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1 A SmALL OPEN EcoNOMY MODEL

This section extends the model of Justiniano and Preston (2010) to have non-rational beliefs. Following
Eusepi, Giannoni, and Preston (2020), we allow agents to have arbitrary beliefs about expected future
returns of available assets. A contribution of this paper is to provide a first step in the empirical
evaluation of the resulting open-economy asset pricing implications.

Households. A continuum of large households i € [0, 1] maximize intertemporal utility
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with 0,0 > 0,0 < b < 1 and Z; = vZ;_1 an exogenous technology trend. Each household comprises
a large family, whose members j € [0, 1] supply specialized labor, N (i,7), to the production of each
differentiated good j. The large family assumption insures each household against labor market risk
from nominal wage contracting. The consumption index is defined as
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denote domestic consumption of the bundles of differentiated home and foreign produced goods, with
associated elasticities of substitution > 0 and 0+, 0r, > 1, the latter exogenous processes

logOy: = (1 — poy,)logbu + po, logOmi—1 + agHefH
log HF,t = (1 — ,OQF) log QF + PO log 0F,t—1 + 0'9F€fF

where €% and /7 are iid. N (0,1), 0g,.00, > 0,0 < po,,pe, < 1,E[0x,] = 0 and E [0p,] = Op.
The parameter 0 < a < 1 determines the degree of home bias in total consumption. The preference
and dis-utilitity of labor supply shocks are stationary exogenous processes

log§ = pelogé + U§5§
logp: = pylogpe1 + 0,6l

where €¢ and f are i.i.d. N(0,1), 0¢,0, > 0,0 < pe,p, < 1, E§] =1 and E [p,] = 1. Conditional
expectations of households, F}, is discussed below.



The household’s flow budget constraint is
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where PP and PP" are the prices of domestic and foreign one-period nominal government debt, B; (i)
and B; (i); 'y and I'p, are the dividend payments, net of sales taxes, from an equal share of all equity
clanns on domestic and imported goods firms; 7,, the labor income tax rate whose proceeds are rebated
lump-sum to households as T, +; T+ and Tx; the lump-sum rebate of sales revenue taxes from domestic
and import goods firms; and 7; lump-sum taxes and transfers.

The functions ® (-) and ®* () denote transaction costs with the property

O (0) = & (0) = &' (0) = &% (0) = 0

and
" (0) > 0 and ¢ (0) > 0.

Section 7?7 discusses these costs in detail as they are central to the methodological insights of the
paper, but for now note they are required for a bounded solution to a first-order approximation of the
household’s problem under arbitrary beliefs.! Household’s optimal consumption and portfolio choice
must satisfy the no-Ponzi condition
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Because households must hold domestic and foreign debt which is in non-negative supply in equilibrium,
and because all households have the same beliefs, this constraint will be satisfied under arbitrary beliefs.

Households have market power in the supply of differentiated labor inputs. The demand for labor
type j by firm f is
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define the composite labor input used in production and the associated wage rate. The elasticity of
demand across differentiated inputs satisfies the exogenous process

where

log 0 = (1 — pg,, ) 10g 8,y + po,, 10g Oyt + 0, 0"

L An alternative to transactions costs would be to solve the model non-linearly and use risk aversion to bound portfolio
decisions. While this would be interesting in its own right, we employ transactions costs to permit use of linear econometric
techniques.
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and 6,: > 1 and & is i.i.d. N (0,1), gg, > 0, 0 < pp, < 1 and E[0,,] = 6,. Following Erceg,
Henderson, and Levin (2000) a fraction of household members 0 < &, < 1 cannot optimally reset their
wage, but follow the indexation rules

Wi (4) = Wit (4) (Pre1/Pi2)™ v

for 0 < ¢, < 1. For the remaining fraction £,, each member j of household i, choose optimally their
nominal wage, W; (j), to maximize
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subject to (1). Note the value of future wage income for member j is valued by marginal utility of the
larger household, A7 (7). The subsidy 7, is set to eliminate the distortion from monopolistic competition
in steady state.

Domestic Firms. A continuum of monopolistically competitive firms f € [0, 1] produce differenti-
ated goods, Y+, facing a linear production technology in composite labor services, N (f), and demand
curve

YH,t = AZN, (f)
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YH7t - CH’t + C;Lt + Gt

defines total demand for domestic goods, the sum domestic demand for home goods plus foreign demand,
Cir 4> and government demand, Gy. Stationary technological progress, Ay, follows an exogenous processes

log Ay = palog Ai_1 + 0467

where €} is i.i.d. N(0,1),0,>0,0<p, <1 and F[A]=1.
Following Calvo (1983) and Yun (1996) a fraction of firms 0 < £y < 1 cannot optimally choose their
price, but reset it according to the indexation rule

Pry (f) = Py (f) (Prg—1/Prg—2)"

where 0 < 1ty < 1. The remaining fraction of firms choose a price py to maximize the expected
discounted value of profits

Ef Z & Qurlur (f)
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where the stochastic discount factor, Q,r = 7 ~*Ar/A;, values future profits
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with Ty a subsidy to eliminate the steady-state distortion from monopolistic competition.
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Imported Goods Firms. Following Monacelli (2005), a continuum of imported goods firms k €
[0, 1] distribute foreign produced goods. While the law of one price holds at the docks for these goods,
imported goods firms have market power in their distribution. Each firm faces demand curve
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for all T' > t and take aggregate prices and consumption bundles as given.
A fraction of firms 0 < £z < 1 cannot optimally reset their price and apply the indexation rule

Ppy (k) = Ppy—1 (k) (Ppy—1/Pri—2)""

where 0 < tp < 1. The firm’s price-setting problem in period ¢ is to choose a price pr to maximize the
expected present discounted value of profits
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subject to the demand curve (3). The government again sets a subsidy 7z to eliminate the steady-state
distortion from monopolistic competition.

Foreign Economy. For brevity we do not present details of the foreign economy in the main
text. Following Gali and Monacelli (2005) we assume foreign economy evolves independently of the
home country. This block of the model is identical to the Eusepi, Giannoni, and Preston (2019) closed-
economy model for the United States. Detailed derivations are available in the on-line appendix. It
determines the dynamics of a standard set of macroeconomic variables which together with the following
two assumptions provides a complete description of private sector behavior.

First, following Kollmann (2002) foreign demand for the domestically produced good is given by the
demand function

*
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where n* > 0 and 0 < o® < 1 and Y;" foreign output; P, the foreign price level; and Py, the foreign
currency price of the domestic good. Second, following Schmitt-Grohe and Uribe (2003) we assume
domestic residents pay a premium to hold foreign debt. The foreign debt price is

1 w [ SiB
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where R} is the foreign one-period risk free rate; ¢y the state-state level of imports; ¢® > 0; and the
risk premium rp; follows an exogenous process

— TP
TPt = PrpTPi-1 + Urpgt

where ¢;” is i.i.d. N (0,1), 0,,, > 0, and 0 < p,,, < 1. This assumption ensures stationarity of domestic
holdings of foreign debt in equilibrium.?

