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Appendix
A Reserve Distributions In The Core Market

The distribution of positive reserves is as follows. The distribution of positive reserves is

as follows. Define

Nt = nNp(1-G(0))+ Ns(1— F(R")) +
n(1— Ny) / )L — G(—my — €))de

+1-Ns) [ ol - 6R" - ol
we have for Rt € [0, R*):
OF(RY) = < InNLG(RY) - GO)]
n(1= Vo) [~ HOIGIRT € - G)lds).
For Rt € [RT,RT/2):

OF(RT) = 3 (nVLG(RY) ~ G(0)]
+Ng[F(RY) - F(RY)]
(- ) [ T HOIGRY —6) — G(-o)de).

For R* € [R*/2, RT):

OF(RY) = S (nNLG(RT) ~ G(O)
FNS[F(RY) — F(RY)
n(1— ) /OO FOICER — &)~ G(-e))de

1—NL/ FOIGERY —€) — G(RT — €))de

1—Ns/ FOIGER — &) - G(RT — €))de}.



For RT € [RT, +00):

OF(RT) = < InNLG(RY) ~ GOO)
+Ng[F(RT) — F(R")]
(1= Ny /°° FEIGRT - €) — G(—€))de

n(1- Ny) / FOGERY —€) — G(RT — €))de
+1-Ng) [~ HO6eR -9 - G(R" - de)
Similarly, the distribution of negative reserves is as follows. With

N~ =nNpG(0) + NgF(R™)
n(1- ) | 6o

+(1-N) [ HOIGHR — e
we have, for R~ € [R™,0):

QO (R) = %{nNLG(R—)
+NgF(R™)
an(1- ) [ OGE -9l

+1- ) | T e — e
sa(1- ) [ T HOGER — )~ G - €)de}.
For R~ € [R~/2,R"):

QO (R) = %{nNLG(R_)
+NgsF(R™)
sn(1- ) [ T HOGER —ee

H1-Ns) [ HOIGU - elde +
sa(1- ) | T HOCR — ) - G(R — €))de).



QO (R) = %{nNLG(R’)
+NgsF(R™)

wnll= V) [ HGRR - 9lds

+1=Ns) [ elcer - ol

1= Ne) [ HOIGIR € - G - 9lde).
For R~ € (—oo, R7):

QO (R) = %{nNLG(R_)
+NgF(R™)
4n(1- ) [ Q)RR - e

+1-N) | T HOEER - ).

To understand how we construct the distributions of reserves, Figure 1 shows the pos-
sible reserve holdings for the different types of banks in the core market.

Panels (iii) and (iv) of Figure 1 show the possible reserves holdings of single banks
when they are active in the core market. Panel (iii) shows the one for single banks L: As
they always enter the market, the possible reserve holdings is simply the liquidity shock
e they received. Panel (iv) shows the possible reserves holdings of single banks S in the
core market. Single banks S only enter the core market if their reserves are sufficiently
different from 0, i.e. below R~ and above R+, otherwise they do not enter the core
market. Therefore, there cannot be any single S banks in the core market with reserves
Re[R™,RT].

Panels (i) and (ii) of Figure 1 show the possible reserve holdings of banks with a business
partner. There, the total amount of reserves that this bank and her partner hold, ¢ 4 &,
plays an important role. Whenever this amount of reserves is small, bank S trades away
her reserves surplus or deficit with bank L and does not enter the core market. Otherwise
the S and L banks split the total amount of reserves equally and the bank S enters the
core market. Therefore, there is no bank S with a partner holding reserves R € [R™, R™]
in the core market. Similarly, banks L with a business partner will bring the sum of their

reserves to the core market whenever the sum is relatively small, but otherwise he will
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Figure 1: Reserve balances held by different types

only bring half of it (hence the different slopes). The discontinuity is due to the need for
sufficient gains from trade before S banks enter with half of the total reserves available in

the pair of partner banks.

