
Online Appendix to
“Household Income Inequality and Optimal Trend

Inflation"

1 Tractable HANK (THANK) model

In this section, we present the full set of equilibrium conditions of the model.

1.1 Households

The household joint welfare maximization problem reads

U(BS
t , B

H
t ) = max

CS
t ,CH

t ,ZS
t+1,Z

H
t+1

(1− λ)
(CS

t )
1−σ − 1

1− σ
+ λ

(CH
t )1−σ − 1

1− σ
− χ

N1+ϕ
t

1 + ϕ
+ βEt

[
U(BS

t+1, B
H
t+1)

]
,

subject to the flows of bonds and budget constraints:

CS
t + ZS

t+1 + TSt + TGS
t = WtNt +

1− τdλ

1− λ
Dt +

Rt−1qt−1

Πt

BS
t + T S

CH
t + ZH

t+1 + TSt + TGH
t = WtNt + τdDt +

Rt−1qt−1

Πt

BH
t + T H

BS
t+1 =sZS

t+1 + (1− s)ZH
t+1

BH
t+1 =(1− h)ZS

t+1 + hZH
t+1.

The first-order conditions of the above dynamic optimization problem are:

ΛS
t = (1− λ)(CS

t )
−σ

ΛH
t = λ(CH

t )−σ

ΛS
t = βsEt

[
∂Ut+1

∂BS
t+1

]
+ β(1− h)Et

[
∂Ut+1

∂BH
t+1

]
+ΘS

t

ΛH
t = β(1− s)Et

[
∂Ut+1

∂BS
t+1

]
+ βhEt

[
∂Ut+1

∂BH
t+1

]
+ΘH

t

ΘS
t Z

S
t+1 = 0

ΘH
t Z

H
t+1 = 0,

where ΛS
t , ΛH

t , ΘS
t , and ΘH

t are Lagrangian multipliers associated with budget constraints
and borrowing constraints for each type. Additionally, the envelope conditions yields
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∂Ut

∂BS
t
= ΛS

t
Rt−1qt−1

Πt
, ∂Ut

∂BH
t
= ΛH

t
Rt−1qt−1

Πt
. Combining both first-order optimality and envelope

conditions with stationary type distribution assumption, we obtain:

(CS
t )

−σ = βEt

[
Rtqt
Πt+1

(
s(CS

t+1)
−σ + (1− s)(CH

t+1)
−σ
)]

+
ΘS

t

1− λ

(CH
t )−σ = βEt

[
Rtqt
Πt+1

(
(1− h)(CS

t+1)
−σ + h(CH

t+1)
−σ
)]

+
ΘH

t

λ

ΘS
t Z

S
t+1 = 0

ΘH
t Z

H
t+1 = 0.

Since we focus on the zero liquidity equilibrium where ΘS
t = 0,ΘH

t > 0, household con-
sumption saving behavior is characterized by the savers’ consumption Euler equation
and hand-to-mouth spenders’ budget constraint:

(CS
t )

−σ = βEt

[
Rtqt
Πt+1

(
s(CS

t+1)
−σ + (1− s)(CH

t+1)
−σ
)]

CH
t + TSt + TGH

t = WtNt + τdDt + T H .

Finally, a labor union sets wages on behalf of both households such that the labor-supply-
like wage schedule is:

Wt

(
(1− λ)(CS

t )
−σ + λ(CH

t )−σ
)
= χNϕ

t .

1.2 Firms

1.2.1 Final Good Producers

The final good producers use intermediate goods as inputs, and produce final goods ac-
cording to CES technology:

Yt =

(∫
Yt(i)

εp−1

εp di

) εp
εp−1

.

They sell the final products to households in a competitive market. The profit maximiza-
tion of final good producers yields a general relative demand function of intermediate
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good i and aggregate price level.

Yt(i) =

(
Pt(i)

Pt

)−εp

Yt

Pt =

(∫
Pt(i)

1−εpdi

) 1
1−εp

.

1.2.2 Intermediate Goods Producers

Firstly, the cost-minimization problem of intermediate goods firms reads:

min
Nt(i)

(1− ν)WtNt(i)

s.t

Yt(i) ≤ AtNt(i),

where ν is a labor cost subsidy that eliminates steady state distortion arising from monop-
olistic competition. The first-order condition yields an expression for the real marginal
cost:

MCt =
(1− ν)Wt

At

.