2Because we will study the model in a zero-transactions-cost limit, this assumption is not redundant.
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Government Policy. The central bank implements monetary policy using the interest rate rule
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where ¢, ¢, and ¢g > 0 and R the steady-state gross interest rate. Yy, is the domestic output. The
steady-state inflation rate is zero; logm; = o,,e]" denotes a mean-zero i.i.d. monetary shock.

Following Eusepi, Giannoni, and Preston (2019) we assume fiscal policy is Ricardian, and that this is
understood by agents.® To focus on foreign-debt holdings we consider an economy with zero government
debt and balanced-budget policy

We assume the government purchases only the domestically produced good.* To further simplify, we
assume agents know the tax rebates and dividend policy rules are
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in every period t. This knowledge implies households don’t need to forecast future taxes and dividend
payments to make optimal decisions. See the on-line appendix for details.

Market Clearing and Equilibrium. Within the domestic and foreign economies, we consider
a symmetric equilibrium in which all households are identical, even though they do not know this to
be true. Given that households have the same initial asset holdings, preferences, and beliefs, and face
common constraints, they make identical state-contingent decisions. Equilibrium requires all goods,
labor and asset markets to clear with initial condition B_; (i) = B*, (i) = 0. Equilibrium then is a
sequence of prices and allocations satisfying individual optimality and market clearing conditions. A
statement of the complete system is found in the on-line appendix.

3Eusepi and Preston (2018) show that in general learning will imply departures from Ricardian equivalence, so holdings
of the public debt are perceived as net wealth. The associated wealth effects on aggregate demand can be sizable, and
impair the standard intertemporal substitution channel of monetary policy. We choose to focus on how belief distortions
affect long-term interest rates and monetary policy design, understanding that imperfect knowledge about fiscal and
monetary policy both serve to complicate inflation policy.

4This follows Froot and Rogoff (1991) and Rogoff (1992) which argue government spending falls more heavily on
non-traded goods in many advanced economies.



Optimality. The first-order conditions for the household are
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The demand for each category of consumption good is

and

with the home CPI defined as )
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define the cumulative index for wages in period T, for wages last reset in period t. Then the first-order
condition for wages is
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Therefore we have
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is the real wage.
Domestic Firms. Domestic goods producing firms, f € [0, 1], maximize
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defines total demand for domestic goods and G; government purchases and Z; a stochastic technology
trend, and A; a stationary technology process

log Ay = palog Ai—1 + 0467

It follows that total real tax collections from domestic goods firms is
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and total dividends paid by all firms
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in period t. As in wage setting, firms not having the opportunity to adjust their price apply the
indexation rule
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The first-order condition for price setting is then
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Imported Goods Firms. Imported goods firms k € [0, 1] face demand curve
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for all ¢ and take aggregate prices and consumption bundles as given. Firms not having the opportunity
to re-optimize apply the indexation rule

Pry (k) = Py (f) Wﬁwﬂ-
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The firm’s price setting problem in period ¢ is to maximize the expected present discounted value of

profits
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subject to the demand curve (3). Total taxes from imported goods are therefore
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2 STEADY STATE
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Look for a steady state in which taxes eliminate distortions from monopolistic competition with the

following properties:
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From the household first-order conditions we have
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From the domestic producing firms first order condition and definition of profits we have
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We choose the tax rate to eliminate the distortions from sticky prices in steady state. Hence
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It follows that profits and taxes on domestic goods production are
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and associate sales taxes
Tk = CFTF

From the households’ wage problem we have
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From the domestic price index
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Given these steady-state taxes all relative prices are equal to unity in steady state and we have
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From goods market clear for the domestic good
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so that
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is steady state exports and the equality following with balanced trade.

3 LOG-LINEAR APPROXIMATION

Take a log-linear approximation in a neighborhood in which W (j) /W;, P;/P,—; and w; remain close
to their steady state values 1, 1, and w. Define
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Households. The first-order condition can be written
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From the labor demand equation we have
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which permits writing the first-order condition as
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Log-linearizing the remaining three first-order conditions gives
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The Euler equation for domestic bond holdings provides
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we have
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which in normalized variables provides

~ . * P S e . S B* StilB*i
A () pE - [A 1 t t+1]_A Z(I)*/(t to_ tl)
¢ (1) P i1 (1) 72 tﬂptJrl S, ¢ (0) 4P Zy 1P

&Haﬂ_S£§]
ZinPr 7P,

—BE; {Ml (i) @ (
Let
S, B}
Z Py

be the real value of normalized domestic currency face value of foreign debt holdings. Hence we have

by =

~

At () + ptB* = EZ <;\t+1 (1) = Y2 — T + 1log Spq — log St>
A" (0)Y /5, - XA (1)
AT Gy ) - b ) - 85O B (b ) - )
= B (M () = Fug = mea +log Spa — log 1) = x* [(1+ 8) B (3) = bi_y (i) — BE{ ()]
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Approximating the overall demand for domestic and imported goods
P -n P -n
Chi = a (%) Cy and Cpy = (1 — a) <?Ftt) C,
gives
Cry = G — NPuy and Cpy = & — NPFy-
And the price index
_1
P = [(1—a) Py,” + aPp,"]

provides
Py, " Pp,\' "
1= ’ 1-— —_—
o < 2 ) ( «) 2
or
0=a(l—n)pu:+ (1 —a)(l—n)pr,
or

~

11—«
( >pF,t-

PHt = —

A question will arise later about what variables households are forecasting. To keep things simple,
assume households forecast domestic value added, yy; and international prices given by the real and
nominal exchange rate, ¢: and log S;, as well as the terms of trade, log(Pg;/Pp+). Note that movements
in pry and Py are proportional to the terms of trade since

o (£2) = -
Og | 5— | =PFt — PHt

Py
and
. l—a,
PHt = — PFt
o
so that
P . l—a,
log (_PFyt) = DPrt+ Prt
Hit «
1.
= —DPrt
JR— 1 ~
= 1 apH,t
or
D = alog ( PF’t)
Ft = =
Py
Pry
D = —(1—-a)l —= .
Pt (1—a)log ( PH,t)

Goods market clearing for any good j requires
Yia (5) = Cue (3) + Cpy () + G ()

15



which satisfies the approximation

. . CH . N CHae ;o Ch zZ7 _ .
() = —=eu (j) + e j+—1og(—)+g j
yHt(]) y Ht() y H,t() y Zt t()

for each good j assuming different trend technology, and

j LR P § (Zt*>+~
Yar = —CH, —C — log g
t y Ty Ty z)
CH . CF , zZ
= — 7 o
yCHt+yCHt+ g<Zt>+gt
in the aggregate, where the second equality holds if trade is balanced in steady state. Using the demand
functions .
Chi =« <?t> Cy and CHJ =« P Y,
we have
. CH /. . CF /s * A% Cr ~
gus = —( —an7t)+?(ct—an,t)+glog< )+gt

CH , . N Cr /. . Ccp
= — (& —npug) + — (& = 1"D; +—log(
y o Yy (@ i) y

CH Py cr . . PHt) >) (ZE‘)) _
= — alo : +— — log | == | — +log | — | | +
y ( —n g( Pﬂ)) y ((yt n ( g( Pre Yry g Z, 7

Finally, we need to approximate the flow budget constraint

B . B* * . B Bi B* S_B*
Ct(i)+w+5t<w)+zt¢( to_ t—1 )+th>*(5t t Pl t—l)