B Proof of Lemma 1

Proof. Using the constraint, the objective function can be rewritten as maximizing the

total surplus by choosing x:

max RT[i(RT —z) —ig] + RT[i(R™ + ) —ig + z[i(R~ +2) —i(RT — 2)]. (B.1)

xT

Note that X does not enter the objective at all and is determined solely by the constraint,
which implies
X = OR +z)1+i(R +2)]—-(1-6)(R" —2)[l +i(R" — 1)) (B.2)
+(1—O)RM[1 +i4) — OR[1 + ).

Consider two possible cases of RT and R~ :

Case l: Rt >0>R™ > —R™.



Total surplus S = RT[i(RT —z)—ig)+ R [i(R™+x)—i+x[i(R~+z)—i(RT —x)]. Any
r € (—R~,R") implies S = R~ (ig—i¢) > 0. Any x < —R™ implies S = z(iy—iq) < R~ (ig—
i¢), thus dominated. Any x > R™ implies S = (RT —x)(ip—iq) — R (ig—iq) < R~ (iq—1i¢),
thus dominated. Therefore, x = (R™ — R™)/2 € (—R™, R") is optimal.

Case 2: Rt >0>—-R" > R".

Total surplus S = RT[i(RT —z)—ig)+ R [i(R™+x)—i]+x[i(R~ +z)—i(RT —x)]. Any
r € (RT,—R™) implies S = R (iy —ig) > 0. Any z < RT < —R™ implies S = z(iy — iq) <
R (ig —iq4), thus dominated. Any x > —R~ > R" implies S = R (iy —i4) — (R~ +x)(ip —
iq) < R (ig —i4), thus dominated. Therefore, z = (R™ — R™)/2 € (RT,—R™) is optimal.

Therefore, z = (RT™ — R™)/2 is a solution and (B.2) implies

R~ + Rt R+ RT

X = (20 - 1)(— )L+ i( 5 N+ (1 —0)RT[1L+i4] — OR'[1 +if).

C Proof of Proposition 4

Proof. The total surplus is

~

TS(z,i,¢) = TSp(z1i,¢)+TSs(z1,c)
= max{TI(Rs — 2) — 7,0} + TI(Ry, + 2)
+B[(Rs — 2)(1 +i(Rs — 2)) + (R + 2)(1 +i(RL + 2))]
—max{Il(Rs) —v,0} — IIl(RL) — BRs(1 +i(Rs)) — BRL(1 +i(RL))
+pclo1(1) — B01(0)]

and the choice z only affects the second line above. Now, suppose the optimal choice z* is

such that bank S enters in the core market. Then z* has to maximize
II(Rs —z) + B(Rs — z)(1 +i(Rs — 2)) + II(RL + 2) + B(RL + 2)(1 +i(RL + 2)),

. o R R
and so z* = (Rg — Rr)/2. However, entry implies II(Rg + z*) = II (%) > 7.
Now, suppose the optimal choice is such that bank S does not enter the core market.

Then z* has to maximize

IRy, + 2) + B(Rp + 2)(1 +i(Ry, + 2)) + B(Rs — 2)(1 +i(Rs — ),



subject to the constraint that II(Rg—2z*) < 7. Notice that II(R)+SR(1+i(R)) is increasing
in R. We have four cases to consider.

First, suppose Rg, R;, > 0 so that i(Rg) = iq. Then for all z € [0, Rg| we get
B(RL+ 2)(1+i(Rr +2))+ B(Rs —2)(1 +i(Rs —2)) = PB(RL+ Rs)(1+iq)

so that the interest “bill” at the central bank is the same for the pair of banks, independent
of who holds reserves. Since II(Ry, + z) is increasing in z, we get that for z € [0, Rg] the

solution is z = Rg and the total surplus then is
II(R + Rs) + B(RL + Rs)(1 + iq).
Should bank S lend € more to bank L and go negative? Then the total surplus would be

(R + Rs +¢) + B(Rs + R, +¢)(1 +ia) — Be(l +ip) =

II(Ry, + Rs +¢)+ B(Rs + Rr)(1 +iq) — Be(ig — iq)
So the two banks would prefer this iff
II(Ry + Rs +¢) — Be(ig —iq) > II(RL + Rg)

Arranging and taking the limit as € — 0, the two banks would prefer that the S bank
borrows € more iff

I'(RL, + Rs) > B(ig — ia)

However we know that IT'(R) < B(iy — iq) for all R — as the right side is the gains from
trade given there is trade. Hence, given Ry, Rg > 0 and bank S does not enter the core
market, then the optimal z is z* = Rg.