Secondly, the profit maximization problem of the intermediate goods firms is:

max
Pt(i)

Et

[
∞∑
k=0

(θpβ)
k

(
CS

t+k

CS
t

)−σ (
Pt(i)

Pt+k

Yt+k(i)−MCt+kYt+k(i)

)]
.

The optimality condition for reset price yields:

X1,t = (CS
t )

−σMCtYt + θpβEt

[
Π

εp
t+1X1,t+1

]
X2,t = (CS

t )
−σYt + θpβEt

[
Π

εp−1
t+1 X2,t+1

]
Π∗

t =
εp

εp − 1

X1,t

X2,t

ut.

where ut is the price markup shock.
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1.3 Government

The central bank sets the gross policy rate Rt following the Taylor rule subject to a ZLB
constraint:

R∗
t = (R∗

t−1)
ϕr

((
Πt

Π

)ϕπ
(
Yt

Y

)ϕy
)1−ϕr

Rt =

R∗
t if R∗

t ≥ 1

1 if R∗
t < 1,

where R∗
t is the shadow rate. ϕr governs the interest rate smoothing, while ϕπ and ϕy

measure the sensitivity of the policy rates with respect to the deviations of inflation and
output from their respective steady state, respectively. The fiscal authority undertakes
government spending following a feedback rule that responds to the deviation of output
from its steady state:

Gt = G

(
Yt

Y

)γG
y

,

where γG
y governs the cyclicality of government spending. We assume that government

spending is funded according to:

G = (1− λ)TGS

(1− α)(Gt −G) = (1− λ)(TGS
t − TGS).

The first equation indicates that, at steady state, government spending is funded fully
by savers’ taxes. The second equation shows that, away from the steady state, fraction
1− α of government spending is financed by savers, while the remaining fraction is from
taxes levied on spenders. If α = λ, savers and borrowers are burdened equally, paying
the same amount of taxes per capita. For the baseline, we assume α = 0, meaning that
all government spending is entirely from savers’ taxes both at and away from the steady
state.
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1.4 Full Set of Equilibrium Conditions

Wt

(
λ(CH

t )−σ + (1− λ)(CS
t )

−σ
)
= χNϕ

t (1)

(CS
t )

−σ = βEt

[
Rt

Πt+1

qt
(
s(CS

t+1)
−σ + (1− s)(CH

t+1)
−σ
)]

(2)

CH
t + TGH

t = (1− ν)WtNt + τdDt + T H (3)

(1− ν)Wt = AtMCt (4)

X1,t = (CS
t )

−σMCtYt + θpβEt

[
Π

εp
t+1X1,t+1

]
(5)

X2,t = (CS
t )

−σYt + θpβEt

[
Π

εp−1
t+1 X2,t+1

]
(6)

Π∗
t =

εp
εp − 1

X1,t

X2,t

ut (7)

1 = (1− θp)(Π
∗
t )

1−εp + θpΠ
εp−1
t (8)

Yt =
AtNt

vpt
(9)

(1− λ)CS
t + λCH

t +Gt = Yt (10)

vpt = (1− θp)(Π
∗
t )

−εp + θpΠ
εp
t vpt−1 (11)

R∗
t = (R∗

t−1)
ϕ1
r

(
R∗

ss

(
Πt

Π

)ϕπ
(
Yt

Y

)ϕy
)1−ϕ1

r

(12)

Rt = max {1, R∗
t} (13)

G = (1− λ)TGS (14)

(1− α)(Gt −G) = (1− λ)(TGS
t − TGS) (15)

Gt = G

(
Yt

Y

)γG
y

(16)

log(At) = ρa log(At−1) + σaεa,t (17)

log(ut) = ρu log(ut−1) + σuεu,t (18)

log(qt) = ρq log(qt−1) + σqεq,t, (19)
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where vpt =
∫ 1

0

(
Pt(i)
Pt

)−εp
di. Equations (1), (2), and (3) characterize household consumption-

saving and labor-supply behavior. Equations (4) ∼ (7) constitute the optimality conditions
of intermediate goods firms. Equations (8) ∼ (10) come from the aggregation of interme-
diate goods and goods market clearing. Equation (11) describes the dynamics of price
dispersion. Equations (12) ∼ (16) define the monetary and fiscal policy rules. Finally,
equations (17) ∼ (19) specify exogenous TFP, price markup, and risk premium shock pro-
cesses.