P, P, P Zi Py b Zi Py
B, B YW, (G
< t1+St tl‘i‘(l—Tw) t<)Nt(Z])dJ+FHt+FFt—THt+th+THt+TFt
P, P, o P

Writing in normalized terms

) PBEB, (i « (S Bf (1 B B, S,B* S, B
Ct(")+ t t(z)%—PtB ( t t(i))+®< t t—1 )+q>*( tDy  Dt-1 t_1>
Zy Z: Py Z: Py P Zi Py P Zi Py

r I T T T T
N, (z,j) dj + H,t+ Ft H,t+ ,t+ H,t+ Fit

B, Sy By ! '
t—1 tP-1 +(1—7) Wi (4) ]
Zt Zt Zt Zt Zt Zt

- 4P Z Py o Pz

or

¢t (i) + PPby + PPV, + @ (by — by_y) + @ (b — b;_)

Zy 1 P Sy Pr1Zi YW (i, 5) N g
< Ty LA 1—1, N, (i, §) d
= 7 p e p Tz + (1 =) . PZ e (1,9)dj
r Tp, T, Ty, Ty, T
. Hit n e At 4 Lwt Hit n Fit

Zy  Zy  Zy  Zy  Zy Iy
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Taking a log-linear approximation gives
LHS = ¢, (i) + PPbPP + PP (b, — b) + PP v*PP" + PP (bF —b)
and
RHS = 77 (b1 = 0) = 720 (o + ) + 97" (Vg = b7) =75 '0" (72 + 70) + 720" (log (S) — log Si—1)

Y (17 ’"N/ —I—Nt())dj

+(vae — i) + (e —F) = (70 = T) + (Twe — Tw) + (T — Ti) + (Tee — TF)
= 7;1 (be—1 —b) — Vz_lb (Ve + 1) + 7;1 (51_1 - b*) — %_lb* (Vo + ) + %_lb* (log (S;) —log Si—1)

1
+(1—7,)w"N ((1 — Qw)/ Wy () di + O, W) + Nt)
0

+(’YH,t - ’YH) + (’YF,t - ’YF) - (Tt - 7') + (Tw.t - Tw) + (TH,t - TH) + (TF,t - TF)
= 7;1 (b1 —b) — %_16 (Ve + 1) + 7;1 (52_1 - b*) — 72_15* (Vo +m) + %_15* (log (S;) —log Si—1)

+(1—71p)w'N <u§,’; + Nt>
+(7H,t - 'YH) + (VF,t - VF) - (Tt - 7') + (Tw.t - Tw) + (TH,t - TH) + (TF,t - TF)

This permits

r

w'N /| -
H=m) == (a7 + &)
— — -7 Twt — Tw Tt — T Tri — T
(’YH,t ’YH) +(’YF,t ’YF) _ (Tt ) i ( t ) n ( Hpt H) I ( Fit F)
Y Y Y Y Y Y

PP PE b
; ()+7PB+PBb L (0) +

+

or

PP+ P5b; (i)

5 - § . B b* B b*
= W () = YT S (e A ) + 70 () — 7 1;(vz,t+7rt)+’yzlg(log(5t)—logSH)

r

QIO“

+(1—71y)

<UAJI + Nt) +YHt +VEe — Te + Tws + THe + Ty

We can therefore write, because
~1
- Pyz B?

17



as

5 . *Tg s _ 7 . - . c. .
PEh () + PP () = 67 (PPhes () + PPBL, () — St
PPV ., PEb b
E— PP ——PP+ ’yz_lg (log (S¢) — log Si—1)

w'N . ) b
+ (1 —7y) T (wt + Nt) -7 1; (’Yz,t + ) =, lg (’Yz,t + )

FYH Ve — Tt + T THe + Trg

Taxes and dividends are

1
TJI: :TH/O YH,t(f) PH%t(f)df
1
Lpy = /0 Yae (f) ((1 —7n) PH;’t(f) B A:ZR?) ¥

Total disposable wage income and income tax are

(1 — 7)) wy Ny and T, 4

e Yiue () Pas ()
gt +Tur / Hit Ht
’ d 1—7,)w, N, +Tps = i ’ d
Zt + ( T )wt ! + & 0 Zt Pt f
so that
- . w" PR .
'7H,t+7'H,t+(1 —Tw) <wt +Nt> +Tw7t
R “ R cH . CF .4 -
= Doy + Ume) = g [pH,t + —HCH,t + —FCH¢ + gt] (5)
Yy Yy Y Y
And
! Prp, (k
Tpy = 7r / Cry (k) =2 ( ) dk
0 ¥
_ Pri(k)  SiPr,
r = k) [(1— ’ — )
Fit CF,T ( ) {( TF) j2) j2)
so that
Lret Trr / Crar (k) {P (k) StP?t} i
Zy 0 Zy Py P
_ [ G [Pl ST iy,
0 Zy Pry Prp, | P
where o pr
tt Ft
O ’
ot Pry



is the law of one price gap. Therefore we have

- N c
YEr +Tre = —?F%%
Cp A
= - [Qt - pF,t]
Y
~ ~ YH ¢~ ar
YH T TH = ? [Py — W — a4 (6)
Finally
- T, Py,G
t =5 = & 5
¢ P, Z
so that L
.—T g. .
Ty = ! = —DPHt T G

Substituting into the FBC gives

~ e _ ~ . S c. .
PEb (i) + PPh; (1) = A7 (PP (i) + PP, (3)) — a0
PB b

Y

A Dk PBb ~ b
pP — TPtBJr% » — (log (1) —log 511)

*

b _
—. = (%J + 7Tt) — V2 = (%,t + 7Tt)
Y ]

CH . CF .4 g . CFp .
+ [th + —Cm+ —Cyy + gt] Gt — =Put — — (¢t — Pri]
Yo Y Yy y

_ 7 . T* . €. - b o v
= gt <PBbt—1 (1) + b;_, (0) — ;Ct (i) =2 1; (Ve + ) — 72 1; (Yt +7¢)

By . b
B, Y PPt y — (log (S¢) — log 5;-1)

g CF ¢ -
+[(1__)th+_cHt+ CHt:| ——F[C]t—PF.t]
Y Y Y Y
In the case of zero debt in steady state we have

PPh(i) + PPB @) = 57 (PPhes () + PPy () = e )

g CH , o & R
+ {(1 - —) PHt + —CHt + —FCHt] - (¢t — Pre] -
Yy Yy ) Yy

Because we assume households forecast domestic value added and international prices, let’s rewrite the
flow budget constraint as in terms of ¢+, ¢; and log (Pp/Pp+). From the definition of these variables

. CH . CF ., z;
Yt = —Cmyt + —C + log ( ) + g
t = Y t y Ht Y 7, t

so that



and

Substituting gives

PEL (i) + PEB; () = B (PPhia (i) + PPB, (1)) -

or

PPh (i) + PP (i) = 87 (PPhiy (i) + PPy (i) —

P 7
+ (C—Fa - (1 - g) (1- a)) log (i) + gy — L log (—t) "
Yy Yy Py y Zy y

As a check, let’s make sure that net exports drive the net foreign asset position. Recall
P,Cy = PyiChi + PpiClry

so that
CH

A A A Cr . A
Ct = o (Crt + Pre) + ?F (Crt + Drt)
Using this in the aggregate FBC

*

~ .y _ ~ = b b
PBbt + PP bf = B ! (PBbtfl +PBbt—1) -7 1; (’Yz,t +m) =, 1; (’Yz,t + )

