Online Appendix to “The Paradox of Price Flexibility in

an Open Economy”

1 Model

We describe the baseline two-country model with trade friction (home bias), financial friction,
monopolistic competitive markets, and nominal price rigidity. The structure of the appendix
follows Groll and Monacelli (2020). There are two countries in the model, each having mea-
sure of %, respectively. Therefore, the total mass of households in the world economy is equal
to 1.

1.1 Home Households

A representative household h in the Home country derives positive utility from the consump-
tion basket Cy(h) and negative utility from supplying labor Ny(h). The present discounted

value of lifetime utility is given by:

—p L+n

where [ is the discount factor, p is the inverse of the elasticity of intertemporal substitution,
and 7 is the inverse of Frisch elasticity of labor supply. &, is a preference shock or a demand
shock. We assume that consumption risk is perfectly pooled among households within a
country, so we may eliminate the household index h for consumption. The household con-
sumes products from both home and abroad, and its consumption basket at time ¢ is denoted
by:
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where Cry and Cp,; denote Home’s composite consumption of Home goods and that of For-
eign goods, respectively. # is the trade elasticity of substitution between these two composite
consumption aggregates, and v € [%, 1] is the degree of home bias, which measures the degree
of trade openness. Consumption aggregates Cy+ and Cp; are defined over a range of Home

and Foreign differentiated goods, with the elasticity of substitution between goods being o.
That is,
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where ¢;+(7) is consumption of good i produced in country j € {H, F'}.

The price index of composite consumption Cp; and Cp, is:
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while the price index of the Home consumption basket C} is:
P= [Py + (1 -v)Pg°* ", (3)

where P;(7) is the price of good ¢ produced in country j € {H, F'}, quoted in the Home cur-
rency. Pj*t(z) is the price of good i produced in country j denominated in Foreign currency.
The law of one price holds for each good, so Pj;(i) = S;P;,(i), where S; is the nominal

exchange rate, which is the Home price of Foreign currency. The Home terms of trade is

T — Pr 4 — StP;‘,t
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We assume that the return of state contingent security can be taxed by the government a la
Devereux and Yetman (2014), meaning that the returns that Home and Foreign consumers
face might differ. The flow budget constraint of the representative household h in Home

country can be expressed as:

PC,+ (14 m7) Z vir1:D(h, $t+1) — D(h,z")| + By1(h) < (4)
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where 7; represents the state-contingent tax on securities. Without loss of generality, we



assume that, as in Devereux and Yetman (2014), the tax (or transfer) is levied only by the
Home government. Household h in Home supplies its labor service N;(h) and receives the
wage rate Wy. vy41, is the price of the claim which pays one unit of Home currency contingent
upon the realization of state z;,; at time ¢ + 1, conditional on state z;. D(h,x") represents
the nominal balance of state-contingent securities at time t. By(h) is the nominal balance
of domestic uncontingent bonds at the beginning of period ¢ with the nominal interest rate
R;_1. Households also earn a share of aggregate profit I'; from firms and receive lump-sum

transfers T} in each period.

Households maximize the lifetime utility subject to the above budget constraint. The usual

consumption Euler equation is given by:

P,
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where R; and R; respectively refer to the Home and Foreign nominal interest rates.

The real wage for household A is:
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1.2 Risk Sharing and the Real Exchange Rate

Combining the efficiency conditions for holdings of state-contingent securities for Home and
Foreign, we obtain the risk-sharing condition that links the real exchange rate to the ratio

of the marginal utilities of consumption:

S, P
P,

Uc(Cy, &) = Uc(Cr &) (1+7) =Uc(Cr, &)Qu(1 + 1), (8)

where (1 + 7;) is the gross tax rate on state-contingent securities and captures the degree of

. . . S P* . . .
imperfect risk sharing. Q; = tPtt is interpreted as the real exchange rate, which measures
the ratio of consumer price indices in the same currency. We assume that the specification

for the tax rate f; =1+ 7 is given by:

PGy |

fi= (%)ﬁ’ (9)
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where A\ captures the degree of capital restriction between the two countries. A = 0, equiva-
lently f; = 1, corresponds to complete financial markets, while A\ = 1 corresponds to financial

autarky.

All contingent securities and non-contingent bonds are assumed to be in zero supply in the
initial period. Within each country, agents have identical preferences, and the asset markets

are complete, implying perfect risk-sharing of consumption within each country.