2 Second-Order Approximation of Household Welfare

In this section, we describe how to approximate the per-period welfare of households,
assuming the log-utility function for consumption. The hatted variables in this appendix
denote the log deviation from steady state (i.e. x̂t = log(Xt) − log(X)). Instantaneous
household welfare for type j ∈ {S,H} is

U j
t ≡ log(Cj

t )− χ
N1+ϕ

t

1 + ϕ
.

Firstly, we will explain the method of approximating the price dispersion. Starting from
the relationship between reset price inflation and inflation, we get the second-order ap-
proximation of inflation dynamics.

1 = (1− θp)(Π
∗
t )

1−εp + θp(Πt)
εp−1

→ π̂∗
t =

θp

1− θp

(
π̂t +

1

2
(εp − 1)π̂2

t

)
+

1

2
(εp − 1)π̂∗2

t , (20)

where θp = θpΠ
εp−1. Up to first order, (20) becomes π̂∗

t = θp
1−θp

π̂t. Substituting out π̂∗2
t in

(20), we obtain the second order expression for reset price inflation:

π̂∗
t =

θp

1− θp
π̂t +

1

2
(εp − 1)

θp

(1− θp)2
π̂2
t .

Next, we use the price dispersion dynamics:

vpt = (1− θp)(Π
∗
t )

−εp + θpΠ
εp
t vpt−1.
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The second-order approximation of the price dispersion dynamics is:

v̂pt +
1

2
(v̂pt )

2 = (1− θpΠ)

(
−εpπ̂

∗
t +

1

2
ε2p(π̂

∗
t )

2

)
+ θpΠ

(
εpπ̂t + v̂pt−1 +

1

2
ε2pπ̂

2
t +

1

2
(v̂pt−1)

2 + εpπ̂tv̂
p
t−1

)
(21)

Up to first order, (21) is:

v̂pt =
εpθp(Π− 1)

1− θp
π̂t + θpΠv̂

p
t−1.

By replacing the reset price inflation and squared price dispersion term with their first-
order expression, (21) can be rewritten as:

v̂pt = −1

2

(
εpθp(Π− 1)

1− θp
π̂t + θpΠv̂

p
t−1

)2

+ (1− θpΠ)

(
−εp

(
θp

1− θp
π̂t +

1

2
(εp − 1)

θp

(1− θp)2
π̂t

2

)
+

1

2
ε2p

(
θp

1− θp

)2

π̂2
t

)

+ θpΠ

(
εpπ̂t + v̂pt−1 +

1

2
ε2pπ̂

2
t +

1

2
(v̂pt−1)

2 + εpπ̂tv̂
p
t−1

)
.

With some mechanical algebra and collecting like terms, we obtain:

v̂pt =
εpθp(Π− 1)

1− θp
π̂t + θpΠv̂

p
t−1 +

1

2

εpθp(εpΠ− εp + 1)(1− θpΠ)

(1− θp)2
π̂2
t

+
εp(1− θpΠ)

1− θp
π̂tv̂

p
t−1 +

1

2
θpΠ(1− θpΠ)(v̂

p
t−1)

2.

As in Alves (2014), we assume that the price dispersion v̂pt is a second-order term, and,
hence, will regard any terms taking the form of v̂pt x̂t as higher than the second order.
Under this assumption, the second-order expression of price dispersion becomes:

v̂pt = θpΠv̂
p
t−1 +

εpθp(Π− 1)

1− θp
π̂t +

1

2

εpθp(εpΠ− εp + 1)(1− θpΠ)

(1− θp)2
π̂2
t .

Taking the unconditional expectation, we have:

E(v̂pt ) =
εpθp(Π− 1)

(1− θp)(1− θpΠ)
E(π̂t) +

1

2

εpθp(εpΠ− εp + 1)

(1− θp)2
E(π̂2

t ). (22)
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Next, We write down the labor supply equation:

Wt

(
(1− λ)

1

CS
t

+ λ
1

CH
t

)
= χNϕ

t

→ AtMCt

1− ν

(
(1− λ)

1

CS
t

+ λ
1

CH
t

)
= χNϕ

t

→ 1− λ

1− ν
AtMCt

1

CS
t

+
λ

1− ν
AtMCt

1

CH
t

= χ

(
Ytv

p
t

At

)ϕ

.