Second, suppose Rg, Ry, < 0 so that i(Rg) = i¢. Then for all z € [0, Rg| we get
B(Rp +2)(1+i(Rp+ 2)) + B(Rs — 2)(1 +i(Rs — 2)) = B(Rr+ Rg)(1+1ip)

so that the interest “bill” at the central bank is the same for the pair of banks, independent
of who holds reserves. Since II(Ry, + z) is decreasing in z whenever Ry, + z < 0 we get that
for z € [Rg, 0] the solution is z = Rg ( bank L lends Rg to bank S) and the total surplus
then is

II(Rr, + Rs) + B(Rr + Rs)(1 + ir).



Should bank L lend € more to bank S, so that it goes positive? Then the total surplus

would be

II(RL+ Rs —¢)+B(Rs+ R —e)(1+1idp) + (1 +iq) =

II(Ry, + Rs —e) + B(Rs + Rp)(1 4+ ig) — Be(ip — iq)
So the two banks would prefer this iff
H(RL +Rg—¢)— 5€(ig — id) >TI(Rp + Rs)

Arranging and taking the limit as ¢ — 0, the two banks would prefer that bank S borrows

€ more iff
~II'(Ry + Rg) > B(i¢ — iq)
However we know that for R < 0 —II'(R) < S(i¢ —iq). Hence, given Ry, Rg < 0 and bank
S does not enter the core market, then the optimal z is z* = Rg.
Third, suppose Rg > 0 while Ry < 0. Should bank L borrow e from bank S given

II(RL + z) is decreasing in z whenever Ry, + z < 07 If bank L borrows ¢ the total surplus

becomes

IRy +¢e)+ B(RL+¢e)(1+1ig) + B(Rs —e)(1 +iq) =

I(RL +¢) + BRL(1 +i¢) + BRs(1 +ia) + Be(ip — ia)
So the two banks prefer this iff
II(Rr +¢) + Be(ip — ig) > II(RL)

again arranging and taking the limit as ¢ — 0, we get that bank L prefers to borrow from
bank S whenever

I'(Rr) > —B(ig — ia)
which is always satisfied. Therefore, bank L will borrow up to Rg if Ry + Rg < 0 and until
R;, +2z=0if Ry + Rg > 0. Will bank L borrow more? If R; + Rg < 0, the second case
above shows that bank L will not borrow more. If Ry + Rg > 0, however, since II(Ry, + 2)
is increasing in z, whenever Ry + z > 0, we get that for z € [-Ry, Rg] the solution is

z = Rg and the total surplus then is

II(Rr, + Rs) + B(RL + Rs)(1 +iq).



Again, as in the first case, bank S should not lend more to bank L. Hence, given Rg > 0

and Ry, < 0, and bank S does not enter the core market, then the optimal z is z* = Rg.
Fourth, suppose Ry > 0 while Rg < 0. Should bank L lend ¢ to bank S given

II(Rr, + z) is increasing in z whenever Ry, + z > 07 If bank L lends € the total surplus

becomes

(R — &)+ B(RL —&)(1 +ia) + B(Rs +&)(1 +ir) =

(R — &) + BRL(1 +ia) + BRs(1 + ig) + Be(ip — ia)
So the two banks prefer this iff
H(RL — 8) + BE(Z[ — id) > H(RL)

again arranging and taking the limit as ¢ — 0, we get that bank L prefers to borrow from
bank S whenever
~I'(RL) > —B(i¢ — ia)

which is always satisfied. Therefore, bank L will lend up to Rg if Ry, + Rg > 0 or until
R +2=0if Ry + Rg < 0. Will bank L lend more? If Ry + Rg > 0, the first case above
shows that bank L will not lend more. If Ry + Rg < 0, the second case above shows that
bank L will not borrow more. Hence, given Ry > 0 with Rg < 0, and bank S does not
enter the core market, then the optimal z is 2* = Rg.