* ~ b*
PtB - TPtB + Vz_lg (log (S5¢) — log S¢—1)

Y
. cH . cr ., c . cH . R CF . R
+ {(1 - g) PH¢ + —HCH,t + —FCH,t} — =g — bre — — (Cre + Pre) — - (Crt + Drt)
Y Y ) Y Y Y
_ - = b b
= g <PBbt—1 + PBbt—l) 7 1& (Vo + ) — 2 15 (Vat + )
PBb L p PBb b
———PB — —PF + 47" (log (8) —log S,-1)
Y Y Y
cn\ . cr ., c R
+ {(1 -7 _H) PH¢ + _FCH,t:| -= Gt + Cr]
Y Y Y Y



Note that

s s c c
H*—Hzl——H—izl—g——HwhereyH:y

Yy ym Ye  Yn y oy

Hence,

*

] . ) ] b b
PBh, + PEh: = <PBbt_1 + PBb;zl> =9 et m) =57 ()

X By | b

g Ty e ) Tles i
C* R CF s CF ~

+ [?HPHJ + ?CH,t} - ? q: + Cri]

In our benchmark model we will have zero domestic debt at all times, and zero steady state foreign
assets holdings which gives the simple expression

*~>|< — ~>|< C* A CF Ak CF A
PP by = g7 PPb;, + [?HPH,t + ?CH,t] Ty (@ + ¢y

Now we can see that term

Sy CF ., Cp A
|:?HpH,t + ;CH t:| - ? gt + Cpy]

matches with nz; from an approximation of

NXp = 5 Chy = =5t

Domestic Firms. The first order condition is

0 = B> &' QurYur (f) (1—0ny) == {(1_71‘) p < H,T 1) HT T T}
T=t

Pr Pyt \ Pri—1 a Our —1ApZpPr Py
= _ Pyr | 4 Pyr .\ Our Wy Pr
= E ' ArY, 1—6 = 1 (1=77 ( : ) — :
! Tz::t (x0) Yz () i) Pr ( ) Par \ Pri—1 Our —1ApZpPr Py p
i PHT [ Ak Til(LHWH T TH T+1) gHeéH’T ~ ~
= F Z (5H5)T_t ArYur (f) (1= 0ms) — (1 - Tf) ePrer=t 7 7 — ——————we e T
T=t Pro| Opelnr —1

oo i T-1 A
_ " 0 ) R [
= B (B |(1-7) (pt + ) (eamay — 7TH,T+1)> 3 L (r — pur — ar) + —- ]

T=t =t w1 Oy —1

00 i T-1 A
_ - . R o)
= E )Y (B (pt +) T, — 7TH,T+1> — (br — P — ar) + ]

T=t T=t
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or

A %) T-1 N
Pry T—t N . Omr
’ = F Enp — LHTH — TH T + (Wr — pur — ar) — ’

1= ¢nB t;(H ) _ (T_t HTH, H, +1> (wp H.T 7) 9H—1_
00 i T—1 é T

= Z (&unB)" " |- Z LHTHr — THe1 | + (W1 — P — ar) — —
T=t L T=t 9H - 1_

= [ /8 -~ ~ é )
= E (fHB)T 1 3 (Tar41 — tumar) + (Or — pyr — ar) — 7 HTl

T=t — &P a

and from the aggregate price index

. &m
PHt = (7TH,t - LHWH,tq)
1 —¢&n

so that

TH = T H -1 = (1 - fH)g(H éHB) ; (5;0/8) —t [1 fHéﬁ ﬁ (7THT+1 - LHWHT) + (IZJT - ]aH,T - (IT) - %

Note that the optimal re-set price satisfies

&l
1— gpﬁ

PRy = (L=&uB)E Y (EuB)™ [

. . Our
(Tare1 — tumar) + (Wr — Pur — ar) — : ]
T=t

O — 1

~

N ~ HHT A~OD!
(Tar41 — tumar) + (W — pur — ar) — 0 _ 1) + SHﬁEtpHi+1

B &8
= (1-¢&up) (Etl Ny

= uBEpY, ., + 0

where

= (1 =¢&up) (

. 0
——— (g1 — tuTay) + (W — Py — ar) — i
Oy —1

1 Per | Pry (k) (Ppr-a\'™" Opr  STPrr]
— E 1 _ P 1 ) 1 _ ’ ) _ ’ )
0 t E -7'Qur (1 — 0py) Crp (k) Pry (k) —— ( TF) Prr Pros 60 —1) Pra |

_ - ) _
> LFTF s —TF,r41 e’ BT

- P .
= E Y &' Qur (1= 0p) Crr (k) Pry (k)™ =5 | (1= 7p) ePbee = T
(9F€6F7T—1>

T=t
0o _ i . T-1 QF eFéF’T
= Eth:t(gFﬁ) _(1 —TF) pF7t+Tz;(LF7TF7T —7TF,T+1) - (HF— 1)77ZJT+ (QF_ 1)2
0 [ T-1 0
= BY (o)™ (ﬁ;t £ 3 (e - >> - m]
T=t L T=t
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or

T-1

t &) 2 (Tpr1 — LpTRy) + Up — wiL—Tl)]

(&rB)" 3 (Trr41 — tempr) + b — ( - ] :

1 A~k
T+ P
1—&ppt

1 =& Op — 1)

~

S|
||M8 FME%

t

From the price index

ﬁ?t = (7TF,t - LF7TF,t71>
’ 1—¢&r
so that
TEt — LFTFt—1 = (1 - é-F)g(F fFﬂ) th (gfﬁ) —t [ EFgﬂ (7TF,T+1 — LFWF,T) -+ wT — (vaF—’—Tl)] .

The optimal re-set price satisfies

B
1—¢&:8

Py = (1—¢pP) EtZ(fFﬁ)T_t [ (Trri1 — tpTpr) + hp — : Orr ]
T=t

0 — 1)

0 pt
= (1-¢rP)E (1 Sy (Ter41 — LPTET) + Y1 — ﬁ) +ErBE D1

= gF/BEtﬁ;]‘Jf_i_l + 6f

where

£
1—&pB

6f = (1-¢&rp) E( O T

0
(Tpie1 — LpTEy) + P — L)

4 SUMMARY OF FIRST-ORDER CONDITIONS
4.1 DoMESsTIC ECONOMY
List of variables: wgpta Wt, T, 7Twa Nt7 )\tu Ct (Z) ) bt (Z) ) Sta CFrit,CHt, ¢, 77Z}F,ta yH,t7 THt, TF¢t, Rt7 Czﬂt? b: (2)7

log (Pr/Ppg) — 22 variables with R}, PP" 77 determined in the foreign block.
1. Optimal Reset wage: w{""

WP () = EWBE] (T = Aop — L)

V-&B | i S (s Ot sopt ¢
+W Gr+ 0 (Jug —ar) — W) — A (J) — =1 + Eu BB (5)
2. Wage inflation: 7"
w = % (7 — twTi—1 — Yz t—1)