The second-order approximation of the labor supply schedule is

1− λ

1− ν
MC

1

CS

(
ât + m̂ct − ĉSt +

1

2
â2t +

1

2
m̂c2t +

1

2

(
ĉSt
)2

+ âtm̂ct − m̂ctĉ
S
t − âtĉ

S
t

)
+

λ

1− ν
MC

1

CH

(
ât + m̂ct − ĉHt +

1

2
â2t +

1

2
m̂c2t +

1

2

(
ĉHt
)2

+ âtm̂ct − m̂ctĉ
H
t − âtĉ

H
t

)
= χ (Y vp)ϕ

(
ϕŷt + ϕv̂pt − ϕât +

1

2
ϕ2ŷ2t +

1

2
ϕ2â2t − ϕ2ŷtât

)
. (23)

Using the steady-state relationship of the labor-supply schedule, we obtain:

1−λ
1−ν

MC
CS

χ (Y vp)ϕ
=

1−λ
1−ν

MC
CS

1−λ
1−ν

MC
CS + λ

1−ν
MC
CH

=
(1− λ) Y

CS

(1− λ) Y
CS + λ Y

CH

.

From the steady state goods market clearing condition, we obtain:

(1− λ)CS + λCH = (1− sg)Y,

where sg = G
Y

. Using the fact CS

CH = µy, steady-state household-specific consumption to
output ratio can be represented as:

CS

Y
=

(1− sg)µy

(1− λ)µy + λ
,

CH

Y
=

1− sg
(1− λ)µy + λ

.

Finally, we can get the expressions for coefficients in (23) as:

1−λ
1−ν

MC
CS

χ (Y vp)ϕ
=

(1− λ) Y
CS

(1− λ) Y
CS + λ Y

CH

=
1− λ

1− λ+ λµy

,
λ

1−ν
MC
CH

χ (Y vp)ϕ
=

λ Y
CH

(1− λ) Y
CS + λ Y

CH

=
λµy

1− λ+ λµy

.
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Rewriting the second-order approximated labor-supply schedule:

1− λ

1− λ+ λµy

(
ât + m̂ct − ĉSt +

1

2
â2t +

1

2
m̂c2t +

1

2

(
ĉSt
)2

+ âtm̂ct − m̂ctĉ
S
t − âtĉ

S
t

)
+

λµy

1− λ+ λµy

(
ât + m̂ct − ĉHt +

1

2
â2t +

1

2
m̂c2t +

1

2

(
ĉHt
)2

+ âtm̂ct − m̂ctĉ
H
t − âtĉ

H
t

)
= ϕŷt + ϕv̂pt − ϕât +

1

2
ϕ2ŷ2t +

1

2
ϕ2â2t − ϕ2ŷtât.

Collecting the terms and with some algebra:

ât + m̂ct +
1

2
â2t + âtm̂ct +

1

2
m̂ct

+
1− λ

1− λ+ λµy

(
−ĉSt +

1

2

(
ĉSt
)2)

+
λµy

1− λ+ λµy

(
−ĉHt +

1

2

(
ĉHt
)2)

− (ât + m̂ct)

(
1− λ

1− λ+ λµy

ĉSt +
λµy

1− λ+ λµy

ĉHt

)
= ϕŷt + ϕv̂pt − ϕât +

1

2
ϕ2ŷ2t +

1

2
ϕ2â2t − ϕ2ŷtât. (24)

Up to the first order, the labor-supply schedule equation is:

ât + m̂ct −
1− λ

1− λ+ λµy

ĉSt − λµy

1− λ+ λµy

ĉHt = ϕŷt − ϕât. (25)

We rewrite some second-order terms of equation (24):

1

2
(ât + m̂ct)

2 − (ât + m̂ct)

(
1− λ

1− λ+ λµy

ĉSt +
λµy

1− λ+ λµy

ĉHt

)
= (ât + m̂ct)

(
1

2
(ât + m̂ct)−

(
1− λ

1− λ+ λµy

ĉSt +
λµy

1− λ+ λµy

ĉHt

))
=

1

2

(
(ϕŷt − ϕât)

2 −
(

1− λ

1− λ+ λµy

ĉSt +
λµy

1− λ+ λµy

ĉHt

)2
)
,

where the last equality makes use of (25). Using the above expression, we rewrite (24) as:

ât + m̂ct +
1− λ

1− λ+ λµy

(
−ĉSt +

1

2

(
ĉSt
)2)