Therefore, if bank S enters the core market, both banks L S enter the core market with
(R + Rs)/2 and z* = (Rg — Ry)/2. If bank S does not enter the core market, then bank
L enters with R;, + Rg and z* = Rg. It remains to find the conditions under which bank

S enters the core market. Bank S enters whenever

(235) oo (252 o (542

>II(Rs+ Rr)+ B(Rs+Rr)[1+i(Rs+ Ryp)]

However, notice that 4 (%) = i(Rg + Rp) as only the sign of Rg + Ry matters for
i(.). Therefore, bank S enters whenever

2H<RS"§RL> > T(Rs + Ry).

Define R~ as the reserve balance that uniquely satisfies

AT (7o)~ =TT (R,



and RT as the balance that uniquely satisfies

ot (B0) — =t (A,

Then bank S enters whenever Rg + Ry, > R+ or Rg + R;, < R~. Note that

n() =R () >0

() =~ s o

Therefore, R~/2 < R~ < 0 < RT < RT/2. This implies that whenever a bank S shares
its balance with a bank L (i.e., Rg + Ry ¢ [R~, Rt]), it will indeed have an incentive to

enter the core market in the following sub-period. O

D Proof of Lemma 5

D.1 Total Surplus in Relationship

Recall that
v3(R, L,n) = max{II(R) — 7,0} + B{L + R(1 +i(R))} + Bui(n).
If bank S lends z to bank L, the relationship will be continued. His payoff is

v3(Rg — z,2(1+1),1)
= max{II(Rs — ) = 7,0} + B{2(1+8) + (Rs - 2)(1 + (R, — 2)) } + B (1),
If bank S does not lend, the relationship will be terminated if the bank L has a backup
partner (c; = 1). In that case, the bank S becomes single in the next if cg = 0. Therefore,
his payoff is
v3(Rs,0,cs,c1)

= max{II(Rg) — 7,0} + B{Rs(1 +i(Rs))} + (1 — cg)erfu1(0) + [1 — (1 — cg)eL]Boi(1).
As a result, the bank S’s trade surplus is

TSs(z,%;¢s,c1)
=v3(Rg — 2,0,0) — v3(Rs,0,0) + Bz(1 +14) + B(1 = ¢s)er[01(1) — 01(0)]
=max{II(Rs — z) — 7,0} — max{II(Rg) — 7,0}

+ 6 {z(l +i) + (Rs — 2)(1 +i(Rs — 2)) — Rs(1 + i(Rs))} + B(1 — cs)ep[v1(1) — 61 (0)].

10



Similarly, the surplus for a bank L with reserves Ry, is
V3(Rp + 2,2(1 +1),1) — V3(Rr,0,1),

where

Va(Rr + z,2(1 +1),1) = H(RL+Z)+B{—z(1+%)+(RL+z)(1+z’(RL+z))}+m71(1)

V3(Rr,0,1) = II(Ry)+ B[Rp(1+i(Re))] + (1 — cr)esBV1(0) + [1 — (1 — c)es]BVA(1).
Hence, the surplus is

TSp(z,4;cs,cL)
=V3(Rp, + 2,0,1) — V3(Ry,,0,0) — Bz(1 +1)
=I(Rr, + 2) — TI(Rg)
+5 {—z(l + ) 4+ (R, + 2) (1 +i(Rp, + 2)) — Rp(1+ i(RL))}

+ (1= cr)esBVi(1) — V1(0)]
Then, the total surplus from a loan of size z is

TS(z;cs,crL)
= u3(Rg — 2,0,0) — v3(Rs,0,0) + Va(Ry + 2,0,0) — Vi(Ry,0,0)
+B(1 = cs)er[v1(1) = 01(0)] + (1 — ez )esB[Vi(1) — Vi (0)]
= max{II(Rs — z) — 7,0} — max{II(Rg) — 7,0} + II(Ry + 2) — II(Ry)
+B8{(Rs — 2)(1+i(Rg — 2)) — Rs(1+i(Rs)) + (Rp, + 2)(1 + i(Ry, + 2)) — Rp(1+ i(RL))}

