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This Appendix offers proofs for the propositions and corollaties in the text.

A.1 Hamiltonian method of the simple two-period model and proofs of propositions in Section 2
A.1.1 The Hamiltonian of the relaxed planning in Section 2
Let A; be the shadow price of the resource constraint in period t = 1,2 and u(6) be the co-state variable

associated with W (8). Moreover, we use (5c) to replace c,(8) by

1
- {E (W ©) + ¢(L(8)) — u(c: (0))] + ¢(lz(9))}
Then, the Hamiltonian of the relaxed planning problem is given by

H = n(0)W ()
+ L[F(Ky,Z1) + (1 = 81K — Gy — t(0)[c1(0) + y1(0) — x,1(0)] — K; ]
+ 22 [F(Ko1Z5) + (1 = 8K, = G, = n(@)u™ {£[W(0) + ¢ (1:(8)) — u(cr (0))] + $(1(9))} |

0y1(9) 1 (22(0)\ z2(0) 0h,(6)
+0(0) [0 (e (0)) 22 + po’ (25) 2 T2,

The first-order conditions with respect to ¢;(8), z,(0), 2, (8), K, and x,(0) are as follows:

o _ _ u'(c1(6)) " ay1(9>
ven) = ~Mm(0) + 2,m(0) g — w(O)u (cr(8)) =~ (Ala)
& (21(9))i
hy Jhy _
6—(1% = L F, (K, Z,)m(0) - Az”(e)m =0, (A1b)
22(6)\ 1 22(0)\22(0) | ,1(22(6)\]9h2(6)

o _, A ¢'( Ty )hz #(G)B[¢,’(h§(9)}h;(6)'¢,(hi(9))J 50 —0, (Alg)

92,(8) ~ 2 2R W (ey(0) [h2(6)]2 ’
o _ ) + /1217:(9){15'(’212(((;;)22(9)Hx B Bu(e)zZ(e)m{#(;ﬁf}%)gggnq)’(,Z;((Z)))}ahz(a) =0, (Ald)

@ 1 u/(c2(6))[ha (017 [h2()] 20 ’

6}[

2K, = + A[F (K2, Z,) +1 = 6] = 0. (Ale)

Note that the choice of capital in the last condition is the same as the corresponding condition in the Ramsey
model. Moreover, if the IC constraint is not binding and thus u(8) = 0, the first 4 conditions reduce to standard
conditions for consumption, effective labor, and education investment in the Ramsey model, wherein the
discounted marginal utility of consumption and effective labor for each type is equal to the marginal cost.
However, if the IC constraint binds and thus p(8) # 0, these conditions differ from those in the Ramsey model.

Optimal conditions of constrained efficient allocation. We can rearrange above the first-order

conditions to obtain the following four conditions, which characterize the constrained efficient allocation in
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the social plannet’s problem.

dy1(0)
W(e®) _ p@u(@®) e~ _ —
Bu'(c2(0)) Az n(6) - Fk(KZJZZ) +1 6’(’ (Aza)
-1
¥R (| _HOS B @O A2b
0) PO CIOACEATY A o)
O 1
¢I(Zzhz )E B Bu(d) [¢” (22(9)) z(8) + ¢, (22(9))] dh,(6) =F (K VA ) (AZC)
W(e®)  An@n@P 1P @) ho SO

u'(cy(0)) = P ED @ @@ O (@)oo (DD 0y (2] 51 0) (A2d)

1 [Fk(Kz,Zz)+1—5k]u’(CZ(B))[hZ(B)]Z A1 (0)[h(0)]3 00

Condition (A2a) connects the household’s marginal rate of substitution (henceforth, MRS) between
consumption today and tomorrow with the marginal rate of transformation (henceforth, MRT) between
consumption and investment today. As investment today accumulates physical capital tomorrow, the MRT is
the firm’s marginal product of capital (henceforth, MPK) tomorrow. Moreover, (A2b) and (A2c) also link the
household’s MRS between leisure and consumption to the MRT between labor and consumption. This MRT
is the firm’s marginal product of labor (henceforth, MPL). Finally, (A2d) links the marginal cost with the marginal
benefit of observable education expenditure in human capital investment. These conditions determine the
optimal implicit marginal tax rates on capital income and labor income, as well as the optimal implicit subsidy
rate on observable human capital investment. These conditions are also known as wedges, and are defined in
the next subsection.

Computation of equations (A2a)-(A2d). First, (A2a) can be derived by using (Ala) and (Ale). Next,
using (Ala) and (A1b), we obtain

? ) , kO (c1(8)) 228N\
u'(c1(6)) 1= pu'(e2(9)) 2,10’ (c1(6)) = E(K, Z,), (A2¢)

which, based on (A1b) and (Ale), gives

1
Fz(K1,21)hy

BIF(Ky, Z5) + 1= 8, Ju'(c2(8)) = ¢ (21(e>)

hi

(A2f)

Equation (A2b) is derived by using (A2e), (A2f) and (Ale). Moreover, equation (A2c) is derived by using
(Alc). Finally, using (Ale), (Ald) becomes

¢ (292 00m, Bu(0)z2(6)H, { " (zZ(m) 2O L o (Zz(9>)} 9h2(6) (A2g).

[Fk(Kz-Zz)+1—5k]u’(02(9))[h2(9)]2_1171(9)[’12(9)]3 h2(0)/ h2(6) h2(0) 6’

Then, (A2d) is derived by multiplying u'(c;(8)) on the both sides of (A2g).
Co-state variable associated with the envelope condition. The boundary conditions of the

Hamiltonian are
p(8) = lim u(9) = 0 and u(9) = lim p(6) = 0. (A3a)

In optimum, changes in the co-state u(8) with respect to skill types are equal to the negative effect of the
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state vatiable W (8) upon the Hamiltonian H; that is,

1(6) = — a%) = —1(6) [1 - Wi@)} (A3b)

Note that if the IC constraint is not binding and thus u(8) = 0, (A3b) does not apply and the first-order
conditions reduce to standard conditions in the Ramsey model. However, if the IC constraint binds and thus
u(8) # 0, (A3b) applies, then the first-order conditions differ from those in the Ramsey model.

Based on (A3a) and (A3b), we prove the following lemma. First, it is standard to obtain a positive
multiplier A, of the resource constraint. Moreover, according to (A3a), the co-state of the information frictions
u is zero at the top and the bottom of the type distribution, which is standard. However, outside the top and
bottom types in the distribution, the co-state of the IC constraint is negative, u(6) < 0, which suggests a welfare

cost due to information frictions.!
Lemma Al. Suppose that c,(0) is monotone increasing in 8. Then, A, > 0 and u(8) < 0 for 8 € (6, 5)

Proof of Lemma Al. This proof is similar to that in Stantcheva (2017). With boundary conditions u() =
1(8) = 0in (A3a), according to Rolle’s theorem, there exists ' € (6,6) such that % u(0") = 0. The law of
motion (A3b) gives
Ay = Pu’(c2(6") > 0.
Because ¢,(8) is monotone increasing in 8, the above equation implies that 4, < fu'(c,(0)) for 6 < 6’
and 1, > fu'(c,(0)) for 8 > 6" According to the law of motion in (A3b), this implies that %,u(@) <0 forf <
6'and ;—9 u(8) > 0 for 6 > 6" That is, the derivative of p(8) is negative for small values of 6 and positive for

large values of 6. With u() = u(8) = 0 this ensures that u(0) is negative for 6 € (6, ), as illustrated in Figure
Al.

Figure Al. Non-positive co-state u(0)

Alternatively, if we integrate (A3b) and use the boundary condition, 11(8) = 0, we obtain

' A negative co-state p(8) may be viewed as the marginal welfare loss for the social planner to choose allocations that are
incentive-compatible. If the IC constraint is not binding, which arises when agents have no incentives to cheat, then u(8) =
0 and the social planner does not have to sacrifice the welfare.
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u(®) = ff (1 - m) m(60")de".