+
λµy

1− λ+ λµy

(
−ĉHt +

1

2

(
ĉHt
)2)

+
1

2

(
(ϕŷt − ϕât)

2 −
(

1− λ

1− λ+ λµy

ĉSt +
λµy

1− λ+ λµy

ĉHt

)2
)

= ϕŷt + ϕv̂pt − ϕât +
1

2
ϕ2ŷ2t +

1

2
ϕ2â2t − ϕ2ŷtât.
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With some algebra on ĉSt and ĉHt , we can obtain the expression for the marginal cost:

m̂ct =
1− λ

1− λ+ λµy

ĉSt +
λµy

1− λ+ λµy

ĉHt − 1

2

λ(1− λ)µy

(1− λ+ λµy)2
ω̂2
t + ϕŷt + ϕv̂pt − (1 + ϕ)ât,

(26)

where ω̂t = ĉSt − ĉHt . Next, we exploit the budget constraint of each household. The savers’
budget constraint reads:

CS
t + TGS

t = (1− ν)WtNt +
1− τdλ

1− λ
Dt + T S

= MCtv
p
t Yt +

1− τdλ

1− λ
(1−MCtv

p
t )Yt + T S

=
λ(τd − 1)

1− λ
MCtv

p
t Yt +

1− τdλ

1− λ
Yt + T S.

The second-order approximation of the savers’ budget constraint is

CS

(
ĉSt +

1

2
(ĉSt )

2

)
+ TGS

(
t̂g

s

t +
1

2
(t̂g

s

t)
2

)
=

λ(τd − 1)

1− λ
MCvpY

(
m̂ct + v̂pt + ŷt +

1

2
m̂c2t +

1

2
ŷ2t + m̂ctŷt

)
+

1− τdλ

1− λ
Y

(
ŷt +

1

2
ŷ2t

)
.

The second-order approximation of savers’ tax burden (i.e., TGS
t = TGS + 1−α

1−λ
(Gt −G))

is:

TGS

(
t̂g

s

t +
1

2
(t̂g

s

t)
2

)
=

1− α

1− λ
G

(
ĝt +

1

2
ĝ2t

)
. (27)

Substituting out the tax terms in the savers’ budget constraint using (27):

CS

(
ĉSt +

1

2
(ĉSt )

2

)
+

1− α

1− λ
G

(
ĝt +

1

2
ĝ2t

)
=

λ(τd − 1)

1− λ
MCvpY

(
m̂ct + v̂pt + ŷt +

1

2
m̂c2t +

1

2
ŷ2t + m̂ctŷt

)
+

1− τdλ

1− λ
Y

(
ŷt +

1

2
ŷ2t

)
.

Applying the same procedure to the spenders’ budget constraint, we obtain:
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CH

(
ĉHt +

1

2
(ĉHt )

2

)
+

α

λ
G

(
ĝt +

1

2
ĝ2t

)
= (1− τd)MCvpY

(
m̂ct + v̂pt + ŷt +

1

2
m̂c2t +

1

2
ŷ2t + m̂ctŷt

)
+ τdY

(
ŷt +

1

2
ŷ2t

)
.

Finally, approximating the government spending feedback rule (i.e., Gt = G
(
Yt

Y

)γG
y ) up to

second order and then plugging the resulting approximation into the savers’ and spenders’
budget constraints:

CS

(
ĉSt +

1

2
(ĉSt )

2

)
+

1− α

1− λ
G

(
γG
y ŷt +

1

2
(γG

y )
2ŷ2t

)
(28)

=
λ(τd − 1)

1− λ
MCvpY

(
m̂ct + v̂pt + ŷt +

1

2
m̂c2t +

1

2
ŷ2t + m̂ctŷt

)
+

1− τdλ

1− λ
Y

(
ŷt +

1

2
ŷ2t

)
CH

(
ĉHt +

1

2
(ĉHt )

2

)
+

α

λ
G

(
γG
y ŷt +

1

2
(γG

y )
2ŷ2t

)
(29)

= (1− τd)MCvpY

(
m̂ct + v̂pt + ŷt +

1

2
m̂c2t +

1

2
ŷ2t + m̂ctŷt

)
+ τdY

(
ŷt +

1

2
ŷ2t

)
.