1.3 Producers and Optimal Pricing

Producers set their prices under monopolistic competition. Prices are sticky in the style
of Calvo (1983), and the Calvo parameters of Home and Foreign are respectively denoted
by ap and aj. Each firm ¢ employs labor in a country-specific labor market to produce

differentiated good according to the following production function:
YHJE(Z-) == Nt<l>

The profit of firm i located in the home country is given by Py (i)Yp, (i) — WiN, (i) =2,

o

where the term % is a subsidy financed by lump sum taxation to eliminate first-order in-

efficiencies in steady state.

The firms that can adjust their prices at period t choose the following optimal price:

By, mix(Baw ) Wik Y (h)

Pia(h) = By o muri(Bam) Y (h) (10)
where my = UC(CFt,ﬁf”’“) i (I(i*tt,&) represents the stochastic discount factor.
The price index evolves according to:
Pyl = lanPy 2+ (1—an)Ph,' 7] (11)

The behavior of foreign firms and the foreign good price index may be described analogously.



1.4 Market Clearing Conditions

The market clearing condition for domestic variety i is:
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The market clearing condition for foreign variety ¢ is similarly defined as:
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Inserting (12) and (13) into the following two equations, respectively,
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yields the following aggregate demand for each country:
_ PHvt -0 0 vk
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1.5 First Best Allocation

The first-best allocation is the equilibrium in which prices are fully flexible, capital markets
are complete, and the steady state markups are neutralized at all times with an appropriate
subsidy. This efficient allocation provides a useful benchmark in order to assess the welfare
implications of the two exchange rate regimes. In this subsection, a variable with hat denotes

its log-linearized version, and a variable with superscribt fb indicates its first-best allocation.



The log-linearized risk sharing condition (8) under perfect risk sharing is:
A1 =p(C" = ") + (e — ), (16)

where ¢, = In¢&;, ¢ = In¢/. Furthermore, log-linearzing the definition of real exchange rate,
we have:
)" = (2v — )T/ (17)

Combining the previous two results with the log-linearized aggregate market clearing condi-

tions (14), we obtain the following:
PYiy = pCl" + (1 —v) [dw(pd — 1) + 1T/ + (1 = v)(g — &) (18)
Log-linearzing the home optimal pricing equation under flexible prices yields:
WA = —(1 = )T — o 4 e, (19
Combining the previous two equations to eliminate C’f b yields:
(0 + )V, = 20(1 = v)(p = )T = (1 = V)6 — ) + (20)
The corresponding equation for Foreign is derived in a completely analogous way. Thus,
(p+mVE = =201 —v)(p0 — DT/" + (1 —v) (e, — €) + €
The efficient terms of trade is given by:
[4v(1 = v)pb + (2v — 1)°] T/ = p(YIfIcz - ?}clz) —2v—1)(e — €), (21)

which is obtained by combining the two log-linearized aggregate market clearing conditions
with the risk sharing condition (16) and Equation (17).

2 Full Set of Linearized Equilibrium

We outline the linearized equilibrium conditions that form a set of constraints for the optimal

monetary problem. Define X, = log (%) and X, = log <%>, where X and thb are the

steady state of X; and its efficient level, respectively. Moreover, let g, = In(Pg+/Pri—1)

and 75, = In(Pr,/Pry_y).



Equilibrium conditions under flexible exchange rates Given the path of
the two policy instruments {}?it, f{;‘ }, the equilibrium under flexible exchange rates consists
of endogenous variables {}A/Hﬂg, }Afpyt, THt Thts C, é’;‘, Ty, O:, ft} and exogenous variables {e,
€;} that satisfy:

- Aggregate demand:

~ ~ 1~ ~ ~

EiCiy1 = Cy + ;{Rt — [EtﬂH,tH + (1 = v)(ETy1 — Tt)} +Eier41 — 6t} (22)
Ak Ak 1 % * 7~ 7~ * *
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- Market clearing:

Yire = 2v(1 = v)0T; +vCi + (1 — v)Cf (24)
Ve = —2v(1 — )Ty + (1 — v)C; + vCy (25)
- Aggregate supply:
Tae = BB + ki { (o4 Ve — (1= v) 20000 = )T, - fi] } (26)
The = BEih + rp{ (0 + )V + (1= v) [20(00 = )T, - fi] } (27)
_ (1-auB)(d-an). _ (A —apBf)(d — o)
R = ) Rp = *
og Qp

- Risk sharing and demand imbalances:

p(Cr=C)+ (e —et) = Qe = fi (28)
Qt = (2V - ]‘)Tt (29)
;o A2 —2v) ) .