+B(1 = cg)elvr(1) — 01(0)] + (1 — ep)esBIVi(1) — Vi(0)].
D.2 Relationship Rates and Expected Payoffs

Given the result above, when Rg + Ry € [R™, R"], the relationship rate is

1+i(Rs,Rp;es,cr)
- e)us(Rs, 0,0) —v3(0,0,0)  ,V5(Rp + R;,0,0) — V3(R1,0,0) . Vs, CL)’
BRs BRs Rg

where

V(es,er) = (1= 0){0(1 —cr)es [Vi(1) = Vi(0)] = (1 = 0)(1 — es)epfoi(1) — v1(0)]}-

11



Otherwise, it is

1+i(Rs, Rr;cs,cr)

v3(Rs,0,0) —w3((Rs + Rr)/2,0,0) V3((Rs + R)/2,0,0) — V3(Rg,0,0)

=(1-9) B(Rs — Rr)/2 o B(Rs — Rr)/2
n V(cs,cr)
(Rs — Rp)/2

We now derive the expected payoffs of different types after their liquidity shock and
search. The payoff of the S bank for Rg + Ry, € [R™, Rt] is

v3(0, D(Rs, R), 1;¢s,c1)
= pBD(Rs,Rr) + Boi(1)

= (1 - 0)'03(R5'7 070) + 9[‘/3(RL + Rsa 07 0) - ‘/Z)»(RL7O?O)] + ﬁ'l—)l(l) + 6]}(65’ CL)'

Otherwise, it is

Ug(@,D(RS, Rp),1;cs,c1)
= (L) o s s, )+ BT BT RE)  go)
= mB Ry oy Rt Re g Rt

(1= )a(Rs,0,0) = vg(5 1, 0,0)] + 6V E,0,0) — Vo (1. 0,0)

+501(1) + BV(cs, cr).

The payoff of bank L is

V3(Rp + 2(Rs, Rr), —L(Rs, Ry), 1; cs, 1)
= (R + 2(Rs, Rr))

+8{~D(Rs, Rr) + (R + 2(Rs, Rr))(1 +i(Rr + 2(Rs, Rr)))} + BVi(1)
= (R + 2(Rs, Ry))

+B(RL + 2(Rs, Rp))(1 + i(RL + 2(Rg, RL)))

—(1-6)[v3(Rs,0,0) —v3(Rs — 2(Rg, R1.),0,0)]

—9[V3(RL + Z(Rs, RL),0,0) — Vg(RL, 0, 0)] — BV(Cs,CL) + 5‘71(1)

12



The payoff of bank L with no partner is
V3(Rp,0,0) = II(Ry) + BIRL(1 +i(RL))] + BV1(0).
Finally, the payoff of a single bank S is
v3(Rs,0,0) = max{II(Rg) — 7,0} + B{Rs(1 +i(Rg))} + B11(0).
E Proof of propositions 7 and 8

Proof. We will need to know the gain from a relationship for S and L banks, that is
v1(1) — v1(0) and V(1) — V1(0). Notice that when a bank S with an amount of reserves
Rg and contact cg, matched with a bank L holding reserves R;, and contact ¢y, we can

write the value of bank S with R = Rg — z(Rg, Rr), as
v3(R, D(Rs, R),1) = max{II(R) — 7,0} + B{®(Rs, Rp) + R(1+i(R))} + fV(cs, cr) + Bun(1),
while the same bank S, but with no partner, has
v3(Rs,0,0) = max{II(Rs) —,0} + SRs(1 +i(Rs)) + Bv1(0),
Hence, given ¢ = (cg, cr.),

v3(R, D(Rg, Rr),1) — v3(Rg,0,0) = max{II(R) —~,0}+ 8{®(Rs,Rz) + R(1 +i(R))}
—max{II(Rg) — 7,0} — BRs(1 + i(Rgs))
+6V(cs, cr) + B [01(1) — 01(0)]