Using the steady state consumption ratios (i.e., CS

Y
= (1−sg)µy

(1−λ)µy+λ
, C

H

Y
= (1−sg)

(1−λ)µy+λ
), we can

write the fist-order approximate of savers’ and spenders’ budget constraints:

(1− sg)µy

(1− λ)µy + λ
ĉSt =

λ(τd − 1)

1− λ
MCvpm̂ct +

(
λ(τd − 1)

1− λ
MCvp +

1− τdλ

1− λ
− 1− α

1− λ
sgγ

G
y

)
ŷt

(30)

(1− sg)

(1− λ)µy + λ
ĉHt = (1− τd)MCvpm̂ct +

(
(1− τd)MCvp + τd −

α

λ
sgγ

G
y

)
ŷt. (31)

Plugging the above two expressions into (25):

m̂ct =
1− λ

1− λ+ λµy

ĉSt +
λµy

1− λ+ λµy

ĉHt + ϕŷt − (1 + ϕ)ât

=
1− λ

1− λ+ λµy

(1− λ)µy + λ

(1− sg)µy

(
λ(τd − 1)

1− λ
MCvpm̂ct +

(
λ(τd − 1)

1− λ
MCvp +

1− τdλ

1− λ
− 1− α

1− λ
sgγ

G
y

)
ŷt

)
+

λµy

1− λ+ λµy

(1− λ)µy + λ

(1− sg)

(
(1− τd)MCvpm̂ct +

(
(1− τd)MCvp + τd −

α

λ
sgγ

G
y

)
ŷt

)
+ ϕŷt − (1 + ϕ)ât.
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With some algebra, we can rewrite the above expression as:(
1− 1− λ

1− λ+ λµy

(1− λ)µy + λ

(1− sg)µy

λ(τd − 1)

1− λ
MCvp − λµy

1− λ+ λµy

(1− λ)µy + λ

(1− sg)
(1− τd)MCvp

)
m̂ct

=
( 1− λ

1− λ+ λµy

(1− λ)µy + λ

(1− sg)µy

(
λ(τd − 1)

1− λ
MCvp +

1− τdλ

1− λ
− 1− α

1− λ
sgγ

G
y

)
+

λµy

1− λ+ λµy

(1− λ)µy + λ

(1− sg)

(
(1− τd)MCvp + τd −

α

λ
sgγ

G
y

)
+ ϕ
)
ŷt − (1 + ϕ)ât.

To simplify notations, let us rewrite the above first-order approximation of marginal cost
as:

m̂ct = θmcyŷt + θmcaât. (32)

Plugging (32) into the budget constraints (30) and (31):

(1− sg)µy

(1− λ)µy + λ
ĉSt =

(
λ(τd − 1)

1− λ
MCvpθmcy +

λ(τd − 1)

1− λ
MCvp +

1− τdλ

1− λ
− 1− α

1− λ
sgγ

G
y

)
ŷt

+
λ(τd − 1)

1− λ
MCvpθmcaât

(1− sg)

(1− λ)µy + λ
ĉHt =

(
(1− τd)MCvpθmcy + (1− τd)MCvp + τd −

α

λ
sgγ

G
y

)
ŷt

+ (1− τd)MCvpθmcaât.

To simplify the notation, we rewrite the above two expressions as:

ĉSt = θcSyŷt + θcSaât (33)

ĉHt = θcHyŷt + θcHaât. (34)

Using (32), (33), and (26), the second-order approximated savers’ budget constraint (28)
can be rewritten as:

(1− sg)µy

(1− λ)µy + λ

(
ĉSt +

1

2
(ĉSt )

2

)
+

1− α

1− λ
sg

(
γG
y ŷt +

1

2
(γG

y )
2ŷ2t

)
=

λ(τd − 1)

1− λ
MCvp

(
m̂ct + v̂pt + ŷt +

1

2
m̂c2t +

1

2
ŷ2t + m̂ctŷt

)
+

1− τdλ

1− λ

(
ŷt +

1

2
ŷ2t

)

12



→ (1− sg)µy

(1− λ)µy + λ

(
ĉSt +

1

2
(θcSyŷt + θcSaât)

2

)
+

1− α

1− λ
sg

(
γG
y ŷt +

1

2
(γG

y )
2ŷ2t

)
=

λ(τd − 1)

1− λ
MCvp

( 1− λ

1− λ+ λµy

ĉSt +
λµy

1− λ+ λµy

ĉHt − 1

2

λ(1− λ)µy

(1− λ+ λµy)2
ω̂2
t + ϕŷt + ϕv̂pt − (1 + ϕ)ât

+ v̂pt + ŷt +
1

2
((1 + θmcy)ŷt + θmcaât)

2
)
+

1− τdλ

1− λ

(
ŷt +

1

2
ŷ2t

)
.