Je= A2 —20) (200 — 20+ 1) + 2(1 — )\)A(P(QQV —1)+1-2v)(Yus — Yry)

A2 —2v) .
A2 —20) (200 — 20 + 1) + 2(1 — A)A(%V — 2w 1)(e —€), (30)

A= (2v—1)2 4+ 4p0v(1 — v).

Once the solution for 7y, 77, and T, is obtained from the set of equations above, one can
derive the dynamic equation for nominal exchange rates using the definition of the terms of

trade, expressed in log-deviations:

gt — S’t—l = l_ﬁf - ﬂ_l + THt — ﬂ—;‘,t' (31)



We define the demand shocks in Home as ¢, = In¢&;. The shock follows a two-state Markov
process, as in Eggertsson and Woodford (2003). In period ¢ = 0, the world economy is at
steady state. In period ¢ = 1, there is an unanticipated fall of ¢; to €;, < 0. The shock remains
constant in each period with probability © and reverts back to zero with probability 1 — u.
Once the shock reverts back to zero, it stays there forever. We assume that both Home and

Foreign are hit by the same shock, i.e., ¢ = €.

Equilibrium conditions under a monetary union Two main differences
exist between the equilibrium under a monetary union and the equilibrium under flexible
exchange rates. Because the monetary authority sets the common policy instrument under
a monetary union, we only need one aggregate demand equation, which is (22). Moreover,

one needs to impose the fixed exchange rate condition, which is Equation (31) with S, = 0:

~

T‘t — T;g_l = ﬂ-;‘,t — 7TH,t- (32)

Hence, given the path of common policy instrument (Rt = ]A%Z‘ ) and shock processes, the
equilibrium under a monetary union consists of a set of endogenous variables {}A/Hﬂg, }Afpyt,
THts Ty C, C’: Ty, O, ft} and exogenous variables {¢;, €}, satisfying conditions (22),
(24)-(30) along with (32).

3 Derivation of Loss Function

In this section, we derive the quadratic welfare loss function in the main text. The derivation

closely follows the steps outlined in the appendix of Corsetti et al. (2020).

3.1 Useful First-Order Conditions

The equations outlined in this subsection will be extensively used in the next subsections.
Rearranging the risk sharing condition (28) and using the fact that C, + C’;‘ = }A/Hvt + vat,

we obtain:

A 1 . 17 .
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Subtracting YHyt from the equation above and utilizing the fact that C’t + C’f = }A/Hyt + YFJ,

we obtain:
N N A N 1(~ N 1r1aA A .
_(Ct - YH¢) = Ct - YF,t = §{YH,t - YF,t - ; Qt + ft + (€t - Et)] } (34)

Combining (34) with the market clearing conditions (24) and (25) yields:

C, = YH’t -(1- V)% [p@j} + (pf — 1)Qt — fi— (e — 6:)} (35)
C’t* = Y/F,t + (1 - l/)% [p@j} + (p — 1)@1: - ft — (& — 6:)] : (36)

Subtract (25) from (24), then combining it with (28) and (29), we obtain:
(1= v)(ph — 1)+ 1T = p(Via — V) = @v— Do+ (e — ). (37)
In addition, rearranging (20), we obtain:
e = (n+ p)Yity — [2v(1 = v)(p0 = DI T/ + (1 = v) (e — &) (38)
Now, log-linearizing (7), we obtain the real marginal cost:
W, — P, = pCy + Vs — €. (39)
Replacing the CPI price index P, with PPI price index PHJ, we can rewrite (39) as:
W, — PH,t = pé’t — e+ UYH,t +(1- I/)Tt (40)

Now, multiply both sides of (35) by p and then use the resulting equation to rewrite the
right-hand side of (40). The right-hand side of (40) is then:

pét — €+ nfnyt +(1- V)Tt = (41)
1+ p)Vire = (1 =) (00 = )T+ Q) = fi] + 1 = v)(e— ) — et

Combining (38) and the above equation, we get:

pCr— &+ Y+ (1= )Ty = (n+ )Yy — (1 —v) [(09 — (T + Q) — ﬂ] -



Multiplying both sides by % and subtracting % to both sides, we obtain:

A N 1 A
gC’t — €+ gYH,t + 5(1 -v)T; = (42)
1 S 1 e
S+ p)Yhy = SA=v) {(p0 = 1T+ Q0) = fi| = Et
Substitute out € using (38) to obtain:
Bét — €+ ﬂYHt“‘ 1(1 )T, =
2 2 772
1 ~ 1 L . .
5+ p)Yhy = 5(1—v) [(P‘9 — DT+ Q) — ft]
1 ~ ~ *
5@+ DV, = v =)0 = D) T + (L= V) — )
1, Lo o 1 . )
= (1 P) (3 Ving — V%) — (L= )b~ DT~ T + L) (@ - ). (@)

3.2 Second-Order Approximation of Utility
The period utility of agents living in Home is given by:

Ct-r N1+

U(C) = VIN) =67~ 157

The period utility of agents living in Foreign is defined similarly.