3. The real wage inflation: w;,
w .
Wy =T, — T — Vo + W1

4. Consumption: ¢ (i)

bo o

(1—ﬁb)5\t(i):€t+1_b@t—1(i)_ 1-0b

(14 80%) & (i) — ﬁwﬁﬂ+&

bEtCt-H ( )

5. Marginal Utility: A
A (D) = Be = B} (At () = Fme = 7ot ) = X [(1+ B) b () = bioa (1) = BELDi ()]
6. Nominal exchange rate: S;

MGE)— R = E} (5\t+1 (1) = A2t — T + log Spq — log St)

o (=)

X | 1B | B @ b ()~ BB ()| + 6T
7. Foreign bond holdings: b} ()

P5b, (i) + PEb; (i) = B} (PBEH (i) + PPb;_, (i)> -

P R c zF . c
+ <C—Fa — (1 — g) (1-— a)> log (ﬂ) + Y — _Flog (_t) — G — _th
y Yy Py (0 Zy (1

8. Domestic value demand: 3z,
R CH . CF ., zF B
Yt = —CHyt + CHt+ " 1o g(—t> + gt
Y Y )
9. Domestic home produced goods demand: cg

P
CHt—Ct+77(1_Oé)log <PFt)

10. Imported good demand: cg;

. Py
Crt = ¢ — nalog PH
t

11. Domestic goods inflation: 7,

EIEEB (7TH,T+1 - LHWH,T) ]

1
N 7
—i—(wT—F(l—a)log(I]iji) —aT> ~

THt — LHTHt-1 = =8 (1 gH/B) Z (ﬁHﬁ)

n o

24



12. Imported goods inflation: 7p,

TEt — LFTFi—1 = (1= §F)§(F gFB) ; (51?5) % (TEr41 — LPTET) + T — <Q§F—_T1)

13: Monetary policy: ]%B =—R,
_ptB = Ry = prBy_1 + (1 - PR) (waﬂt + beyHt + ¢5log St) + my

In our model yg,; is domestic total output.
14. The real exchange rate: ¢

Gt = ¢t—1 +log Sy — log Sy—1 + 7} —
15: Labor input: Ny )
QH,t =a;+ Nt

16: Law of one price gap: ¥p;,

P
1/1Ft = ¢+ — alog (PZ)

17. CPI inflation:
T =arg + (1 — o) mpy

18. Foreign demand of domestic goods: ¢y,

Ak * * P Z
Chy = (yt -n (_ log (PHt) Q/JFt)) + log (71)

19. Terms of trade: log (Pr+/Pu)

log (—PF’t) — log (PF’“) = TP — Tt
Pry P

20. Domestic bond holdings. Market clearing;:

1
0

The above calculations assume a debt elastic interest rate: PP

A * * SB* *
—P7 = Ry —¢" (#%f)




Expression follows from the assumption that

1 * * SB* *
 _ _RB _pRr R [ RPtDy R
PtB* t + €XP { ¢ (Pt (crZy) +&

and have used the fact that the steady state of b} = 0. R; is the interest in Foreign. A debt-elastic
interest-rate premium is the real quantity of outstanding foreign debt expressed in terms of domestic
currency as a fraction of steady-state consumption of the imported good multiplied by the trend, cgZ;,
(if we let Z; = 1, it converges to the standard assumption) and e a risk premium shock. ¢ governs
the interest rate elasticity of debt. Plugging PtB* into foreign bond holding condition, the no arbitrage
condition (point 5) changes.

4.2 THE ForeiGN EcoNnOMY

List of variables: w7, ﬂw*,JVt*, Xsyer (i), Ry yr, by (i), bf— 10 variables
1. Optimal reset wage: w*"

WP () = EWBEL (T — A — )

1—¢&,08 A 1(¢C ~ ok Ny :;t i ~opt* /.
= SwiE * ok * % R _)\* o Twit w Ej op
+1 F 01 ¢+ o <yct + 9 at> Wy : (4) (00— 1) + SuBEW ()
2. Wage inflation: 71"
opt* gw * N
tpt 1 £ (ﬂ—t b Ty ”Yt—l)
3. Real Wage: wy
wi =m = =y Hwi
4. Consumption: c;
bo o

ask [ S o ke .
(1 + Bbz) ¢ (1) — BOEES,, + 5b1TEtCt+1 OF

(1—Bb) Ay (i) =& + méh (i) — b

1-b
5. Marginal utility: A\
N ) = Re = B (N () = 420 — i)
6. Bond holdings: b; (will assume in zero supply)
PP ) =57 (PP () = i () +

7. Aggregate Production: N/
Yr = a; + N/
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8. Inflation: 7}

1— 0
( é-H) ( gHﬁ) Z (gpﬁ) fHéﬁ B (7TH T+1 LHTE,T) + UAJ;" - CL;" - (HHH’_T]_)

* * _
Tt lHT g 1 — ¢
H T=t

9. Market Clearing Goods: y;
* C * ~ %
Y = ;Ct + g

10. Monetary Policy: R}
R = pr-Ri_y + (1 = pre) (n=7 + Oyoy;) +mf

@:/@@mzo

Note, as in the domestic economy, we assume agents know the dividend and tax policies which
permits simplification of the flow budget constraint as follows. Then

11. Market clearing bonds:

'y, + 17 . ly
Ht — H,T + (1 N Tw) ’lUZ: Nt* + T:},t — /
t 0

satisfies .
Tig + P+ (1= ) (@ + N7 ) + 7y = 4
so that
PPRG) = 7 (PPHa () = 6 ) =77 i
= 57 (PP ) - a0+

12. Natural rate of consumption: ¢

NG b nr o nr
(1 - ﬁb) /\ ft b Ci1— 1— b (1 + 552) Ct 5bEt§t+1 + 517 bEtCt+1

13. Natural rate of marginal utility: AP
@+¢(f?+@)=W“HHWﬁa

14. Natural rate of real interest: 7'

nr* nr* nr*
M=+ B
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5 SOLVING UNDER RATIONAL EXPECTATIONS

When solving under rational expectations the model simplifies slightly. Because the domestic economy
domestic debt is in zero supply we can set

Similarly, in the foreign economy its debt is in zero net supply so that
b; =0

and we drop equations 6 and 11. Because of the small open economy assumption this doesn’t mean
that domestic holdings of the foreign debt are zero — they are small relative to the large economy.
To make this clear the code and notes below employ the notation by, and bp; to denote the home
demand for domestic and foreign debt respectively. Under rational expectations by, = by = 0 while bp;
is to be determined. There are three other simplifications. Under the rational expectations assumption
domestic goods price inflation satisfies

§up
. _ (1-¢m)(1 fHﬁ) 1-¢5p (THT+1 — tBTHT) )
THt —LHTHt—1 = o TZ; (gHﬁ) + (wT + (1 _ a) log (ggi) _ GT) _ (;:;Tl) ]
(1—=¢&p) (1 —E&up) [ 15215/3 (TH 41 — LHTH)
- Et F.t AHt
3 _+( (1—a)10g(P )—at> =y

+(&uB) By (M1 — tuTi)