Note that, for 8 € [8',0), due to the fact that A, > Bu'(c,(0)) for 6 > 0'the above equation integrates over
non-positive variables only. Thus, the above equation implies u(6) < 0 for 8 € [6', 6).
Similarly, integrating (A3b) and using the boundary condition u(8) = 0 yields
u(@ = [° (—1 +'1—2)7r(0”)d0”
%] Bu'(c2(8™M) !
Since 1, < Bu'(c,(0)) for 6 € (8,0'], the above equation integrates over non-negative variables only

when @ < 6', which implies (8) < 0 for any 8 € (8,8'], and hence, u(8) < 0 for any 8 € (6,8). 0

A.1.2 Proof of Proposition 1
Suppose that the constrained efficient allocation {c{ (8), y{ (8), h3 (8)} is the solution for the problem in
(3). Then, by using the constraints in (3), we can replace ¢f (8) by ci(0) + y;(0) —y7(8) and h9(0) by
H(x1(0),y{(0),6, hy). Then, the problem in (3) becomes:
max u(cy(0) + () =y ) = ¢ (32) + 6 [u(ex(@)) - ¢ (i)} A

H(x1(0),y{(6),6,h1)

We denote ¢y, (}Zl—i) =—¢' (’Zl—i) (hztt)z < 0 and ¢pp, (}Zl—i) =¢" (}Zl—i) 5;34 +2¢’ ( )(h E > 0. Then, the first-order

condition of the problem (A4a) is

/(@) + 1(0) = 97 (0)) = Bt (s ) Hy Ca (@), 97 00,0,h) =0, (AdD)

and the second order condition of the problem (A4a) is

n( .o ZZ(U) o 2( ) o
u (51 (9)) — Bdmn W Hy(x1(U)J’1 (6),6,hy) — Bon ha’(e) yy(xl(a)'Y1 (6),6,h) <0

which is negative due to the facts that u”" < 0, ¢p, > 0,H, > 0,¢, <0, and Hy,, < 0. This completes the

proof of Proposition 1. O

A.1.3 Proof of Lemma 1
(i) Differentiating (A4b) with respect to 8 yields

GO < (12) 122 ), -, (32) (1,252 4 )

which gives

(o) 2(0)
ﬁ[¢hh(,lezr(g))HBHy+¢h(ha(g))1‘1y9]

y7(6) =
27 w(e7®)-B[onn(355) 1) +on (755 s
z3(0) 22(0)\z2(9) z3(a)
() "(h”(e))hg(a) otty+o (h”(a)>(2H9HY_Hy9”)]

A5
w (7 @)~8|onn(75 ) ) +on(iEi g vy| o



Asu" <0, ¢",¢', G >0, b < 0and, Hy >0, Hy >0, and Hy, <0, (ASa) implics that 4@ < 0 if

(i) When pyg = definition pyg = : ZH and H,, > 0 imply that H,yH,, > H,,, Hg. Based on the fact that
yiie

()2’

ang(©) _ ay§ (o) ;
2= = Hy~-—+ Hg, we obtain

"(Cf(G))He +ﬁ¢h(;¢27((z))) [HyBHy_HyyHG]
w(e©) =8]8 nn((55) ()" +0 (355 o |

hy (9)

ang () _ =H 3y () + Hg =

26 Y 86 (A5b)

Asu" <0, ¢pp >0, ¢y <0and, H, >0, Hy > 0, and H,,, <0, (A5b) implies that 2229 >0, if HypH, =

H,,,He.
(iii) If there are only verifiable education expenses, then y{ () = 0 for all 8 and o, and thus,
ay?2(6) g g
A= =0and 220 = B2 4 Hy = Hy > 0. O

A.1.4 Proof of Proposition 2
This proof is like the proof of Theorem 5 in Kapicka (2013). The envelope condition (5d) implies that

6 , ay,(e) , [(z2(€ z5(e) 0Ohy(e
W) —-W(o) = fa —u'(c ((s))—y;E + B (hi;) (hzz((g)))z ;g( 92 e

> fo_g —u'(c‘{(e)) BY;E(S) + B¢’ (m) z3(0) 0dhy(¢) de

1@/ (h3()? o
=we(0) - W(o)
which implies that W(8) = W?(8) and then the incentive compatible constraint (5b) holds. The first equality
follows from the envelope condition (5d) and the fundamental theorem of calculus. The second inequality
follows from the facts that the monotonicity condition (5¢) is non-decreasing in ¢ and that any element € in
the range of integral [, 8] is not less that . Finally, the last equality follows from the fundamental theorem of

calculus and the fact that W(0) is differentiable in 6. O

A.1.5 Proof of Proposition 3
Based on equation (A2a) and (Ale), we have
1 1 (0" (c1(8)) 9y1(6)

u'(c1(8))  BRau'(c2(8))  Am(O)u’(c1(6)) 96

A.1.6 Proof of Corollary 1

(i) According to Lemma A1 and Lemma 1(i), we have (with o = 6), 4, > 0, u(8) < 0 for any 8 € (6, 6) and

6y1(9) <0 if pyg = 2. Along with the fact that u” < 0 and (7a), the proof is complete.

(il) When there are only verifiable education expenses, according to Lemma 1(iii), we have ayal_gm = 0. Then,

equation (7b) implies that the standard (inverse) Euler equation holds. O
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A.1.7 Proof of Proposition 4
The labor wedge in the first period can be derived by equation (A2b):

_, YD _ 00 (P (®) oy, 0) >
Tzi(g) =1- u'(c1(8)) - AMm(@)u'(c1(8))wihy 86 voe [Q' 6]' (A6a>
In addition, the labor wedge in the second period can be derived by equation (A2c):
(O
-1 _ hy Jwahy - Bu(d) n ((22(0)\ z2(0) 1 (22(0)\] 0h2(6) a
() =1 w(c2(8)  Am(@)[ha(0)] [¢ (h2(9)> @ TP (h2(9)>] 0 VOE [6.6]. o (A6b)

A.1.8 Proof of Corollary 2

(i) According to Lemma A1, we have 4, > 0, u(6) < 0 for any @ € (6, 6). By Lemma 1(i), we have yl(e)

<0
if pyg < 2. Along with the fact that u” < 0 and u" > 0, (A6a) implies that the skill-fostering effect is negatlve
forany 6 € (gﬁ);

w(©)¢' (B 2)u"(19)) gy, 0)

Mm(@)u'(c1(8))wihy 86 <0

and thus, the labor wedge in the first period is negative 7,,(8) <0 forany 0 € (6, 5)

hz ) "

(i) By Lemma 1(ii), we have —= >0, if p,p =

( )
implies that the shirk-preventing effect is positive for any 8 € (8, 8):

- Bu(6) n (22(0) 22(6) 1 (2200)\] 9h2(6)
2,m(0)[h2(8)]2w, [¢ (h2(9)> hy(0) + ¢ (hz(e))] a6 > 0'

and thus, the labor wedge in the second period is positive 7,,(8) > 0 for any 6 € (6, 9).