We assume efficient steady state so that the subsidy satisfies ( = 1. Furthermore,

o—1)(1-7)
in the efficient steady state, U'(C') = —V'(IV) holds. The second-order approximation of the

utility (44) yields

Ut:ét—YH,t‘i‘( 5

1o .
——7T12q,t +ta.p. + O(HZH?’), (45)

P A A 1 -2
C C,—=(1 Y:i, —
i+ €)Cy 2( + )Y, 5 e

where the term %.i.p. collects all the terms that are independent of monetary policy and the
term O([|Z|]®) groups all the terms that are of third or higher order. To derive the above
expression, the log-linear approximation of the aggregate production function is used, which
is given by )A/Hi = N,. The inflation rates appear because the second-order approximation
of the labor service is proportional to the price dispersion. Please refer to Woodford (2003)

chapter 6 for more detail.

The previous steps can be repeated completely analogously to obtain the corresponding

10



expression for Foreign. The world welfare loss function is given by the weighted average of

the country-specific welfare loss functions:

11,
‘Cgvzﬁvt_l_évt?

which can be reexpressed as:

26 = v+ v} = (Gt ) = (Vs + Vi) +

~ ~ 1—2p -~ ~
pCt +€)Cy + (TpCt* + Er)Ct* (46)

2
1 2 1 -2
_5(1 + 77>YH,t - 5(1 + n)YF,t
1o 1o )
T = =T i+ o||Z17).

2/€H 2/<QF

We shall utilize the equations outlined in Section 3.1 to express the loss function in terms of

gaps.

3.3 Expressing Loss Function in Terms of Gaps

To eliminate the linear terms in £}V, we first sum up the budget constraints of each country
to obtain the world resource constraint. The world resource constraint, expressed in the

Home currency, is:
P.C,+ SiPC} = Py Yu, + PriYry.

Dividing both sides by FP;, we have:

Cy+ Q:Cf = PT};I:YH,t + P?i’tYRt. (47)

Using the relationship
P}i’t’t =[v+ 1 -1} T (48)
];Ft’t = ;1;;} S}fjt* =[v+(1- u)Tf*}‘ﬁ Q: (49)

to substitute out the two relative prices in (47), we obtain:

Co+QCr =[v+ 1 =T} o Y+ [v+ Q= v)T)7'] 70 QiYrs (50)

11



Performing a second-order approximation to the above expression and rearranging the linear

terms to the left yields:
A Y % L no | A2 1 o )
Co+Cf =Yy —Yry = _é(ct +C7 )+ §(YH,t + Y5,
+(Vie = C))Qu = (1 = v) (Y — Vi) T,
+u(1 — v)0T? + tip. + O(||Z|]?). (51)

Inserting this equation into (46) and then combining the like terms yields:

2 = ~(5C — )i — (5C; = &)C + (Ve = €0,
1

—5 (=) (Ve = Vi Ty + (1 = )07}
L1 . -1 )Y
_(QYH,t + (1= v)T) Yy — (QYF,t — 5 (1 =1)T)Yry
2 2 2 2
1o 1o * ;
3T T e Tt + OUIZ]P).

Adding and subtracting 5 11— V)Tt(YHt —YFt) (gé’t — et)YH,t and (gé’f — (—:’{)YF,t to the above

equation and combining the like term yields:

2L} = —(5C = @)(Cr = Vi) = (5C7 — & + Q)(C} = Vo)

1 N N N N
—5 (=) Vi = Vi) Ty + (1= )01}

~ ~ 1 A A
_(gct — €&+ gYH,t + 5(1 —v)1})Yh,
N 1 A A
( C* — Et gYF’t — 5(1 — I/)E)Yp’t
1o 1o , .
_§/<;_WQ Ht~ §E7TF¢2 +tip. 4+ O(||Z]]).
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Using the expressions (38) and (41), we can express the above loss in terms of gaps and the

demand imbalance:
2] = ~(5C: = e)(C = Vi) = (5C7 = & + Q)(C; — Vo)
—%(1 — ) (Vie = Vi) |Ti+ fo = (e — 6:)} + (1 — w01y}
=60+ Wi = V) = 2001 = )00 - 1T~ 74 Ty
[0+ e~ ¥+ 20 = )00 - )57 - )