A& —uB), ([ P, O,
- » E, _<wt+(1—a)log (Et) —at) _—(QH—l)_

+(1—&u) BE (Thas1 — tumy) + (EuB) By (THie1 — tuTay)

Q=B (. P, Onrs
- » E, _<wt+(1—a)10g (m) —at) _—(QH—l)_

+BE, (7TH,t+1 - LHWH,t)

Replace equation 10 with this. Replace equation 11 with domestic imported goods inflation

TEt — LFTFt—1 = (1= fp)g(F &:ﬁ) ; (&r 5) [ gFf 3 (Trr1 — trmpr) + thr — %]
(-1 -¢&h) | &8 O
= & 1— 678 By (Tpii1 — LpTpe) + Uy — m]
+ (&rP) By (Trisa _LFWF,t)
= (1 - fF)f(Fl - gFﬁ) _¢t _ (0}?%1) + BEt (7TF,t+1 — LFWF,t)
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Replace equation 7 with the foreign goods price inflation

1— 1— - —t * * Ak * A*t
T e = G SRS (6 l% (i = i) + 05 = 0 = g, 7
T=t
G- -eB), [ s . . Ta
- €n il (”H*t“_LH”Hvt)*“’t_C‘t_wH—l)]

+&BE: (Thps1 — LTy y)
(1= &n) (1 = &ub) [w e O

3 t m + BE: (ﬂq,tﬂ - LHW}},t)

6 SOLVING THE MODEL UNDER LEARNING

This section provides an overview of the general approach to solving DSGE models under non-rational
expectations. We derive the representation of aggregate dynamics

10 o)
Aoz = By Z Ay Z /\S_(T_t)ZTH + Anzio1 + Ageey (7)
s=1  T—=t

where the vector z; collects all model variables; the vector €, collects exogenous innovations; the discounts
Asfor s € 1,...,10 index the model’s set of unstable eigenvalues; A;, for 7 € 1, ..., 12, coefficient matrices;

and
1
Et = / AZdl
0

average beliefs. This representation holds for arbitrary beliefs, including rational expectations. Dy-
namics depend on a set of projections into the indefinite future, reflecting the intertemporal decision
problems solved by households and firms. The projected variables are those macroeconomic objects
taken as given and beyond the control of each decision maker. We then close the model with a the-
ory of belief formation to evaluate expectations and derive the state-space representation to exploit in
estimation.

The solution procedure starts by solving for the optimal intertemporal decisions of each type of
agent in the model. There are five blocks of forward-looking agents: domestic households, domestic
goods producing firms, domestic imported goods producing firms, foreign households and foreign goods
producers. Taking expectations as given, we solve for optimal decisions as a function of expectations
about variables that are exogenous to each agent’s decision problem. Aggregation of these decisions
together with the remaining equilibrium conditions which don’t involve expectations — such as market
clearing conditions, definitions and policy assumptions — yields the system (7).
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Decision Rule 1: Households We want to write the optimal decision of household 7 in the form

Wiy (4) wy (i)
0 (i)
| A (8) A (1)
\IJSIHEZ bZ‘H (2) = \I]{{H b;tk (Z) + 0
¢ (1) ¢q (1)
by (1) b1 (7)
by (i) | bi4 (4)

Let’s rearrange the first order conditions one by one.

- g
of
&,
s= | o
0
5?lag
0

But this representation has a singular WX, Let’s proceed in a different way, by substituting out for
the FBC as in the analytical results.
1. Real Wage. Optimal wage setting gives

EuBENL,, () = 0" (§) — &BE! (T — 47 — twmi)

—11+_0—i7;}£1 Got+ o7 (e — ar) — wf — N (§) — (wa—_tl)]
_ () %A () — EuBE] (s — 4 — tums)
—11+_9—i:£1 G+ ¢ (e — ) — Wy — (wa—_tl)]
— )+ )+
where
0 = ~€uBE] (mihy = For — tume) % Put 7 e = a0) = - wju——nl

2. Consumption. First order condition with respect to consumption provide

o o

Bl ()= 7 (L AP e i) = (1= B0) A (i) — & — Tt () + BbEidens

1-0
bo

= (L=Bb) A () = T3 () + 6

Bb
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where ) )
o = BbESe1 — &
3. Marginal utility: A; (7)
E; (Xm (i)) - X" [(1 +8) b (i) — BED;,, (i)] = MN0G) =R —x*b, (4)
—E} (—A.4 — 1 + log Spy1 — log Sy)
= 3 () = XB () + 6
where

-1
* ’L ~ * C '“* . * *
& = —R; — E, (A2t — M1 + log Seq — log Si) + o <?F) by (i) + o™ el

We assume that individual households take the risk premium as exogenous and hence, ¢ (%) by (i)

enters 4;".

4.Debt holdings (FBC): b}

PPb(3) + PP (0) 4 e (i) = 5 (PPbes () + PPh, (3)) +

c P, c A B c
e = (—Fa - (1 - g) (1- a)) log (i) + Gy — — log (—) "
Yy Yy Py y Zy y

Now rewrite as

where

- S = - c. .
Bben () = (e (i) + 5 )+ = B () =7 e ()
and substitute into the domestic bondholding Euler equation
E{di (1) — x [(1 + )by (i) — BE{bi 1 (i)] = M (1) = R+ Ap + Eimeen — xbia (4)
to give
. . = = S c. . c . ; -
Bibees ()= |85 = (B )4 2 = 655y () =9 S ) | = 3000~ Rt Bt~ )
or

Eiden () - x [ﬂEt ()= 5 ) = 2ot + BBy () 4250 <z‘>] _

ps

¢ (1) — Re+ Yo + E§Wt+1 — thfl (1)

which simplifies to

Eidear (i) - X [ﬁét () = 5 )+ 8671 )+ 2 @] = A () = o () + 8

51{7* = R+ ’?Zi + EZﬂ'H_l = XV=Eini
= —Rt + ’A}/z,t + Etzﬂ-tJrl

c P R c z" B c
—X7Vz <<—F04 - (1 - 2) (1 - 04)) log (ﬂ) + YHt+1 — —F10g ( t+1) — Ot+1 — —FQtH) .
Y Y Pr 11 Y Zi1 Yy
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5. The flow budget constraint can be re-written as

= c. .. S N e . v
B (0) = =26 (3) = B5; (1) buea (0) + By (3) + 6/
ot — Ve =Y ((C—Fa — (1 — g) (1-— a)) log (ﬂ) + YH — C—FlOg (ﬁ)
! : - Yy Yy PH,t ’ Yy Zy
Let _ -
5
5
07
o= | O
0
5flag
L 0]
Then the system is of the form
Wiy (1) ] [ Wy (i) ]
Cer (1) ¢ (i
A () A (i
VB | b (1) | =07 b +
¢ (1) ¢1 (1)
b (i) bi—1 (7)
| b7 (2) | b1 (1)
where _ -
&B 0 0 0 0 0 0
0 fbm 0 0 —L(1+p60") 0 0
0 0 1 x*p 0 0 —x*(1+p)
Ui =1 0 —pxi 1 —x8 0 —xB X
0 0 0 0 1 0 0
0 0 0 0 0 I6] 0
| 0 0 0 0 0 0 1 |
and
(10 =% 0 0 0 0 ]
0 0 (1-pp) 0 —2L=% 0 0
0 0 1 0 0 0 —x
UEE — 1 0 0 1 0 0 —x O
0 1 0 0 0 0 0
0 —¢ 0 -8 0 1 1
L0 0 0 1 0 0 0
The solution can be written
Uit* ((ZZ)) B ét—l (’L) B 00 B
M) | = Dr| bt () |+ Ds y AT Dy Eidy
. b, (2 T=t
bt (Z) | t—1 ( )




where Dy, (5 x 3), Ds; (5 x 3)and Dsy (3 x 8) have elements that are composites of model primitives.
Note that because the final three elements of §; are zero we can just delete the final three columns of
Dss. The code getdecision.m implements these calculations, takings as inputs Wi Wi and ny where
the latter denotes the number of household level state variables here equal to 3.