Notice that the first two lines are independent of the contact ¢, and taking expectations of
the first two lines with respect to Rg and R, we define the expected per-period benefit of

having a business partner for the S bank as

max{Il(Rs — z(Rs, Rr)) — 7,0}
Iy = / / +58{®(Rs, Rr) + (Rs — 2(Rs, R))(1 + i(Rs — 2(Rs, R1)))} | dF(R)dG(Rs)
Rs /Ry, —max{II(Rg) — 7,0} — fRs(1 +i(Rs))

vi(1) —vi(0) = T+ BE:[V(c)] + foi(1) — v(0)

where

13



V(c) = (1= 0){0(1 —cp)es [Vi(1) = Vi(0)] — (1 = 0)(1 — cs)er[v1(1) — v1(0)]}
and

v(0) = max{ps1501(1) + B(1 = ps1)v1(0) = ks, psofvr(1) + B(1 = pso)v1(0)}

so the term v(0) is not discounted because it includes the decision to search for a partner
which is done today. In the equilibrium where ooy, = 0 we have cg = 0, psg = 0, ps1 =
Npmin{l, 75~} and pro = min{1, %} SoV(0,cr) = —(1—0)(1 —68)cp[vi(1) — v1(0)]
and v(0) = max{pg1601(1) + B(1 — ps1)v1(0) — kg, Bv1(0)}. Hence, using E(cr) = pro we

obtain

vi(1) =v1(0) = Tg—pB(1—0)(1=0)pro[vi(1) —v1(0)] + B(1 — o) [v1(1) — v1(0)]

—max{ps18(1 — o) [v1(1) — v1(0)] — ks, 0}

Since we concentrate on the case where S banks search, we get ps1 8(1—o0) [v1(1) — v1(0)] >

kg so that

B I's + ks
)=o) = T gy o)+ psiB o) B o) Y

Similarly,

W) - vi(o) = = A= Rt ) = n(0) (5.2)

Since ay, = 0 and ag € [0, 1], we now need to check conditions for which

[ps1 — psol(1 — o)B[vi(1) — v1(0)] § kS
lpL1 — pro)(1 —o)BVA(1) = Vi(0)] < kL
where
pro = min{l, n(lofojisNL)} - mm{1,a5%} (E.3)
pPL1 = (1 : 22\25 min{1, 171042[?\7]:[5} = (1 : 32\],\;5
ps1 = ZﬁL—(la_LJOvéii min{1, ”“;SO]@N L)) — Ny min{l, as’jvs}

14



In any equilibrium the number of banks S with a business partner is equal to the

number of banks L also with a business partner, so that
1—Ng=mn(l-Np)

so using 9 and 10 we obtain

o {[pso + as(ps1 — pso)]l = nlpro + oL (pr1 = pro)l}

= (n—=1)(1—0)[pro + ar (pr1 — pro)] [pso + as(ps1 — pso)]
using the above expression for p’s using (E.3), we obtain that when oy, =0,
: Ng

0 (N, —Ng)=(n—1)(1—-0) mln{l,aST}NL (E.4)

which we can write as

0(1—=Ng)=(1-0)min{l,ag

1—n(1—NL)}NL

We now concentrate on the three sub-cases of interest. Suppose

~1-n(1-Np)
B n

}

min{1,

1—n(l—-Ng)
n

Then in this case setting ag = 1,

—[on+ (1 —0)(1—n)] + \/[an—i— (1—0)(1—n)]* +4(1 — o)on?

N;r =
L 2(1 - o)n

And we can check that
1-— n(l — NL)
n

<1
o 1-n(1=Np)
whenever n > 1/(2—0). So in this case, whenever n > 1/(2—0), we get ag—-—% < 1

and the solution is given by
N,
o (N — Ng) = (n—1)(1 - a)anNL,

or using Ng =1 —n(1 — Np), we get N, = N} (n,ag). This is an equilibrium whenever

n

Y

N7 min{1, Ks

L)1 - 0B () — 1 (0)
asNg
N;i(1—0)Bvi(1) —v1(0)] > kg

so using (E.1) and (E.3)
I's

Nj(l1-o0)p3 .
pt=o) 1+ 81— 0)as (1 — o) — B(1 - o)

v

Ks

15



(g =11if >, ag € (0,1) if = and ag = 0 if <). Then since cg = 0, we get

EV()] = -(1-0)1-0)EcL][v1(1) —vi(0)]