1o 1o * 2 ;
—§E7T%I7t — 5577}7# + th + O(HZ||3>

Next, collecting the terms in output gaps and the terms multiplied by output differentials
yields:

2 = —(5C = e)(Ci = Vo) = (5C7 — & + Q)(Cr = Vi)
1 . R . .
—5(1 — )Yy = Yeo) |Ti + fi — (s — €)| + (1 — v)vfT}

1o o . .
+2v(1 —v)(pf — 1)(§Tt — T (Yiry — Yry)
1.~ N A 1.~ N N
—(p+ 77)(§YH¢ — Y)Y — (p+ U)(gYF,t — Y Yry
1o , 1o

x 2 ; :

Using equations (33) and (34) to rearrange the above expression:

20 = 5 56 =) = Q= (e = D] {Vis = Vo= 5 [Qe+ fe+ (= )] |
—%(1 — ) (Yiy — Yiy) [Tt + fi — (e — (—:Z)} + (1 — v)voT?
F20(1 =) (o8~ 1) (5T~ T%) (Vi — Vi)
(o m) (Vi — Vi Fine — (o m) (5 Vi — VDT,

2
1o 1o * 2 ;
g e~ gy T L+ O(IZ1)

Now, using the definition of the demand imbalance

fi=p(Co—CF) = Qi — (e — €)

13



to eliminate the terms expressed in consumption, we obtain:

20 =~ (1 = Qe (o= )] + 7 [ = (@it (= )] (Vg = Vi)
5 (=) (Vi = Y [Tt (G = C1) — (e = )] + (1= )b
Y201 =)o~ V(T ~ T (i~ Vi)

(o m) (g ¥ine — VN Fine — (o m) (5 Vi — VDT,

1o , 1o

x 2 ;

Now, collecting the terms in output differentials:

2L = —ﬁ []EE — (@1 + (e — 5:))2]
+i [(21/ —D)(fi — (e —€)) — Tt} (Vi = Vi)

o 1. A N ~
+(1 = )17 +2v(1 — v)(pf — 1)(§Tt — T/ Yus — Yo

1 s 1. NP
—(p+ U)(gYH,t — YWY — (p+ 77)(§YF,t — Y)Y
1o 1o .
= e + tip. + O(|ZI1).
At the third line of the previous equation, substitute T, and th b out using the relationship
(37) and (21) to obtain:
w 1 £2 o *\\ 2
2>y =~ | = Qi+ (=€)
p
1 A ~ ~ ~ ~

+7 |2 =i = (6= ) = To] (Vi = Vo) + (1 = 001}

v(1—v)(pf — 1) : IR
0 T D [ = D] (e = Vi)

2v(l—v)(pf —1)p 1 - ~ « . . .
T =)0 = 1) + 102 Ve = V) = (g = Vi) (Vine = Vi)
J S S FbA Y 1. NG
—(p+ 77)(§YH¢ =Yy )Y — (p+ 77)(§YF,t = Yp)Yrs
1o , 1

o, .
e = g + i+ O(1Z]"), (52)

Note that the last three lines of the above expression is the loss function under complete

markets. Let us focus on the first three lines. Use the definition of the real exchange rate

14



(29) to substitute out Q;:

e Tt (- )’

% v = 1)(fi = (e = €)) = To] (Viry = Vi) + (1= 00T

= we— )
4v(l —v)(ph — 1) +

A

—(2v — 1) [ Fo— (e — e:)} (Vire — Viow).

Again, use (37) to substitute out YH¢ — }A/Fyt in the expression above:

L= (v =0+ (e )]

+(1 — v)VoT?.

By rearranging, we can finally simplify the expression above as:

v(l—v)o 9
_4u(1 —v)(ph — 1) + 1ft ’ (53)

Inserting (53) into equation (52), we get the loss function in deviations from the first best:

v(l—v)o
w1 -v)(pf—1) +1

2[LV — (L)) = 72
2v(1 = v)(pf —1)p <}(
dv(l—v)(ph —1)+1"2
1.~ S FhAY 1. S FhN Y
—(p+m (G = Yig )Yy — (p + ) (5¥re = Y5, )V
lo , 1

o, .
T 9y HE T 55”&2 +tip. +O(l|Z]P). (54)

Yire — Vo) — (Vi = VD) (Yiry — Yiry)
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Utilizing the fact that, for any given variable X;,

1 - A A 1 - A A
(§Xt - XX, = Q(XE —2X,X/")
1oy ) 1
= §(Xt2 —2X, X/" + (X/")?) - §(thb)2
1

= 5()2} — X/"? +tip., (55)

we can further reduce (54) as:

w b _ v(l—v)0 22
2[£" ()7 __4V(1—1/)(p9—1)+1ft
v(l —v)(pf —1)p

4l —v)(pf —1)+1
1 ~ ~ 1 - -

—é(P +0) (Vi — Yi)° - 5(/7 +0) (Ve — Vi)
1o , 1

0 4 9 .