(iii) When there are only verifiable education expenses, by Lemma 1(iii), we have ayal ;8) =0 and ahaz ;8) >0,

which implies 7,, (6) = 0 in equation (A62) and 7,,(8) > 0 in equation (A6b). O
A.1.9 Proof of Proposition 5
Adding _‘[8:’(‘2)2](29)¢ (fé((z))) on the both sides of (A2d), then equation (A2d) gives
BHxz2(0) ,, (22(6)
w(a@) -5 (o)
s EBron o 1 s GRS R,
[h2(6)]2 BRau'(c2(8)) A1 (0)[h,(0)]3 '

Dividing u’(c;(8)) on the both sides of (A7a) and using the definition in (6¢), equation (A7a) becomes

z7(8)
7, (0) =1— bt ()2
M ' (c1(6))[h2(6)]?
)
_ p9' ()2 1 ] Bu(6)z2(6)Hx { " (22(9)) ZIONPPY (zZ(e))} 9h3(9)
[h2(6)]2 ﬁRzu'(Cz(e)) u’(c1(60)) A1 (8)[h2(8)]3 h2(8)/ hy(6) h2(0) a0

Using equation (7b) and replacing by £, the above expression becomes

1 1
W (c1(0))  BRyu'(c2(0))



6
. (6) = B (eg) 2 @tx - pu@)z,@)hy { " (zZ(e)) 2©) | o (zZ(e))}ahz(e)
*1 [h2(O)12 1 @ @P 1 \na(6)) na(0) /) 00

Using Proposition 4 and equation (Ale), the above equation can be rewritten as

0
o (0) = —ﬁ¢’(}21§((6)))22(9)Hx 22(O)waHy 0) - Bu(0)z,(OHy ., (22(9)) ah,(0) (ATb)
1 [r2(6)12 . Rahp(8) 72 m(9)[h2()]3 IC)VN A

Using the notations in Definition 1, the first term in the righthand side of (A7b) can be replaced by —%,(6),
and the second term of (A7b) can be replaced by N, (8). Thetefore, equation (A7b) can be rewritten as

Bu(@)z,(OHy ., (22(6)) dhy(0)
T, (6) = ~3:(0) + N> (0) — 3 o o ,(hz(e)) 20

Hence, according to Definition 1, the above equation implies that the net human capital wedge is as follows:

n — _ _ —Bu(0)z2(0)Hyx ,, (22(0) 9h2(6)
T, (0) = 1, (0) — My(0) + %, (0) = TE T g (2 3) 220 (AT¢)

A.1.10 Proof of Corollary 3
() By Lemma A1, (8) < 0 for 6 € (8,0). By Lemma 1 (ii), Z22 > 0 if p, > Z’ij;. Therefore, equation (A7¢)
y

implies that the net human capital wedge is positive for any 6 € (6, 6).

dh,(6)
a0

(ii) If there are only verifiable education expenses, by Lemma 1(iii), > 0, and then equation (A7c) implies

that the net human capital wedge is positive for any 8 € (8, 8). O

A.2 Hamiltonian method of general T-period model and proofs of propositions in Section 3
A.2.1 The derivation of the recursive relaxed social planning problem
Given a targeted threshold of the expected continuation utility v, the planner’s problem is to minimize
the expected discounted resource cost, subject to the expected social welfare above v and incentive
compatibility. Formally, the social planner’s problem, denoted by P'¢ | is
min Y,7_; RZR:"RT [lc(@) + x(6%) + y(6") — w,z(69)]m(6")d 6", (A8a)
subject to [ W(0)m(0)d6 = v,
and  W(0Y) = W?(6"),Vo eR. (IC).

Using the first-order approach, we replaces the IC constraint (A8a) by the envelope condition (9b) to form
the relaxed planning problem, which is denoted by PF94. Through a suitable definition of state variables, we

may rewrite the relaxed planning problem in the following recursive forms.

PFOA

Building on the relaxed planning problem , and Bellman equations (9b) and (9¢), the problem in t =

1 is reformulated as follows:
(v, hy,1) = min [c(e) +x(0) + y(8) — w,2(0) + w] m(0)dd, (A8b)
2

20
hy

subjectto W (8) = u(c(8)) — ¢ (52) + Bv(6),



W(0) = —u'(c(6)) %> + BAO),
J W(e)n(e)de 2,
where the minimization is taken over c(0), x(0), z(8), W (0),v(08) and A(0), and K (v(0),A(68), h(6),0,2) is
solved by the following problems recursively.
For petiods t = 2,3,...,T — 1, given past history 871, we take as given previous values for state variables
v(0' 1), A(B1), and h(6*71). For any period ¢, conditional on the history of shocks in one period eatlier 6,_,,
the entire history of shocks 8*~2 is redundant. Thus, the recursive relaxed planning problem is:

(6),h(6),0,t+1)
Rey1

3 (v,A,h,6_,t) = min [ [c(6) +y(6) +x(6) — w.z(8) + Kwo)A |m(@)d6,  (ASc)

subject to W (©) = u(c(8)) — ¢ (;((:))) + Bv(0),

W) = —u'(c(8)) 22 + pA(®),

2(6) )z(e> 90(8-)
h(6_)) TP

where v= [ W(6)r(6)do and A= [ ¢’( n(0)dd , with 6_ denoting past shocks and the

minimization being taken over c(8),x(8),2(8), W(8),v(8) and A(6). Denote by P*F%4 the set of the recursive
planning problem in (A8b) and (A8c) and by X*F94 the set of the resulting constrained efficient allocation.

We are ready to derive the relaxed social planning problem. Since the utility is given by W(8) = u(c(8)) —

¢ (hz(f_))) + Bv(6), we can replace c(0) by u™* [W(G) —Bv(0) + ¢ (hz(f_)))]. Then, for petiods t = 2,3, ..., T, the

Hamiltonian is as follows:

K (w(0-),A0_), h(6.),6_, )
= {ut|W(©) - pr(©) + ¢ (F55)| + x(6) + () —wez(6) +
+A(62)[v(6-) — W (8)m(6)]

dh(6-)

0 800) - T g (20 )|

K (v(6),A(0),h(6),0,t+1)
Riyq

}n(e)

1) [ (5 [96) - o) 4 (22)]) 22+ paco)

where A1(6_) and y(60_) are the shadow price associated with v(6_) and 4(6-) respectively, and fi(8) is the co-
state variable associated with W (8).

The first-order conditions are

2(9) ae) . n ay(6) oh(6-) z(8) z(6) z(6)

0K _ 7'[(0) '(roo mes | —ma” (¢©) g _ 1075519 (7o) ros?” (o) -0 (A9a)

82(6) u'(c(6)) £ [h(8)]2 ’

.’}(h(v(@),A(B),h(S),B,t+1)H1]§c‘t] _
6x(9) (9) [1 + Rers = 0, (Agb)
% = :“’) Ky(v(6),4(0), h(6),6,,t + 1) + B(0) =0, (A90)
t+

o = e+ LK (0(6), A(0), h(6), 8, ¢ + 1) + H 2P E0) (c() 970) _ (A9d)

av(®) ~ u'(c(9) uw'(c(®) a8

Moreovert, the law of motion for the co-state f1(0) is:



s = —(0) = =20 = [ (0| (o) - EQE L 20 (A%)
with boundary conditions g(8) = (8) = 0.
Envelope conditions are as follows:
Ky (0(0), A6, h(6_),0_,t) = ¥(6_), (A10q)
K,(v(6-),4(6-),h(6-),6_,t) = A(6-), (A10b)

Lagging conditions (A10a), (A10b) and (A10c) by one period, we use (A9b), (A9c) and (A9d) to obtain

y(0) = RnlEl, (A10d)
_ 1 EOW"(c(®)dy(®)
2'(0) - IBRt+1 I:ul(c(a)) n(a)ul(c(a)) 90 ]’ (Al Oe)
ah(8) 2(6")\, . n(2(6")\z(8")
Ry _ 20001} (20 |1 W) ayien] @2 (3 o (5 fiw (A10f)
HE [h(8)]2 h(@) /) [u'(c(8")) m(@Hu'(c(8”)) a0’ h(0)

In order to determine the sign of the optimal wedge, following Stantcheva (2017) we make the following

assumption.?

Assumption Al. v(6) is increasing in 8 and K(v,A, h, 6,t) is increasing and convex in v. That is, for all 8,

(0/0v)K = 0 and (92/9v)K = 0.

According to Assumption Al, agents with a higher shock 8 today tend to get the allocation yielding a
higher expected future utility v(6). Agents with a higher expected future utility v will have a higher expected

discounted cost of providing an allocation K, and moreover, the cost is increasing in v.