Likewise, the second-order approximated spenders’ budget constraint (29) can be rewrit-
ten as:

(1− sg)

(1− λ)µy + λ

(
ĉHt +

1

2
(ĉHt )

2

)
+

α

λ
sg

(
γG
y ŷt +

1

2
(γG

y )
2ŷ2t

)
= (1− τd)MCvp

(
m̂ct + v̂pt + ŷt +

1

2
m̂c2t +

1

2
ŷ2t + m̂ctŷt

)
+ τd

(
ŷt +

1

2
ŷ2t

)

→ (1− sg)

(1− λ)µy + λ

(
ĉHt +

1

2
(θcHyŷt + θcHaât)

2

)
+

α

λ
sg

(
γG
y ŷt +

1

2
(γG

y )
2ŷ2t

)
= (1− τd)MCvp

( 1− λ

1− λ+ λµy

ĉSt +
λµy

1− λ+ λµy

ĉHt − 1

2

λ(1− λ)µy

(1− λ+ λµy)2
ω̂2
t + ϕŷt + ϕv̂pt − (1 + ϕ)ât

+ v̂pt + ŷt +
1

2
((1 + θmcy)ŷt + θmcaât)

2
)
+ τd

(
ŷt +

1

2
ŷ2t

)
.

With some algebraic manipulation and collecting like terms, we can rewrite the above

13



two expressions as:

(1− sg)µy

(1− λ)µy + λ
ĉSt − λ(τd − 1)

1− λ
MCvp

(
1− λ

1− λ+ λµy

ĉSt +
λµy

1− λ+ λµy

ĉHt

)
=

(
λ(τd − 1)

1− λ
MCvp(1 + ϕ) +

1− τdλ

1− λ
− 1− α

1− λ
sgγ

G
y

)
ŷt

+
λ(τd − 1)

1− λ
MCvp (−(1 + ϕ)) ât

+

(
λ(τd − 1)

1− λ
MCvp

1

2
(1 + θmcy)

2 +
1

2

1− τdλ

1− λ
− 1

2

(1− sg)µy

(1− λ)µy + λ
θ2cSy −

1− α

1− λ
sg
1

2
(γG

y )
2

)
ŷ2t

+

(
λ(τd − 1)

1− λ
MCvp(1 + θmcy)θmca −

(1− sg)µy

(1− λ)µy + λ
θcSyθcSa

)
ŷtât

+

(
λ(τd − 1)

1− λ
MCvp

1

2
θ2mca −

1

2

(1− sg)µy

(1− λ)µy + λ
θ2cSa

)
â2t

+
λ(τd − 1)

1− λ
MCvp

(
−1

2

λ(1− λ)µy

(1− λ+ λµy)2

)
ω̂2
t

+
λ(τd − 1)

1− λ
MCvp(1 + ϕ)v̂pt (35)

and

(1− sg)

(1− λ)µy + λ
ĉHt − (1− τd)MCvp

(
1− λ

1− λ+ λµy

ĉSt +
λµy

1− λ+ λµy

ĉHt

)
=
(
(1− τd)MCvp(1 + ϕ) + τd −

α

λ
sgγ

G
y

)
ŷt

+ (1− τd)MCvp(−(1 + ϕ))ât

+

(
(1− τd)MCvp

1

2
(1 + θmcy)

2 +
1

2
τd −

1

2

(1− sg)

(1− λ)µy + λ
θ2cHy −

α

λ
sg
1

2
(γG

y )
2

)
ŷ2t

+

(
(1− τd)MCvp(1 + θmcy)θmca −

(1− sg)

(1− λ)µy + λ
θcHyθcHa

)
ŷtât

+

(
(1− τd)MCvp

1

2
θ2mca −

1

2

(1− sg)

(1− λ)µy + λ
θ2cHa

)
â2t

+ (1− τd)MCvp
(
−1

2

λ(1− λ)µy

(1− λ+ λµy)2

)
ω̂2
t

+ (1− τd)MCvp(1 + ϕ)v̂pt . (36)
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Rewriting (35) and (36) in a matrix form:

A0

(
ĉSt

ĉHt

)
= A1



ŷt

ât

ŷ2t

ŷtât

â2t

ω̂2
t

v̂pt


.