(Ve = Vi) = (Ve = Yiy))?

Again, rearranging it further, we finally obtain the complete loss function:

1 ~ ~ o o,
£ — (L) =~ ot M+ VR + o 4 Dt

Tl —ngtp; i)1) 7[00 = Doy = Ve? = 07| |+ tim+O(ZIP). - (56)

This completes the derivation of the loss function in the paper.

4 Derivation of Country-Specific Loss Func-
tion

In this section, we derive the quadratic country-specific loss function. The derivation closely
follows the steps outlined in the appendix of Pappa (2004). Specifically, we focus on the
derivation under perfect financial integration and symmetric demand shocks, because the
country-specific loss function described in the main text corresponds to this environment.

We derive only the Home loss function. The Foreign loss can be obtained analogously.
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4.1 Useful Relationship

From the home market clearing condition (24), we can obtain:

Vi, = 20(1—v)0T, +vCi + (1 —v)Cf
= w(1—v)0T, + (v —1)(C, — CF) + C,. (57)

With our assumption of symmetric demand shocks and complete financial markets, we can

rewrite equation (28) as: % =C - C Using this relative consumption relation, we can

rewrite equation (57) as:

(1-v)

}A/H,t = 2V(1 - V)ej-;g — Qt —+ CYt

= 2w(1—v)0T, — u(2V — T, +C,

p
= (1-v) |:2V9+ 1_,02V} T, + C,
= (1-v)¢T,+C, (58)

where the second equality follows from (29) and ¢ = 2v6 + 1‘—{)2”. Squaring both sides of
equation (58), we get:

VA, = C2 4 (1— w612 + 21— )6Ci, (59)
The foreign counterpart of (59) is:
V2, =G+ (1= 02?12 — 2(1 — v)gC T (60)
Adding (59) and (60) yields:
¥ ¥ A 22 7 2 A Ak
Yie+ Vi =Cl+ O +2(1 = v)°¢"T7 + 2(1 = v)oT3(Ch — C7).
Applying (28) and (29) to substitute out relative consumption:
(2v—1) -

V2, 4+ VR = C24 G 4 2(1— )21 +2(1 — v>¢TTt : (61)
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Rearranging, we obtain:

. N A N 2v—1 A
Y}?I,t+YF2,t_Ct2_C: =2(1-v)¢ P +(1-v)9 Tt2' (62)

Rewriting the second-order approximation of the world resource constraint, given by (51),
for convenience:

A A - ~ 1 - ~ A A2
Ci+Cf —Yhy — Yy = §(Y1-21,t +Yi, — CE+C))
+(YF¢ - é:)Qt —(1- V)(YH,t - Y/Ft)Tlt
+v(1 —v)0T? + O(||Z]%).
Plugging (62) into the above expression:

2v—1 .
”p + (1= v)e)| T2
+ (Ve = CHQy — (1 — v) (Yire — Vi) T
+v(1 = )01+ O(]|1Z|]%).

N N N N 1
Ci+Cf =Yy —Yp, = 5 2(1 —v)o(

(63)

To express all terms on the right-hand side of (63) as a function of the terms of trade, we

use the following relationships. First, the linearized market clearing condition for Foreign
implies:

Vi — CF = =20(1 — )T, + (1 — v)(C, — CF)

= —2w(1 —)0T; + (1 — y)@f

_[a= '/>ff” —Y o1 —ne| 7 (64)

Second, subtracting the linearized market clearing conditions for Home from that of Foreign,
we obtain:

Yirs — Yy = dv(1 — )01, + (2v — 1)(C, — C7)

—_1)2 .
= 4v(1 —v)0T, + uﬂ
127 .
AR I L (65)
p
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Inserting (64) and (65) into (63), we obtain:

2v—1
p

ét+é': _YH,t_f/F,t = % {2(1_V>¢( +(1_V>¢)} th
(1-v)(2v—-1)

p

— 21— u)e} 5,0, — (1—v) [@(1 e+ @} 72

+v(1 = )0T2 + O(]|1 Z|]%).