For any 6, € [Q,ﬂ, let the corresponding expected future utility be denoted by v(6,) = vy. Then, the

inverse function of v implies that 8y = v (v,). Based on the envelope condition (A10b), we find that

oo = 260) = A(v (v0)). (Alla)

Then, taking the derivative with respect to v, on both sides of the equation (Alla) gives

X =X (vy) 207 () = X (60) 575

,(6) (A11b)

By Assumption A1, (A11b) implies that ' (8,) > 0 for any 6, € [8, 8].
Building on Assumption Al, we easily establish Lemma A2 in the following, which proves that the co-

state fi(0) is positive, indicating a marginal cost caused by information frictions.?

2 See Assumption 3 in Stantcheva (2017, p. 1978).
3 Information frictions reduce the social welfare or raises the social cost. That is why the co-states are negative in the utility
maximization problem (c.f. Lemma A1) and are positive in the cost minimization problem (c.f. Lemma A2.)
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Lemma A2. Under Assumption A1, y(8) < 0 < ji(0) for any 6 € (6, 0)

Proof of Lemma A2. From (A10e) and the envelope condition (A10b), we obtain

1 e (c®)ay®
u'(c(0) m@u(c(0) 99

0K
I = A(0) = BR4q

1 _ﬁ(@)u"(c(a)) ay(6) . .
(0@ m@uw (@) 20 increases in 6

By Assumption Al, we know that A(6) is increasing in 8, so the term

as well.
With boundary conditions A() = [(e) =0, according to Rolle’s theorem, there exists 8" € (6, 6) such
that (") = 0. Then, the law of motion (A9¢) gives

_ 1 e (c(8M) dy(6")
A6-) = e~ (@) 6" (A12a)

_ aeu" (c()) ay(6)
u'(c(@) mw(@u'(c(8) 86

Because is monotone increasing in 8, (A12a) implies that

1 _ aeu"(c(6)) ay(8)
u'(c(8) mw(@u'(c(8) 06

<AO.) Vo<

1 O (c®) ay(6)
u'(c(8)) w(®u'(c(8)) 06

>A6)) Vo> 6.

Integrating (A9¢) and using the boundary condition f1(8) = 0 we obtain

a(e"u"(c(6™) ay(6") , .,
ul(c(all)) aall de .

40) = J; [artary = 20| m(0") -

Note that this equation integrates over non-negative variables only for 8 € [6’,8). Thus, the above equation
implies £i(9) > 0 for 6 € [6',6).
Similarly, using the boundary condition £i(8) = 0, we get

BE" " (c(6") o (o)
u'(c(6™) 20" do”,

10 = I | + A0 | m 0" +

which also implies fi(0) > 0 for 8 € (6,6']. From (A10d), i(8) > 0 implies y(08) < 0 for 6 € (6,6']. O

A.2.2 Proof of Proposition 6

Now, we prove Proposition 6 in Subsection 3.1.

(i) Capital wedge. First, integrating (A9¢) and using the boundary condition fi(8) = 0 yields:
A" " (e(6") ay(6") 4 on

ey _ (O 1 n _
i0) = I} [y — A0 | w0 - T2 (A3a)
Next, using (A10e) to replace A(6_) in (A13a), we get
o a(e) RO (M) ay(e") EENRTAN R TR
A@) = J u'(c(6™) u'(c6”) 26" 6" = BR u'(c(62))  m(0-)u'(c(8-)) 86— (A13b)

Moreover, using boundary condition fi(8) = 0, (A13b) leads to

10



| o= Bt e M)

W(c)  Bre ), W@’ T meu'(c(6) 06-  BRIO  w'(c6”) 26" (Al3c)
Current period's HCI effect Next period's HCI effect
With some manipulation, the above equation gives the inverse Euler equation as follows:

]
11 1] mOu" (@) ay©) 1 | m@u"(c6) ay®) | A13d
u'(c(62))  BRe - [u/(c(@)] — m(-)u'(c(-)) a6 BR; ()u (c(8)) a6 ( )

— Y
Current period's HCI effect Next period's HCI effectJ

Replacing the notation 6_ and 6 by 6" and 6%, respectively, the above equation completes the proof of
Proposition 6(i).
(ii) Labor wedge. For the first period t = 1, the Hamiltonian of the social planning problem is:

Kz, hi, 1) = {u™ [WO) ~ po(8) + ¢ (52)] +x(6) +y(6) — wyz(8) + =R ()

+A[v = W O)r(0)] + 4(0) [~ (u [W(©) - Br(0) + ¢ (52)]) Z52 + BAO)]
The first-order conditions are
z(6)

1(z(6)\ 1 u"
ox _|® (hl )E - (c(6))¢’ (hl )h1 9y(6)
2z(6) [ Wic@) M m(8) — 4() u' (c(8)) 29 =0

The above condition gives the following labor wedge in the first period.

s S O (R
Tz - u'(c(8)) - n(@)u’(c(8))wihy

skill-fostering effect

which shows that only the skill-fostering effect is present in the first period. For periods t = 2,3, ..., T, from

(A9a), it is easy to obtain the labor wedge as follows:

(6 )6h(9 )r¢ (2(9) )= z(0) An( z(0) )] —u(e)u”(c(a))¢ (2(9) )6y(9)

7, (0) = 00— h(6-)) "h(6)" \n(6-) h(6-)) 28
z we[h(6-)]2 (@)u'(c(8))wh(6-)
shirk-preventing effect skill-fostering effect

. . . . . . ay(eT .
Because there is no need to invest in HCI in the terminal period, we have }(;(9 ) _ 0, and thus the skill-
T

fostering effect vanishes in the terminal period. This completes the proof of Proposition 6(ii).

t+1

(iii) Net human capital wedge. Divided on the both sides of (A10f), we obtain the following

(" (8")\z(6")
¢’<Zh(6) >+¢" (zh(e) >Zh(9)
h(6)

equation
h(6)

1= 2(9’)”(9’)]“];; ’ (@) [ 1 M(G')u”(c(e’) ay(el)] 14

[R(0)]?Re+1 h(6) u’(c(B’)) n(@Hu'(c(8")) a8’

nN

(Al4a)

2(9’))M i
Adding — '(c(e)) X4 (h(e) O the both sides of (Al4a), then we have
_ BHE . z(0") z(0")m(8")
'(c(e))¢ (h(e)) [r(6)]2
20N\ 1 Ry BED((6N)ay(e") 2 2(6")\2(6’
~ 2(8")m(6")HS ¢ (n(e>)[u @) & ) w@u (@) 0 | v(©)z©"m(e g 5 2¢! (h(g))) ?' (h(g)))h(g)) o

[n())*Re+a [n(O)]*Re+1

Integrating (A14b) with respect to 8’ and according to the definition (10c), we get
11



_ B, z(6") 9' !
(@) =1- u’(a(e))f (h(9)> [h(6)]2 m(67)a8

, o' (6"u"(c(0")ay(0")| o rye v@l, . i(2(6")Y,  u(z(6")\2(6")]on(6)
2(9 )]HI; b ( ) [ 1 - B’Rct+1 H — - ’ (9 )]HI; ty he) 2¢ G +¢
~J o et ey o) (7L K (Al49

[h(9)]2Rt+1

Replacing 6" and 6 by 8** and 0%, respectively, and using notation Q,; = Q,(c(6*1), c(6") defined in (7a),

equation (Al4c) becomes

z(6t+ l17(9”1)“"(6(9”1))63/(9“'1)] an(o ,(z(6t+1 (26 1)\z(0t+1
—HE z(8%1) g’ ( n(6%) [BRt+1ﬂt' w@rru' ((654)) 00r41 | B HE .z(0+1)y (6¢) g(g )[ 26 ( gl(gt))>+ ( gl(gt)>) (h(ef))]

[n(69)]*Re+1 [n(6D)]PRe+1

Tx(et) =E;

Using equation (11b) in Proposition 6(ii), the above equation can be rewritten as follows:

1o (6% = B, [0 g (07) g, 4 B0, o (greny - OO0 910D o (<ODIY] (4140

[h(85)]2 n(6%) h(6Y)Re+ [n(ED]I3Re41 06 h(6%)
Using notations Ny, = %I}ﬂt Tz and Ky = (52“1)124) (ii:i)l}ﬂ;tﬂt defined in Definition 1, then (A14d)
becomes
ty _ _ t+1 t+1y _ HEez(65 Ny (6F) an(6t) ., (2(6**1)
T(0%) = By [~Han (0741) + Ny (071 - BESWEITE g (22°)]. (Al4e)

Based on the Definition 1 and equation (Al4e), the net human capital wedge is derived as follows:

nepty — £ _ t+1 t+1Y] — —HE z(05 1)y (6%) an(6Y) ., (2(6°1)
TH(6%) = Ef1(69) = Niya (07) + Ky (0°1)] = E, [ o5 ml 2 2 2 g (G557,

which completes the proof of Proposition 6(iii). O

A.2.3 Proof of Corollary 4
(i) When there are non-verifiable education expenses, in the terminal period, there is only the current HCI
effect, so (A13d) becomes

1 _ 1 1 O )u"(c(62)) ay(6-)
@)  prrl [u'(c(e))] = meou'(c6-) o6 (Al52)

03/( )

By Lemma A2 and Lemma 2(i), we have g(8) > 0 and ——= < 0if pJ57_; < 2,. Then, (A15a) gives

1 1
T ” e [ ’(cw))]
which implies a larger capital wedge than the case with no non-verifiable education expenses.

970) _ 3G _ ) ynd the right-hand side of (A13d) is zero.

(if) If there are only verifiable education expenses, = 5

Then, equation (A13d) reduces to the inverse Euler equation and the capital wedge is positive that involves

the effect of insurance purposes. This completes the proof of Corollary 4. O

A.2.4 Proof of Corollary 5

. . . . . oy(et .
(i) When there are non-verifiable education expenses, based on Lemma 2(i), we obtain }(;(9 )<oif Pyar < 2.
t

Similar to the proof of Lemma A2, it is easy to show that 1(6) > 0,V6 € (6, 6). Thus, equation (11b) in
12



Proposition 8 implies that in the first period, the labor wedge is negative, i.e., 7,(8) < 0, for 6 € (6,6).
oh ( 9

(ii) When there are non-verifiable education expenses, based on Lemma 2 (if), we obtain > 0if pyg, =

[;ﬂ” y) . Besides, based on Lemma A2, we have y(87™1) < 0, and thus, equation (11b) in Proposmon 8 implies
y

that in the terminal period, the labor wedge is positive, i.e., 7,(87) > 0, for 6 € (Q, 5)

ah(a )

(iii) When there are only verifiable education expenses, by Lemma 2 (iii), we obtain % = 0and ——= >0,

which implies that the last term of (11b) is zero, and the labor wedge is zero in the first perlod. BCSldCS,

( 9

because of > 0and y(0*!) < 0in Lemma A2, the first term of (11b) is positive, and thus the labor

wedge is positive for all except for the first period. That is, 7,(8%) > 0 for V6, € (8,6) and t = 2 0

A.2.5 Proof of Corollary 6
6h(9t)

(i) When there are non-verifiable education expenses, based on Lemma 2(ii), we obtain > 0if ple, =

By yt) In addition, based on Lemma A2, we have y(6") < 0, and thus, Proposition 9 1mphes that the net

human capital wedge is positive. That is, t#(8%) > 0,v6, € (6,06).
ah(ef)

(i) When there are only verifiable education expenses, by Lemma 2(iii), we obtain >0, and thus,

Proposition 9 implies that the net human capital wedge is positive. That is, T3 (6%) > 0, \7’9t €(6,6).o

A.2.6 Proof of Proposition 7
Suppose that an agent with the type history 8¢ = (84, 6,,...,0,) repotts type o = (04, 0,,..,0.). The

agent chooses non-verifiable education expenses y?(8%) to maximize the following problem:

ty — t ty _ oty z(a")
W) = max u(c(c") +y(0") ~y°(69) - ¢ (o)

ho(6t—1)

z(6%)

+ 20 B [1(e(69) = ¢ (s )| T(081)d62

The first-order condition with respect to y?(6%) is

u'(c(0") +y(@®) = y7(69) = = Xles1 B [ (hf((;)l)) M3 m(081)d63,. (A16a2)
Using the fact that c?(8%) = c(a*) + y(o®) — y°(8%), HS; = HH("(":;2;?9‘1()95'1)"’5_1), and ¢, (7aess) =

z(o%) z(o%) .
—¢' (ho'(gs—l)) o @ the proof is complete. O

A.2.7 Proof of Lemma 3
(i) Fitst, Proposition 7 indicates that the optimal choice of the agent with reporting strategy o® satisfies the

optimal condition (A16a). Differentiating equation (A16a) with respect to 8, yields u”’(c(c*) + y(a*) —
o ay’(6 z(o ay°(et
(Ht)) > ( o =Yt B [¢hh (h”((as)l)) Hy ! []HIZ &+ Hy yag( )

13



(*) ay’(6
+Pn (h"z(;s 1)) [Hyet +H;y1f Al )]] T(0711)dOF 1, (A16b)

where h7(6571) = H *(X(0*™1), Y7 (6571),6°71), Hj,', H;' > 0 and H3,} < 0.

Manipulation of this above condition (A16b) gives

S
ayo(at) _ Ticte ﬁs_tf[¢hh(haz((;q—)1)>ﬂ'ﬂs CHpe +¢h(%) 6, t]"(eg’rl)deg’fl (A160
= ) C
20, u”(c”(et)) Z ps- tf[(b ( z(aS )(]HIS_l) +é ( z(05) ) 1]71_(95 )des
=t+1 hh —hd(gs—l) it h\no(es-1)) " vyt t+1)%%t+1
where (6;,,) = n(0;)..m(0;41) and d6;,, = db; ...dO; 4,
: z(a%) z(c%) [z(a%)]? z(a%) z(a%)
Usmg the fact that bnn (m) = Qb” (h“(es‘i)) [no (65-1)]* + 2¢ (h”(95‘1)> TCEIE > 0, and
z(o%) z(o%) z(o%)
on (hﬂ(as 1)) ¢’ (ha(gs—l)) oo < 0, equation (A16c) can be written as follows:
s— z(a%) n(__2(5) 2(a%) s s— S—1pnS— S—1pyS S S
Byd(at) _ ZZ:;Hﬁ tf[ha(gs—l)f ¢ (Wsl))mﬂ'ﬂytlﬂ'ﬂ 1+¢ (Wsl))[zm 1]H] 1_H 1]H]y915] 7T(9t+1)d9t+1 (A]6d)
96; u'"(co(00) -2 41 B tf[¢hh(ha(95 1))(Hyt) +¢h(ha((gs)1)) yyt]”(9§+1)d9§+1

Since h7(0°71) = H ' (X(0°71),Y?(6°71),0°7") and H3;}; < 0 < Hj;", along with the fact that ¢, < 0
and ¢pp, @", @' > 0, the above equation (A16d) implies that 2212 ( ) <0, if 2H3,Hg, = H°H},, for all s >

t . Thatis pyg, < 2 foralls > t.
(ii) Moteovet, using (A16d) and the fact that h?(6") = H (X(c), Y?(8"), 6%), we obtain

ah?(6%) _ ay (9 )
a6, IHI + IHI
(.o S— H9T1 Hg,t z(0%) s ]HIS_B,l Hg,t
Mg eu'"(c°(09) +5Eoea B ¢hh(h‘7(95 1))(“*1 )Hyt[]m;—tl B, +¢h(ha(gsf1)>“ﬂyyltﬂ'ﬂy.t Hg—y}i—@ (67+1)d0%+1
= s . (AlGe)
u(c®(69)~Ti=r41 B~ tf[‘phh(ha(es 1))(“"1 ) +¢h(ha(gs 1))H§y1r]ﬂ(9§+1)d9§+1
When human capital is not fully depreciated, conditions HT‘” > oo and pyo > 2 ( - )2 1mply that
vt y.t

t s S
H H H

ot ot ot

7> —t> 2= foranys > t.
H H
»t it yyt

Based on equation (A16e), the above condition implies that —— an” (9 )> 0.