We are not quite done. We have to rearrange to ensure all contemporaneous terms are on the
left hand side for the canonical representation. We also have to aggregate and apply market clearing
conditions. We now do this, working equation by equation. Note we can write the system as

g*((zi) =0 %0 i
\ o | = Del b (@) | +Dx Y NTEdy (8)
* (7 b*f ) T=t
bt (Z) t—1 ( )
+Dx2 > ATV Eor + DY ATV Edr + DY AT By
T=t T=t T=t
where
D}, 0 0 0
- 0 — | D? - 0 - 0
Dy, = Ds; 0 ; Dy, = Ds1 652 ; Dys = Dsy D3, ; Dy, = D1 0
0 0 0 D,

where D%, denotes the ith row of the matrix Dss.
Write the solution in the following form (dropping the household indicator)

4 {eAwbbiag} i [ ¢ (i) ] 4 {eAwbbiag}

W=y Y P (G) = Dy b)) |+ Y, BTG
i=1 j b (1) | = j
4 {eAwbbiag} ) [ ¢q (i) ] 4 {eAwb biag }

G=Y > PPN = DY b (D) | +Y. > PG
i=1 j | by (4) i=1 j

) 4 {erAwbbiag} . [ ¢ (i) ] 1 {eAwb biag }

=Y > PP NG = DE b (D) | Y. > PG
i=1 j | by (i) i=1 j

i 4 {eAwb biag} . [ 6y (1) ] 4 {eAwb biag }

=S S P05 = Db b gz; +3 S Pt

where D¢ is the ith row of Dy and j € {c, A\, w, b*} indexes the collections of exogenous terms d; appearing
in the original system. The new terms P! (\;,d;) and PP (\;,d;) capture the contemporaneous and
expectational variables respectively, and [ indexes the row of the system ( 8) and 7 indexes the terms
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attached to each discount factor. NOTE: Domestic debt will be in zero supply. So eliminate to give

4 {erwb b } 4 {eAwb by}

VD S R U LRICRS SR DAY
i—1 5
4 {eAwb b } 4 {c)\wb biag}

G=Y_ > PP(N0) = Di(2.1) ¢ (6)+ Di(2,3) b ( +Z Z P2 (i, 65)
i=1 ;
4 {eAwb* by} A {c)\wb blag }

W= X PP = DB )+ DeB 3 ()43 Z P (s 0))
i= J

4 {67)‘7w7b*7blag} 4 {C A W b blu,g}

=Y Y PM(Ni6) = Di(4,1) ¢ (i) + Dy (4,3) 07, (i +Z Z P (0, 03)
i=1 j

The matlab code loops over the indexes 7 and [ so we need only deal with reorganizing the terms in
the deltas as follows. Reminder: they are:

1_£w5

of = —fwﬂEtj (Wzl—)‘,-l = Yot — LuﬂTt) - W

. . O
Oy + @ 1(?/H,t—at) — W, —m]

of = 5bEtét+1 - gt = (5505 - 1) gt
63 = PtB* — E! (=2t — Teg1 + log Sp1 — log Sy)
(57?* = PtB + Yot + EZ'/TtJrl + XV2Pg Gt

CF g Priiq . CF Zi cr
—X7V2 —a — 1——) 1—a)10 ( : )+ 41— — 1o (— - —
(< ) ( Yy ( ) & PH,t-‘,—l Y+ ) & Zt+1 ) i1
P 7
i = ((C—Fa - (1 - 9) (- a)) log ( F) + s — - log (—) i - C—th)
y y Pry Yy Z Yy

Contemporaneous terms:

1_51116

~ - -~ ~T éw7
W Gr+ 07 (G — ar) — Wy _—t]>

Pto’l (Ai,0w) = Dy (1,1) (gwﬂ (% + twme) —

PtOJ ()‘17 50) = DM <l7 2) (5p£b - 1) ét
PP dy) = Da (1:3) (PP + 420+ 1og 5))

PP Ovbi) = Do (14) (PP + s+ X200

c P R c 7 B c
P (N 6b,,) = D (1,5)7 ((?Fa - <1 - %) (1— a)> log (EFZ) + Yrs — ;Flog <7tt> — g — ?th)
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and the discounted terms:

- —&uwf ()‘iﬂ%ﬁ—i—l — Vi1 — Lw7TT+1) —
P (ML) = ATDL DS AT . L . 6,
o ) s )g ' ol [QOT—H + 07 (G — arsa) — Wiy — (gw—Tff)}
PPt (Nide) = N6 (L2) Y N (Bpeb — 1) éria
T=t

NE

P (N, 8)) = Dy, (1,3) y“%&%ﬁ—Hkymmfmﬂﬂ%&wwa&m)

~
Il

t
APE A+ N e T + AT 00971
(o= (1-5) 0 ) os (55)

+UH1 — & log < Hl) - —Qt+1

Zi41

P (Nby) = Dy (1,4)Y AT

T—t — X7z

Pf’l ()\b 5bzag) — AIDy (1,4) i /\i—(T—t) .. (%Foz — <1 — ﬂ) (ZlT:l a)) log <£Z;ﬁ>

T=t +inr — L 10g <ZT 1) — 41 — 7QT+1
6.1 DEgcisioN RULE 2: FiIrMS — DOMESTIC GOODS

For domestic goods supply we have

THt — LHTHt—1 = 18 (1 gHﬁ) Z(fH)

u —

% (7TH,T+1 - LHWH,T) ]

“ P, é
+ (o + (1= 0 log (22) — ar) — it
which can be rearranged as

THt — lHTHt—1 — (1_§H 1_£HB ( 1—04 10g<PFt) —GT—< QHt >_(1_§H)BLH7TH¢

O — 1)

(1-¢m)(1 ﬁHﬁ = B (7TH 41 — LuEuPTHT+1) A
£u b ; gHB +Eu P <wT+1 + (1 —«)log (22?) R ?g;il))
or
I+ (1= &) Bin) Twi— = tuTHi1+ (1= gH)g(Ij — &ub) ( + (1 — «)log (ﬁ;i) —ar — %) +

1—
§H5(1 nggHﬁ) THT41

Uy + (1 —a)log <ﬂ>

Py 111

fH +Eup

O 0,41
T T (o)