Combining all of the like terms and using equation (29) to substitute out the real exchange

rate, we obtain:

~ ~ ~ ~ 2 —1 ~

Co+Cf =Yy — Yy = {—V(l =)0+ (1 —v)¢( yp +(1- V)ﬁb)} Tt2~
Equivalently,

A - - A 2v—1 S5

Co =Y, =Ypr —C + |—v(1 —v)0 4+ (1 —v)o( P +(1—v)p)| T¢. (66)

4.2 Second-order Approximation

Rewriting the second-order approximation of the utility (44) for convenience:

. . 1—p 4 A 1 N 1o .
v~ Gy = Vg + (5 pCt—i-et)Ct—i(l—{—n)Yth—i—ﬁ 7+ tip. + O(||Z][*),  (67)
H

where the term t.i.p. collects all the terms that are independent of monetary policy and the

term O([|Z||?) groups all the terms that are of third or higher order.

Plugging (59) into (67) results in:

~ ~ 1— ~ ~ 1 ~ ~ N
v R Cy— Y+ ( 5 pCt +€)Cy — 5(1 +n) |CF + (1 —v)*¢*T7 + 2(1 — v)¢Ci T,
1
2T ttip.+0(1Z)P).
2Ky ’

Combining all of the like terms, we obtain:

. . . +n. A 1 .
= Co = Vs + Creo = (B51C = SO+ ) (1= 06T (68)

A A 1o .
—(1+n)1 —v)oCT; — §Eﬂi,t +ti.p.+ O(||Z]]%).
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Substituting out €} — YH7t using (66):

2v—1 . A +n. A
A= 0)0)| T+ G = (G

1 . ~~ 1o .
5+ m = VPO (L)1 = )0CT; - 5T+ g+ O(IZIF). (69)

v |—v(l—v)0+ (1 —v)o(

where we have included Ypyt — C’;“ in the t.7.p., since it is a term independent of domestic

monetary policy.

Under symmetric demand shocks, the efficient level is characterized by no movement in
terms of trade since the responses of output and consumption between the two countries are
identical. Using the fact ¢, = €; and th ® — 0 under symmetric demand shocks, equation (18)
implies }A/Ii;bt = (/°. Inserting this relationship into (20) yields CA'};bt = i Using the fact

a=(p+ n)é’f ® and the relationship (55), we can organize the above expression as:

v—1
P
1 . ~~ 1o .

—5 ML= PT — (L) (L= )G, — 5Ty, + i+ O(1|2])

v (1= 00+ (1= oE 4 (1= 0)a)| T2 - S+ GG Y

= v =0 (o) = S P )| 72 - (o )CE
() = OGT = 5T, i+ O(IZ)F), (70)

Equation (70) is the country-specific loss function for the home country that we use in the

paper.

5 Discretionary Policy FOCs

5.1 Floating Exchange Rate Regime

The optimal cooperative policy under discretion is characterized by the solution to the

following optimization problem.
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- 1 ~ ~ o o,
L =UcCE; Zﬁt{ - ((P + 77) (YI-QI,t + Y}«g,t) + _7T12L1,t + _WF?t
=0 4 Ry REp
2v(l —v)

_4y(1 “ ) (ph—1) + 1 [(pQ - 1)p<}~/H,t - Y/F,t)Q - 9]?] >

1 {—Etét+1 +C,+ %(fzt — (Byrpgn + A= 0)(ET 1 — 1)) + Ererpr — et)}
P | ~BCiy+ G4 (B = (Birgs = (1= v)(Biiss — T0) + Becty — )
+As¢ [_?Hi +2v(1 — I/)Hﬁ +vC, + (1-— I/)CA':}

g [_ffm — (1 — )T, + (1 - v)C, + ycﬂ
+ st [_WH,t + BE T 41 + F&H{(P + TI)Y/H,t —(1-v) [QV(P9 - 1)Tt - ft} H
ot |~ T + BEigg + ke { (04 m)Vis + (1= ) 20000 = DT — ] ]
Fhar |p(Co = ) 4 (e — ) = Q1 = fi
s [Qt (2w — 1)72}

+ Aot |:ft - A(yH,t - ?F,t) - B(Et - 6:)] } (71)

where the coefficients A and B are given by:

B A1 —v)
A= 0@ —w ) 20 = wa P -+ 1),
B= Al = v) (200 — 20+ 1).