(iii) If there are only verifiable education expenses, then ¥ (6%) = 0 for all (8"), and hence

DO _ g and 27D — e, aY(9)+]HI =H,, >0. O
69t det ’

A.3 Extension of a one-deviation strategy to multi-deviation strategies

The Appendix shows that, under proper conditions, the incentive compatibility of the one-deviation
strategy can be extended to a multi-deviation strategy. The goal is to show that if a one-deviation strategy
cannot generate a higher lifetime utility than a truth-telling strategy, then neither can a multi-deviation strategy.
In other words, given the true type 87, suppose that the best strategy among all one-deviation strategies ¢ =

(64,...,8,,...,07) is to tell the truth; namely,

14



w(et) = mnga(Hf).

Then, telling the truth is also the best strategy among all multi-deviation strategies.
Without loss of generality, consider a strategy ¢ that reports the type truthfully in all periods exceptin t =
t1,.., tm. To be more specific, denote the reported type under strategy o as o, which follows the following rule.

ol = {(01,...,0T)|05 =0, Vs ¢ {tl,...,tm}}.

We will show that, even allowing for the possibility of deviating in the future periods, the agent will choose to
tell the truth; that is,
W(6*) = max W°(6%).

OtqrOtm

Before we proceed to the proof, we establish a result in the following Lemma.

Lemma A3. With human capital technology (8b), y°(8%) = y°(6¢%,6,) and c°(6%) = c°(671,0,) for any
6t € 0t and any given strategy o.

Proof of Lemma A3: According to the optimal condition (8c), the optimal condition to determine the value
of y =y9(68") is

W (e + Y09 =) = ~BJ $n (o) = B (1(6), 7,007 (0110 1.

As can be seen, this condition does not depend on the past history of true types 8°7%, and hence the optimal
condition for y = y?(8¢7%,6,) is the same as the above equation. Therefore, y?(8*) = y°(6¢%,6,). Based on
the fact that c?(8%) = c(o") +y(c") —y?(6%) , the property y°(8") =y°(6*"1,6,) implies c?(8%) =
c?(6t%,6,). O

Assumption A2. Suppose that one-deviation strategies satisfy the following conditions.

(i) Among all one-deviation strategies 6 = (6y,...,0;,...,07), telling the truth is the best reporting strategy:
w6t = wa(e).

(i) Given any current human capital level hy, the lifetime utility W7 (6%; h,) is defined as

W04 h) = u(?(09) = & (L) + B W2 (0 (0rs1) A6 (A173)

Condition (i) still applies to W?(8%; h,); that is, W (8%; h,) = W2 (685 hy).

The incentive compatibility condition in the text assures that Condition (i) is met. Moreover, Condition
(i) assumes that, just like a predetermined human capital in the first period, when the human capital level is
given in period ¢, then a one-deviation strategy cannot generate a higher utility than a truth-telling strategy.

We are ready to prove that if a one-deviation strategy cannot lead to a higher utility than a truth-telling

strategy, then neither can a multi-deviation strategy.

Proposition Al. With human capital technology (8b) and Assumption A2, for any multi-deviation strategy o, which
reports the type truthfully in all periods exceptt = ty,..,t,,, where t,, > -+ > ty, the best reported type in the first
15



possible-deviation period t = t, is to tell the truth. That is, of, = 6, and thus, W (6"1) = max we(gth).

O'tl ..... m

Proof of Proposition Al: We start from the last possible deviation period t,,.
First, we show that the best strategy in petiod tp, is to report the true type; that is, o7, = 6, . Given  a

human capital level h,_, the lifetime utility of an agent with type 6'm in period t,, is
we(8tm; by, ) =u(c®(8'm)) — ¢ (Z 7 m)) + B WO (6, 1+1)d0;, 41
=u(c(0m)) — 4’( (Utm))
z(05)

+po o [ T [u(c7(6%) — ¢ (xms—l(x(as—l),y”(es—l).es_l )| 7 (08,41)d65,,,,.

The lifetime utility of another agent with type (o'm7?, 0y,,) in period tp, is

W2 (07,84, ) hey) = u(e” (07 7,61,0) = @ (S) 4 B WO (071,181,611 01000

=u(c’(otm™1,6,,)) — ¢( 2o m)>

htm

z(0%)

+B5~tm [ ZST:th [u(ca(atm—l, O, 05)) —¢ (l}ns—l(x(as—l),y”(atm‘l,atm,...as_1))+95—1)] 7T(9tsm+1)d959m+1.

By Lemma A3, y?(0%) = y?(0°7%,0,) and c?(6°) = c?(6°7%,6;). Then, from the above equations, one can
easily show that, given the same reporting strategy ¢ in which t,, is the last possible deviation period, the agent
with type 8™ and the other agent with type (¢'m™, 6, ) have the same the lifetime utility; that is,

We(6'm; ke, ) =W ((a"™",6,,);hy,,).

Note that, for the agent with type (¢*m™%, 6, ), his or her reporting strategy o can be seen as a one-
deviation strategy, which reports the type truthfully for all periods except t,,. Then, Condition (i) in
Assumption A2 applies; that is,

6, € argrcrrlterlnx we ((afm_l, 0., ); htm).

Since W”(@tm; htm) = W”((Gtm—l, 6¢,.); htm), we also obtain

6, € argmax W?(6';h, ). (A17b)
Otm

This completes the proof that, in the last possible deviation period t,,, the best reporting strategy is to
tell the truth. Thus, no matter whether an agent reports his types truthfully or not in periods before t,,, the
agent obtains the same utility if the type is reported truthfully in period t,,. Since the condition (ii) in
Assumption A2 assumes that the (temporary) incentive compatibility holds for any given level of human capital,
the optimal condition in (A17b) is also true for any given level of human capital h; , in period t,,. That is,
We(6tm; he, ) = Wo((atm"1, 6, );he, ). Then, it suffices to show that in petiod t,,, the best reporting strategy is to
tell the truth. That is, when h, = h(8'="1), based on the definition in (A17a) W2 (6'm;h,, )= W? (') and
(A17b) implies that

16



6., € argmax W?(g').

Utm

Even if deviating in t,,, may generate a higher utility from the perspectives in earlier periods, it is not a
time consistent strategy, because it cannot be carried out in period t,,.

The intuition behind this result is that, when the human capital technology is fully depreciated after one
period, if deviating in petiod t,,, the effects of the past reported types 8'm-1 are cancelled out in petiod t,, due
to the full depreciation. In this circumstance, the past reported types do not affect the future human capital
level, the future consumption and the future non-verifiable human capital investment in petiod t,,. In other
words, these private decisions are independent of the past history of reported types 6'm-1. Therefore,
misreporting in the past and truth-telling in the past do not affect private decisions in period t,,,. Hence, in the
last possible deviation petiod t,, the muti-deviation policy is equivalent to the one-deviation policy. If ¢, is the
tinal period, the situation is the same as that in any other period, except for no investment in human capital in
the terminal period.

Next, following the same method, we can easily prove that, for all periods before t,, except t; (i.e, t =
tm—1,---., t2), the best reporting strategy is to tell the truth.

Finally, given that the agent tells the truth in all future possible deviation petiods t = tp,_4,...., t3, then in
period t;, the reporting strategy o is a one-deviation strategy and thus, using Condition (i) in Assumption A2,

the best strategy is to tell the truth. This completes the proof. O

A.4 Tax implementation in an Equilibrium

While it is tempting to interpret the capital and labor wedges defined in (10a) and (10b) as capital and
labor taxes, because there is a double deviation problem,* the relationship between wedges and taxes is not
straightforward.> In this appendix, we build a tax system to implement the associated constrained efficient
allocation in a decentralized economy. Such tax implementations usually are not unique. In general, there are
different tax systems that can implement constrained efficient allocations as an equilibrium in a decentralized
economy. See, e.g., Albanesi and Sleet (20006), Kochetlakota (2005) and Grochulski and Piskorski (2010). In our
implementation, we show that the capital wedge and labor wedge are not just implicit marginal tax rates, but
they are also explicit marginal tax rates in our tax system.