Taking the inverse of matrix A0 yields:

ĉSt = γcSyŷt + γcSaât + γcSy2ŷ
2
t + γcSyaŷtât + γcSa2â

2
t + γcSω2ω̂

2
t + γcSvpv̂

p
t (37)

ĉHt = γcHyŷt + γcHaât + γcHy2ŷ
2
t + γcHyaŷtât + γcHa2â

2
t + γcHω2ω̂

2
t + γcHvpv̂

p
t . (38)

Finally, per-period welfare of household type j ∈ {S,H} can be approximated as:

U j
t ≡ log(Cj

t )− χ
N1+ϕ

t

1 + ϕ

≈ log(Cj)− χ
N1+ϕ

1 + ϕ

+ ĉjt − Ωy

(
ŷt + v̂pt − ât +

1

2
(1 + ϕ)ŷ2t +

1

2
(1 + ϕ)â2t − (1 + ϕ)ŷtât

)
,

where Ωy ≡ χN1+ϕ = MC
1−ν

vp
(
(1− λ) Y

CS + λ Y
CH

)
. Substituting out ĉjt using (37) and (38):

U j
t ≈ log(Cj)− χ

N1+ϕ

1 + ϕ

+ (γcjy − Ωy) ŷt + (γcja + Ωy) ât +

(
γcjy2 −

1

2
(1 + ϕ)Ωy

)
ŷ2t + (γcjya + (1 + ϕ)Ωy) ŷtât

(39)

+

(
γcja2 −

1

2
(1 + ϕ)Ωy

)
â2t + γcjω2ω̂

2
t + (γcjvp − Ωy) v̂

p
t . (40)

Using (37) and (38) and removing terms higher than second-order, we can express the
squared consumption dispersion as ω2

t = (γcSy−γcHy)
2ŷ2t +2(γcSy−γcHy)(γcSa−γcHa)ŷtât+
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(γcSa − γcHa)
2â2t . Plugging this into (40):

U j
t ≈ log(Cj)− χ

N1+ϕ

1 + ϕ

+ (γcjy − Ωy) ŷt + (γcja + Ωy) ât +

(
γcjy2 −

1

2
(1 + ϕ)Ωy + γcjω2(γcSy − γcHy)

2

)
ŷ2t

+ (γcjya + (1 + ϕ)Ωy + 2γcjω2(γcSy − γcHy)(γcSa − γcHa)) ŷtât

+

(
γcja2 −

1

2
(1 + ϕ)Ωy + γcjω2(γcSa − γcHa)

2

)
â2t + (γcjvp − Ωy) v̂

p
t .

Taking the unconditional expectations and substituting out the price dispersion using
(22), we write the expected utility of type j:

EU j ≈ log(Cj)− χ
N1+ϕ

1 + ϕ
+

(
γcja2 −

1

2
(1 + ϕ)Ωy + γcjω2(γcSa − γcHa)

2

)
σ2
a

1− ρ2a

+ (γcjy − Ωy)E(ŷt)

+

(
γcjy2 −

1

2
(1 + ϕ)Ωy + γcjω2(γcSy − γcHy)

2

)
E(ŷ2t )

+ (γcjya + (1 + ϕ)Ωy + 2γcjω2(γcSy − γcHy)(γcSa − γcHa))E(ŷtât)

+ (γcjvp − Ωy)

(
εpθp(Π− 1)

(1− θp)(1− θpΠ)
E(π̂t) +

1

2

εpθp(εpΠ− εp + 1)

(1− θp)2
E(π̂2

t )

)

The expected value under steady-state inflation Π for each type is given as follows. When
there is no type switching (s = 1),

EV S(Π = Π) =
EUS(Π = Π)

1− β

EV H(Π = Π) =
EUH(Π = Π)

1− β
.

When type switching occurs, the expected value for each household is determined by
solving:

EV S(Π = Π) = EUS(Π = Π) + sβEV S(Π = Π) + (1− s)βEV H(Π = Π)

EV H(Π = Π) = EUH(Π = Π) + (1− h)βEV S(Π = Π) + hβEV H(Π = Π),

where λ = 1−s
2−s−h

. To calculate the per-period welfare, we multiply EV S(Π = Π) and
EV H(Π = Π) by (1− β).
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