AMl—v)(20v —2v +1)+2(1 — M)A

In the discretionary policy, the central bank cannot commit itself to any future action.
Therefore, all the expectation terms are considered as given by the central bank. Furthermore,
the shock terms in the Lagrangian are given, because they are independent of policy. The

first-order conditions are:

v(l—v)
dv(l—v)(ph —1)+1
=3¢ + ku(p+n)Ase — Adg =0

Vi) : —5(,0 +0) (Ve — Y5 + [(09 — 1)p(Vire = Y, = Ve + YY)
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v(l—v)
vl —v)(ph —1)+1
_)\4t + IiF(p + 7])/\6t + A)\gt =0

N 1 N ~ ~ ~ N A
(Vi : —5(,0 +10)(Yes — Yfﬂ;) - [(PQ —1)p(Ye, — Y};i —Yp; + Ypf?)

1o
[WH,t] : )\5,15 -+ S THt= 0
2/@[{

* g 4
[TrF,t] : )\G,t + EEWF’t =0

~

[Ct] . >‘1,t + V)\g}t + (1 — I/>>\47t + p/\7,t = O
[é:] : )\2775 + l/)\47t + (]_ — I/)/\gi — P)\7,t = 0
[Rt] . )\1,75 > 07 Rt >0, >\1,th =0

[R]: Mgy > 0,RF >0, M R =0

1 1
1) -— "+ ; D s — 20(1 — 1)0Agy + 20(1 — v)0As,

+2kpv(1 —v)(p0 — 1) As5; — 26pv(1 —v)(pf — D) A6e + (20 — 1)Xs; =0

~

Q] : Asp — A7, =0

A v(l—v)0 n
il i k(1 —v)Asy — kp(1 — 1) X6y — Aty + Aoy — = (y)(,oG )_ o 1ft =0

5.2 Monetary Union Regime

The optimal policy in a monetary union under discretion is characterized by the solution to

the following optimization problem.
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- 1 ~ ~ o o,
L =UcCE; Zﬁt{ - Z_l ((P + 77) (YI-QI,t + Y}«g,t) + EW%” + ETFF?t
t=0

2v(l —v)

_4y(1 “ ) (ph—1) + 1 [(pQ - 1)p<}~/H,t - Y/F,t)Q - 9]?] >

1y [—Etét+1 +C + %(RNU — By + (1= )BT — 1)) + Ererpr — et)]
i [Tt — Ty =y + wH,t}

st [—?H,t 21— )07 + vy + (1 — u)cﬂ

Ay [—?F,t w1 — )T + (1 — )Gy + ycﬂ
s [—mﬁ + BE i + KH{(p )V — (1— ) [21/(p«9 DT - ft} H
ot |~ Tg + BB + kp{ (04 )iy + (1= ) 20000 = DT — ] ]

+A7 [P(ét — )+ (6 — &) — Qu — ft}
g [Q} (2w — 1)71}

+ Aot |:ft - A(Y/H,t - }A/Ft) - B(Et - 6:)] }
The first order conditions are given as follows:

v(l—v)
vl —v)(ph —1)+1
_>\3t + IiH(p + 77))\515 — A)\gt =0

~ 1 . R A X R A
Wirdd = =5 (0 ) (Vi = Yigg) + (08— D)o (Vir, — Vit~ Viey + V)]

v(l—v)
vl —v)(ph —1)+1
—Aat + Ke(p+m)Aet + Adgr = 0

1 ~ ~ ~ ~ ~ N
I —5(0 +1)(Yrs — Ypﬂ;) - [(P9 —1)p(Ye,: — Y]ﬁf —Yp + Yg?)}

1o
[Tre) : A5y + 5_7TH,t — Ay =0
Ry

1o
[ﬂ-},t] : >\6,t + 5-/{ ﬂ-},t + )\Q’t =0
F
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[ét] . )\1715 + V)\3,t + (]_ — V>A47t + p/\7,t = 0

[CF] - vhay + (1 — V) Asy — pArs =0

[RMY]: Ay, >0, RMY >0, M RMY =0

1—v

73]~

Mt — Aoy — 2v(1 —v)0As + 2v(1 — v)0Ay,

+2kpv(1 —v)(pf — 1)Ast — 26pv (1 —v)(p0 — D) A6t + (20 — 1) Age =0

~

Q] : Asp — A7, =0

. v(l—v)0 n
il i k(1 —=v)Xsy — kp(1 — 1) N6y — A7+ Aoy — = (V)(,oQ )_ o 1ft =0
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