Golosov et al. (2006) pointed out that the simplest method of implementation is to assign arbitrarily high

punishments if an agent’s observable allocation in any period is different from the constrained efficient

# Intuitively, each wedge controls only one aspect of a worker’s behavior (labor in a period, or savings) taking all other
choices fixed at the optimal level. For example, assuming that an agent supplies the socially optimal amount of labor, a
capital tax defined by a capital wedge would ensure that the agent also makes a socially optimal amount of savings. However,
agents choose labor and savings jointly; if an agent considers changing her labor, then, in general, she also considers
changing her savings. Because the wedges are not constant values, joint changes in savings and labor may change the
wedges to other values, which possibly gives allocations that are better than socially optimal allocations. Thus, there are
double deviations. Kocherlakota (2005) and Albanesi and Sleet (2006) showed that such double deviations would give an
agent a higher utility than the utility from the socially optimal allocations, and therefore the optimal tax system must be
enriched with additional elements in order to implement the optimal allocations.

5 Moreover, the wedges may also differ from taxes because of the general-equilibrium effects, but these effects are shut
down in the model.
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allocation. Yet, this way severely limits an agent’s choices and may be unrealistic. To relax the limitation and
create a direct connection between wedges and taxes, we provide a simple tax system with linear income taxes
to implement the constrained efficient allocation in a market economy. Different from Grochulski and Piskorski
(2010), deferred capital taxes are not necessary for our linear capital income taxes. We show that these optimal
linear capital and labor income tax rates are exactly the same as the optimal wedges established by the social

planner.

A class of the tax system. Our tax system is described as follows. The tax system {7;} includes linear

labor and capital income tax rates (f, and 7},) and lump-sum taxes (I'). Note that the government observes
verifiable education expenses, effective labor and capital (%¢, Z;, k;41), but cannot observe non-verifiable human
capital investment. These linear labor and capital income tax rates thus depend on agents” history of verifiable
education expenses, with the tax rates being 7,(%") and %, (%*) which are different for different agents.
Moreover, the lump-sum tax depends on these three observable allocations,® since the lump-sum tax
I(%%, 7, kyyq) is different for different agents.

Therefore, for period t, the tax revenue of an agent with observable allocation (%%, Z,, k,,) in our tax system is

T = T'(%5, 2 keyr) + £,(EDW 2, + 1, (X DRk, (A18a)

Income condition and reduced forms of taxes. Since a part of HCIs is verifiable, our tax system
punishes agents whose verifiable HCIs deviate from the constrained efficient allocation. Let the set of
recommended verifiable education expenses be Xt = {x%:30" € 0's.t. x* = x*(8*)}, and agents are required
to choose one of the allocations in X*; if otherwise, they will face severe punishment. As for capital and
effective labor, agents are not obligated to choose constrained efficient allocations, but are expected to make
sure agents’ after-tax income consistent with the constrained efficient allocation. Thus, we impose the

following “income” condition:
S(xt(8), 2, kepr) = (1 - fz(xt(éf))) we(z(0%) — 7.) — (k(8%) — key1) = 0, for all % € . (A18b)

To avoid punishment, agents have to choose the observable allocation (J?t,z"t, lel) such that ¥t =
xt(8%) and the income condition S(x¢(8%), Z;, k;41) = 0 is met for some 8¢ € 0%; if otherwise, they face a
severe punishment I'(%%, Z,, k¢11 ) = 0. Given such conditions, our tax system specifies the following reduced-
form taxes for linear labor and capital income tax rates and lump-sum taxes.”

£,(x5(0Y) = £,(8Y)
£ (x8(09) = £,(8Y)
F(x509), 20, keur) = 1(0°)  if S(x'(69), 20 key) = 0

® These three observable allocations (%, Z;, k1) in the lump-sum tax I' are used to check whether the income condition
(A18b), to be specified below, is satisfied or not. If the income condition is not met, then agents would be severely punished
through the lump-sum tax. Once the income condition is met, then the lump-sum tax I' is not affected by the value of
these three observable allocations (¢, Z;, ky41).
7 Although I depends on the current labor z, it is a lump-sum tax, because once the income condition is satisfied, I"
depends on only the reported type.

18



Implementation with the tax system. Given physical and human capital (k;, k;) accumulated from
previous petiods, under our tax system {7}, the problem of type 8, agent in the decentralized economy in

period t is:
ﬁt(Et, he, Ht) = maxu(é) — ¢ (%) + BE; [Utﬂ(lztﬂ' het, 9t+1)]' (A18¢)

Subject to Ef + J‘Et + yt + I‘Et+1 < Wth + Rtf(t - Tt:
Et+1 = H* (%, §1, 00),

whete E[U (kyyy, Revr, 0r11)] = S U (Regy, Rerr) 0p41)T(0441)dO,4 1, and the maximization is taken over
{60, 20, % Vs Risn, IEHl}. Note that the tax policies (A18a) are substituted into the constraints above, and the
income condition (A18b) is used in solving the problem.

In the following proposition, we prove that with the income condition (A18b), the wedges (7, 7)) as
defined in the planning problem in subsection 3.1 can implement the constrained efficient allocation in our tax

system.

Proposition A2. Under the tax system {T;}, the constrained efficient allocations can be implemented in a

decentralized economy, and the corresponding two linear capital and labor income tax rates are consistent with the
wedges. That is, T,(0%) = 1,(0%) and T,(8%) = 7,(8%), t =1,2,...,T.

Proof. See Appendix A.4.1.

The necessity of the income condition. The intuition concerning the role of the income condition
(A18b) that helps our tax system implement the constrained efficient allocation in our tax system is as follows.
Without the income condition (A18b) in our tax system in a decentralized economy, the optimal allocation must

satisfy the following Euler equation.
U (&) = fResr (1 = 7(8Y)) E[u'(Ga)] for some B¢ € 6. (A192)

In order to implement the constrained efficient allocation in this tax system, we must find an appropriate
linear capital tax %, (8%) such that, for any reporting strategy §(8*) = 8¢ in the planning problem, the allocations
{c?(8%),c?(0'+Y)} satisfy equation (A19a).8 However, this is impossible, because the government cannot tell
mis-reporting from truth-telling agents. For the same reported type 8¢, mis-reporting and truth-telling agents
must have the same linear capital tax rate ,(8°). Suppose that the human capital is fully depreciated and the
mis-reporting agent only misreports in period t. Under such a deviating strategy 6 € R,(87), this mis-reporting
agent does not misreport in period t + 1, and, based on the optimal condition in (8c), both mis-reporting and
truth-telling agents have the same consumption in period t + 1; i.e. ¢?(8¢*1) = ¢(8**1). This indicates that the

discounted, post-tax marginal utility of consumption in the right-hand side of Euler equation (A19a) is the

8 Grochulski and Piskorski (2010) pointed out that if (A19a) does not hold for some reporting strategies, then this
reporting strategy is not individually optimal, and thus it cannot be an equilibrium strategy, and the constrained efficient
allocation is not implemented.
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same for both mis-reporting and truth-telling agents. However, by deviating in period ¢, the mis-reporting agent
can consume more than a truth-telling agent, so the marginal utility of consumption in period t in the left-hand
side of (A19a) for the mis-reporting agent is different from that of the truth-telling agent. As such, there is no
capital tax rate %, (9*) that satisfies Euler equation (A19a) for both mis-reporting and truth-telling agents.

