surfhgxuh/ frp0

sxwlqj wkh pdwulfhv � dqg � dv zhoo dv wkh uxoh ghwhuplqlqj OS| dv d ixqfwlrq ri Or|

dqg Or|n�1

Vroylqj iru d vhtxhqfh iOr|j
"

|'f
zklfk vdwlv�hv wkh deryh olqhdu gl�huhqfh htxd0

wlrq lv frpsolfdwhg e| wkh vlqjxodulw| ri �1 Wkh vrxufh ri wklv vlqjxodulw| lv

wkh dvvhw sulflqj uhodwlrqvkls iru sodqwv zlwk surgxfwlylw| ehorz wkh vwhdg| vwdwh

h{lw wkuhvkrog1 Ehfdxvh d sodqw zlwk vxfk orz surgxfwlylw| h{lwv ehiruh wkh qh{w

shulrg/ lwv dvvhw sulfh ghshqgv rqo| rq lwv fxuuhqw glylghqgv dqg lwv vfuds ydoxh1

Wkh txdgudwxuh dssur{lpdwlrq ri wkh dvvhw sulflqj htxdwlrqv zloo lqyroyh rqh vxfk

htxdwlrq iru hdfk julg srlqw ehorz �
f
1 Ohw �

r
eh wkh qxpehu ri julg srlqwv dw ru
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ehorz �
f
/ vr wkdw ��r

� �
f
	 ��rn�

1 Wkh �uvw �
r
urzv ri �/ wkrvh fruuhvsrqglqj

wr wkhvh �vwdwlf dvvhw sulflqj htxdwlrqv�/ zloo htxdo }hur1 Wklv lpsolhv wkdw hdfk ri

wkh �uvw �r urzv ri � pxowlsolhg e| Or| pxvw htxdo }hur1 Wkhvh frqglwlrqv fdq eh

xvhg wr vroyh iru wkh �uvw �r hohphqwv ri Ô| dv ixqfwlrqv ri wkh rwkhu hohphqwv ri

Or
|
1 Ohw �r| ' E^|E��rn�

�c � � � c ^|E�� �c6|cO&
�

|
cO+�

|
�� ghqrwh wkh yhfwru ri wkhvh uhpdlqlqj

hohphqwv1 Xvlqj wkh vroxwlrq iru E^|E���c ^|E�2�c � � � c ^|E��r
�� wr holplqdwh lw iurp

wkh gl�huhqfh htxdwlrq |lhogv

���r|n� n ���r| ' f�

Wkh pdwul{ �� lv ri ixoo udqn/ vr wklv kdv d vlpsoh uhfxuvlyh vroxwlrq iru dq| lqlwldo

frqglwlrq �rf�

�r|n� ' �
��
3�

���r| ' ��r|

Dw wkh ehjlqqlqj ri d shulrg/ wkh lqlwldo fdslwdo vwrfn/ O&|/ dqg wkh h{rjhqrxv

gulylqj yduldeohv/ O+|/ duh suhghwhuplqhg> exw wkh dvvhw sulfhv/ E^|E��rn��c � � � c ^|E�� ��

duh qrw1 Wkhuhiruh/ iru dq| lqlwldo fdslwdo vwrfn dqg gulylqj yduldeohv/ wkhuh h{lvw

dq lq�qlwh qxpehu ri vhtxhqfhv zklfk vdwlvi| wkh deryh olqhdu gl�huhqfh htxdwlrq1

Hdfk vhtxhqfh fruuhvsrqgv wr d fkrlfh ri wkh lqlwldo dvvhw sulfhv1 Rqo| rqh ri wkhvh

vhtxhqfhv dovr vdwlv�hv wkh wudqvyhuvdolw| frqglwlrq1 Wkh qrz idploldu phwkrgv ri

Nlqj/ Sorvvhu/ dqg Uhehor +4<;:, vhohfw wklv vhtxhqfh1

Wkh Jdxvv surfhgxuh uxohv lpsohphqwv wklv frpsxwdwlrq/ surgxflqj ghflvlrq

uxohv iru wkh vwdwh dqg frvwdwh yduldeohv1

O&|n� ' -&&
O&| n-&+O+|

Ô| ' -^&
O&| n-^+O+|

715 Lpsxovh Uhvsrqvh Ixqfwlrqv dqg Vhfrqg Prphqwv

Wr frpsxwh wkh prylqj dyhudjh uhsuhvhqwdwlrqv iru wkh vwdu hfrqrp|*v vwdwh dqg

frvwdwh/ wkh ghflvlrq uxohv duh lwhudwhg iruzdugv1 Wkh Jdxvv surfhgxuh du5pd
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shuirpv wklv uhfxuvlrq1 Dsso|lqj wkh olqhdu vroxwlrq iru wkh frqwuro yduldeohv lq