6.2 DEcisioN RULE 3: FIRMS — IMPORTED GOODS
For imported goods inflation we have

(1—¢&p) (1 —£6B) . r—¢ | &
93 £ (€np) 1—¢&rB

TEt — LFTEt—1 =

0
(Tpr+1 — LPTET) + Y1 — ﬁ]
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which can be re-arranged as

(1+(1—=&p)Bip)Trpy = tpTpg—1 + s £F>£<Fl —&eb) (Q/ft —(Hj}f 1)>

17
§F5(1 gfﬁgFﬁ)WFT"‘l ) ]

+Eu B <¢T+1 QJFTJT)

SF o

6.3 DECISION RULE 4: FOREIGN HOUSEHOLDS

We want to write the optimal decision of foreign household 7 in the form

B (1) g (1)
o anw |l
Vo Ey /\2}1((@) = A (z)) + 0y
¢ (e ¢y (2
by (i) by (4)

Let’s rearrange the first order conditions one by one.

o’
of
0y = 55‘
0
5

The first order conditions are
1. Optimal reset wage: w;*and wage inflation 7"

Akk (- j w* ~z* gwﬁ A * Ar * [ - é* A koK .
w (]) = fwﬂEg (7Tt+1 - Y% — Lwﬂ't) 1+ ew(b Oy + ¢ 1N )‘ ( ) (9w _ 1) + fwﬁijtH (])
% gw w * ~ %
wy = 1-¢, (7Tt — Ty 1 — 71&71)

or
QABNILL ) = 07 )~ BB (i =7 — ) ~ T g g ) -

t+ t+ t t 1 + 9w¢ t t t (ew _ 1)

Ak [ 1 - éwﬁ N w**
= w (])_I_W)‘t (J) + 0
- o 1-&8 | IO o,
o = —&PE] (7Tt+1 -V — Lwﬂ't) 11 9w¢ Oy + 0 lN —w — m

3. Marginal Utility: ¢ (i)
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bo

I /- Pk A%k - g Ak (- Pk 9
(L=pb) N (1) =& + 1_pct () — 1-b (1 + 562) ¢ (1) = BbES ) + 5bl—_bEtCt+1
or
g Ak . \* [ 2\ Ak [ bo Ak . P
Bor—p B (1) = (1= BN (1) + 17— (1+p0%) & (i) — TG (@) = (1= Bbpe) &
N* g Ak [ bo Ak : c*
= (1 — ﬁb) )\t (Z) + 1——[) (1 + ﬁbZ) Cy (Z) — 1—_th_1 (2) + 575
0 = (Bbpe—1)¢
4. Bond holdings: A}
N ) = By = B (N () = 42, — i)
or

BNy (1)

A (i) = Ry + A5, + Eimfyy = Ay (i) + 6,

515)\* = R:_Fﬁ/:,t_}_EtiT:H
5. Flow budget constraint: b; (i) (will assume in zero supply)
. _ = Cowrn €y
PR () = 87 (PPhL, () - 6 () + ¢
Y )
- c., . . .
= 57 (PP () = a0+ 0
5? = ;Ct
Hence we have
&8 0 00 0 1 0 et 0
0 Bb%s 00 0 0 15 (1+8v) (1-pb) -3
e () 0 10 0 and U = |0 0 1 0
0 0 01 O 0 1 0 0
0 0 00 P¥ 0 — 0 0

where terms, exogenous to the household, are collected in the vector

oy —~€uBE] (miy =37 — wmf) — ey [0 + 07 (St + 57 — ap) — 0 —
. (Bbpe — 1) &
(5 = 6 = * 2 % 7k
t ¢ —Ry + Vor T Eimi
0 0
b* .
st _ <

The solution to this system is
‘i (i)
Ar(4)

_5 [ ¢y (i) ]

+ Dy S A0 Dy ity

T=t

bi_1 (9)
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where the fourth column of Dy, should be eliminated as it is multiplied by zero (the fourth element of
the vector d;). We can rewrite as before in the form

;™ (i) o o0

. = C,_1 (1 —(T— =
S0 | = D[ ) |+ o s 9)
Af(7) T=t

+Dx Y NTVESr + DY N TR,
= T=t
where B
[ DL T . 0
Dy, =Dsi | 0 |;Dy,=Dsi | Di, |;Dyy=Dsi| 0
0 0 D3,

where D, denotes the ith row of the matrix Dss.
Write the solution in the following form (dropping the household indicator and imposing the equi-
librium condition that debt is in zero supply, with all households having an equal share)

3 {2\ w* 3 {c*\*w*
—Z Z Pf’l (Ai,d)) = Di(1, +Z Z Pf’l (Ai: 35)
3 {C*7A*7 **7b} B 3 {C A* * % b*}
C — Z Z P (A, 6;) = Di(2,1) 61 (i) + Z Z PE? (A, 65)
i=1 j
. 3 {C*,A*fw**,b*} 3 {C A* * %k b*}
M= Y PP (ALG) = Di(3,1) 6 ( +Z Z PE3 (N, ;)
i=1 ]
where j = {c*, \*,w**,b*} index the collections of exogneous terms in §; appearing in the original

system. The matlab code loops over the indexes ¢ and [ so we need only deal with reorganizing the
terms in the deltas as follows. Reminder: they are:The matlab code loops over the indexes ¢ and [ so
we need only deal with reorganizing the terms in the deltas as follows. Reminder: they are:

« i w* Aok * —&w ~ — [P ~% * ~r* éfv,t
5211 —£wﬁE,f (7rt+1 Y — Lwﬂ't) — Lbi(ﬁl [@t + d) 1 <§ct + 9, — at> —wy — (Gw—1)
N (Bboc— D
L R PP+ 4%, + Einf,
0 0
56* C ax
t i gct ]

Contemporaneous terms:

1_&1}5

P (N, 0,) = Da (I,1) <€wﬂEf (3 + ) - 15 ¢~

i+ ¢! (fc* + g7 — a*) — ] — —é;’t
Pt Yt t t t (0 — 1)
Pto’l ()‘17 50) = Dy (, 2) (ﬁpfb - 1) é;tk

P (N, 0y) = Dy (1,3) (=R +4%,)
t

P (N, 6y) = Dy, (1,4)

(-
C
—C;
Y
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and the discounted terms:

o —&uwf (Aiﬂ-%:-l - ’AY:,TH - LwWZ*FH) -
P (Nydw) = MDD ONTO 0 s

wB_ | 2 el gk —ak —r
— T 000 T Ory1 T @ yCr+1 T 9141 — 07y Wri1 = -1

PM(N,0.) = MDA (1,2) Y AT (Bpeb — 1) &5y

T=t

P (N, 8y) = A'Dy (1,3) Z AT (< Ry + A + M)

Pt (N, dy) = ATDy (1,4) Z)\ = ty -

T=t

6.4 DEtCISION RULE 5: FOREIGN FIrRMS

For foreign home goods supply we have

- 5t
iy = L0080 g 5 - l% (wz,m—mzf)+<wz;—az;>—L]
T=t

which can be rearranged as

1- 1— 0%,
W;I,t - LHT";{,tfl = ( gH)giq $u) (w —a; — ﬁ) — (1 —¢n) ﬁLHW?{,t
(1= &) (1= u8) =
- GH H H
éH ; (é-H/B) +€H6 (wT-‘rl — a;—f—l - %)
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