To resolve the problem, we need the income condition (A18b) in our tax system. By denoting n% (%) as
the multiplier of the income condition (A18b) in the agents’ problem, we revise the Euler equation (A19a) as
follows:

W (&) = BRess (1~ 7 @)E ' (6] — 17 (69). (A19D)

Agents of different types have different shadow prices n%(8%). Moreover, as the linear labor income tax
rate £,(8°) directly affects the income condition (A18b), the shadow price of the income condition n%(8%)
changes with different values of %,(8*%). Hence, this income condition makes room for the constrained efficient
allocation to satisfy (A19b) for both mis-reporting and truth-telling agents. In other words, different multipliers
of the income conditions make it possible to find linear income tax rates (£,(8%),%,(9%)) so constrained
efficient allocations resulting from reporting strategies specified by shirking and truth-telling agents satisfy
(A19b).

Our implementation of the constrained efficient allocations in terms of linear capital and labor income
taxes is different from the implementation in terms of a linear capital income tax in Grochulski and Piskorski
(2010). To avoid an agent from deviating from labor and saving jointly, these two authors used a non-linear
labor income tax to restrict the agent’s labor to the constrained efficient level. Under the restriction, however,
their linear capital income tax-adjusted Euler equations associated with truth-telling and mis-reporting strategies
can be consistent with each other only if there exists a deferred capital tax.

By contrast, we do not restrict agents’ labor choices. Instead, we only impose an income condition
S(x%, 2, ky1) = 0 to restrict the post-tax total income to be consistent with the constrained efficient level. Our
tax system has two merits. First, it allows agents to choose their labor and savings jointly without the concern
of a double deviation problem, provided that agents’ post-tax income is consistent with the constrained efficient
level. Second, a deferred capital tax is not necessary, because our linear labor income tax rate can function like
the deferred capital tax in Grochulski and Piskorski (2010). Our linear labor income taxes play a role that makes
our linear capital income tax-adjusted Euler equations associated with truth-telling and shirking strategies

consistent with each other.

A.4.1 Proof of Proposition A2
In the problem (A18c), the agent of type ¢ is to maximize the following life-time utility

~ o = . Z _ - -
Ut(kt; h, gt) = maxu(é) — ¢ <i~1_t> + ﬁEt[UHl(ktH, hes1s 9t+1)]
t
Subject to Ef + ft + yt + l;t+1 < Wth + Rtl;f - Tt:
Et+1 = Ht(ft'yu gt)'

where E [0 (Reyy, herr, 0e41)] = [ U (Rerr, Revr, 0r41)T(0111)d0,41, and the maximization is taken over
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If we restrict x, = x(8%) for some reporting strategy ¢ = (8y,...,0,) € R,(6%), then given the previous
choice of capital and human capital (k(8°71),h(8*"1)), the agent of type 8% € O chooses allocations

{¢,2,9, h, k} to maximize the following life-time utility

U (k61 h(6*), 6,) = maxu(e) — ¢ (ﬁ) +BJ T+ (k, , 0,41)70(0141) A0 11,
subject to (1 —%,(8%))w,z + R(1— £, (8" D))k(07 ) — ¢ —x(8) -5 -k —-T(8Y =0, (A20a)
h =H(x(8%), 7., 6,), (A20b)
S(x(8%,2,k) = (1 - 7,(89)we(2z - 2(89) - (k= k() = 0, (A200)

where the maximization is taken over {¢, 2, k, #, h}, and the lump-sum tax I’ (ét) is as follows:
r@H =(1-1,09)wz(@) + R.(1 - 1,,(0)k(8"1) — c(8%) — x(8%) — y(8") — k(B").  (A20d)
Let the multipliers respect to the constraints (A202)-(A20c) be 22(6%), p%(68%) and n?(6%). The
Hamiltonian of the above problem is
H = max Ut (R(6°1), (8, 8,)
= maxu(é) — ¢ (ﬁ) + BJ U (I, R, 6,41 ) (B 41)dO; 1
+2209[(1 - %,(6%)wez + R, (1 — 7B 1))k(8") — ¢ —x~(0Y) — 5 — k — [(6Y)]
+u? (0 [0 (x(89), 7, 6:) — h]
709 [(1 - 7,89 we (2 - 2(8%)) - (- (2]
The first-order conditions with respect to {¢, Z, k7, fl} are

"’f =u' (&) — A% (%) = 0,

5= (s ey e (1= (09) (09 + 701 =
‘;—7; =g U,§+1(1€, R, 8e11)(8e)dBeyy — (47(89) +17(89) =0,

5 = ~A°(09) + u® (09 (x(99), 5, 6:) = 0,

oOH ~ o~ ~
- BJ Uf€+1(k' h, 9t+1)”(9t+1)d9t+1 A CE
Moreover, the envelope conditions are
UE(R(6*),R(6°7),0,) = A7 (69)R, (1 - 7(6°)),
t(ToAt-1y Frht-1 - (- \_Z _
Uh(k(g ); h(g ); et) - ¢ (E(@t_1)> [E(@f_l)]z'
Shifting backward by one period, these envelope conditions are

UI€+1(I;' E' 9t+1) = A&(eﬁ—l)Rﬁ.l(l - ‘Ek (ét)),

U}tl+1(i€" ]”i' 9t+1) — ¢/ (2(9;:;1)) Z([grlt];ﬂ.
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Besides, (A19b) is easily derived by the envelope and the first-order conditions with respect to & and k.

Also, because the preference is concave and the constraint set is a convex set, the first-order conditions
are both necessary and sufficient for the maximum, and thus there is a unique solution {¢, Z, 7, h, I~c} to this
problem. In combination with the constraints that hold with an equality, these first-order conditions and

envelope conditions above give the following conditions for any s > t.

ey~ PR (1=2(0°) J & (6(B541))(8541)dBss, (A21a)

u(@) = 13 (x(6),3,6,)) ¢’ (*52) T2 n (601005, (A21b)

h = H*(x(8%),7,06;) (A21c)

(1-£,0))wz+R(1 -0 H))kO ) —é—x(0°)-5—-k—-T@) =0, (A21d)
(1-%,09)w(z —2(8%) — (k— k(8%)) = 0. (A21e¢)

Suppose that the linear tax rates {#(8°), ,(8%)} are set as the wedges defined in (102)-(10b). Next, we
show that, for the agent whose reporting strategy is 6 € R,(87), if the resulting constrained efficient allocation
{c%(0%),y%(0%),k(8%),2(8%5),h% (0%)} 45, satisfies all (A21a)-(A21e), then the allocation must be the unique
solution of the above decentralized problem.

Because the reporting strategy 6 € R,(8) only possibly deviates at period ¢, Corollary 6 suggests that
y%(8%) = y(8°) and c?(8%) = ¢(8%) for any s > t. From the definitions in (10a)-(10b), we can easily verify that
the tuple {z(éS),cﬁ(esﬂ)} satisties (A21a). Also, based on the optimal condition (8c), the tuple {c%(69),
y9(6%), h?(6%), z(65+)} satisfies (A21b). Besides, based on human capital technology (8b), we know that the
tuple {y%(8%), h%(0°)} satisfies (A21c), and based on the definition of I'(8%) in (A20d) and the fact that
c?(0%) +y°(6°) = c(8°) + y(8%), the tuple {c%(6%),y%(6%),k(8%),z(0%)} satisfies (A21d). Finally, it is
obvious that the tuple {z(8°), k(0°)} satisfies (A21e). Therefore, for agents whose reporting strategy is &, the
constrained efficient allocation indeed satisfies all (A21a)-(A21e), which implies that conditions (A21a)-(A21e)
yield the allocations that are the same as the constrained efficient allocation {c?(6°), y°(8°), k(8°%), z(8%),
h%(6%)}.

Finally, the IC constraint (9a) implies that when type 6, agents choose a truth-telling strategy, i.e., 8; = 6,
the constrained efficient allocation {c?(0°), y?(8%), k(8%), z(8%), h®(6°%)} gives the highest lifetime utility.
Thus, the best strategy is to report the type truthfully, and the constrained efficient allocation
{c%(0%),y%(6%),k(8%),2(8%),h%(0°)} indeed solves the optimization problem for type 8, agents under the tax

system. Then, our tax system implements the constrained efficient allocation in an equilibrium. O
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