whupv ri wkh vwdwh dqg frvwdwh wkhq |lhogv wkh prylqj dyhudjh uhsuhvhqwdwlrqv

iru wkh vwdu hfrqrp|*v rwkhu hqgrjhqrxv yduldeohv1 Wkh gh�qlwlrqv ri wkh vwdu

hfrqrp|*v yduldeohv fdq wkhq eh xvhg wr �qg wkh lpsxovh uhvsrqvh ixqfwlrqv ri

wkh vwdu hfrqrp|*v hqgrjhqrxv yduldeohv1 Diwhu shuiruplqj d vxlwdeoh vwdwlrqdulw|

lqgxflqj wudqvirupdwlrq/ frpsxwlqj wkh �uvw dqg vhfrqg prphqwv iru dq| yduldeoh

ri lqwhuhvw lv vwudljkwiruzdug1 Wkh Jdxvv surfhgxuhv lpsv dqg prphqwv lpsohphqw

wkhvh frpsxwdwlrqv1

81 Gdwd Vrxufhv

Wkh hpslulfdo zrun xvhg hljkw txduwhuo| wlph vhulhv= Wkh Xqlwhg Vwdwhv* srsxod0

wlrq/ uhdo JGS/ Wkh QLSD phdvxuh ri wkh fdslwdo vwrfn/ krxuv zrunhg iurp wkh

hvwdeolvkphqw vxuyh|/ krxuv zrunhg iurp wkh krxvhkrog vxuyh|/ oderu*v vkduh ri

rxwsxw/ mre fuhdwlrq dw qhz hvwdeolvkphqwv lq wkh pdqxidfwxulqj vhfwru/ dqg mre

ghvwuxfwlrq dw g|lqj hvwdeolvkphqwv lq wkh pdqxidfwxulqj vhfwru1

Wkh srsxodwlrq phdvxuh lv wkh flyloldq qrqlqvwlwxwlrqdo srsxodwlrq ryhu djh 491

Lw lv surgxfhg e| wkh Exuhdx ri Oderu Vwdwlvwlfv1 Uhdo JGS lv phdvxuhg dv vhdvrq0

doo| dgmxvwhg wrwdo JGS lq �bH. grooduv ohvv wkh rxwsxw ri idupv dqg jryhuqphqw1

Wkh fdslwdo vwrfn/ dv uhsruwhg lq wkh QLSD/ lv wkh �{hg/ qrquhvlghqwldo sulydwh

fdslwdo iru doo lqgxvwulhv phdvxuhg dw frqvwdqw frvw ohvv wkh dqdorjrxv phdvxuh

iru idupv1 Hvwdeolvkphqw krxuv zhuh frqvwuxfwhg e| pxowlso|lqj wkh qxpehu ri

hpsor|hhv ri sulydwh/ qrqidup hvwdeolvkphqwv e| wkh dyhudjh zhhno| krxuv zrunhg

surgxfwlrq ru qrqvxshuylvru| hpsor|hhv dw wkhvh vdph hvwdeolvkphqwv1 Wklv gdwd

lv frpslohg iurp d vxuyh| ri hpsor|hu sd|uroov e| wkh Exuhdx ri Oderu Vwdwlvwlfv1

Wkh uhvxowlqj wlph vhulhv zdv vhdvrqdoo| dgmxvwhg xvlqj wkh H]0[44 frpsxwhu sur0
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judp1 Krxvhkrog krxuv zhuh frqvwuxfwhg lq wkh vdph pdqqhu dv hvwdeolvkphqw

krxuv1 Wkh gdwd zhuh frpslohg iurp wkh fxuuhqw srsxodwlrq vxuyh| e| wkh Exuhdx

ri Oderu Vwdwlvwlfv1 Vwhyh Gdylv/ Mrkq Kdowlzdqjhu/ dqg Vfrww Vfkxk surylghg

wkh mre fuhdwlrq dqg ghvwuxfwlrq gdwd1 Lq wkh qrwdwlrq ri Gdylv/ Kdowlzdqjhu/ dqg

Vfkxk +4<<9, / wkh vhulhv duh ��7�|/ dqg �.C(|1 Ixuwkhu ghwdlov frqfhuqlqj

wkhlu frqvwuxfwlrq fdq eh irxqg lq Gdylv/ Kdowlzdqjhu/ dqg Vfkxk +4<<9,
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