= —(1 =) —8)profvi(1) —v1(0)]
—(1=0)A =0)pro (T's + Ks)
1+ B(1=0)pro(1 —0) + ps1B(1 — o) — B(l —0)
—(1— U)(l — 0) min{1, 045 S (Ts + kg)
1+ B(1 —60)min{1, ozs 2}l —o)+ Npmin{l, ;5= 18(1 —0) = B(1 - o)
—(1-0)1-0)Ts + xs)
1+ 51— 0)04575(1 —0)+ NjB(1—-0)—p(1—0)

We now concentrate on the sub-case when n < 1/(2 — o).

Case 1. ag =0.

For ag = 0, single banks S do not search and it is easy to see that all banks are single,

that is N, = Ng = 1. Then this is an equilibrium iff

(1 —0)Bvi1(1) —v1(0)] < kg

(1=0)pVi(1) =Vi(0)] < kL

Using (E.1) and (E.2), as well as (E.3), these conditions become

(1 0)51_5(1_0) < Kg
(1 0)61—,31;?—0) < KL

Then since c¢cg = 0, we get

-1 —0)(1 — ) min{l, a5 55} (Ts + k)
1+ (1 — ) min{1, ag s 2H1—0) + Nymin{l, Z-}B8(1 —0) = B(1 — o)
— 0

EM(c)] =

Case 2. ag € (0,1].

From (E.4), we have to distinguish two cases: n 2 1 —n(1 — o).

First, we consider the case where n < 1 —n(1 — o).

There are two sub-cases. First there are less banks L than the number of

single banks S searching: n < agNg. Then
o(N, —Ng)=(n—-1)(1—-0)Ng
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and since Ng =1 —n(1 — Np),

oc(l1-Ng) = (1-0)Np

N, = o

L banks are only single because they are hit by the separation shock. It is easy to check

that the no-search condition for banks L is always satisfied, while the search condition for

banks S is
[ps1 — psol(1 = o)Blv1(1) —v1(0)] > ks
Ny min{1, OéST;VS}(l —0)Blur(1) —vi(0)] > g
m(l —0)Bvi1(1) —v1(0)] > agkg
T (1-0)8 S
(1-=n(l-0)) 14+ B8(1—=0)pro(l — o) + ps18(1 — o) — B(1 — o)

Using (E.3) and the fact that n < agNg, this condition is simply
on(l—o0)p I's + ks
(1= n(1— o)) as [ - B0(1 — 0)] + o —fs (L — )
Hence, when n < agNg, we obtain ag = 1 whenever

on(l —o)p
[1—n(l—0o)][1 - 5601 -0)]

> KS

T's > kg

and since n < agNg, this requires

1

n <
2—0

while when kg is above the threshold above, then ag € (0,1) it is given by

on(l—o)p Is
[1—n(l—-0o)][1 - BO(1 - 0)] rs

ag =

Since n < agNg, this requires

on(l —o)B
[1=n(l—o)][t = B6(1 - 0)]

o(l—0)p
[1—p6(1—0)]
m. In this case,

—(1-0)(1 — ) min{1,ag s} (Dg + Kg)

I's <

I's

ks <

At the upper bound, notice that ag =

> Qgkg

EP(e)] = 1+[3’(1—G)min{l,ag%}(l—U)-l-NLmin{l,ﬁ}ﬁ(l—U)_5(1_‘7)
) (1= 0)(1 = 6) (Ts + )

EDEL = 5000 —0) + Moot B0 —0) — A1 —0)

E(e)] = —(1-=0)(1-0)Ts + rs)

1+B(1_9)(1_U)+0m5(1_0)_6(1_0)

17



The second sub-case is when there are more banks L than the number of

single banks S searching: n > agNg. From (E.4), we obtain
N,
o (N, — Ng)=(n—1)(1— U)QSTSNL

and since Ng =1 —n(1 — Np), we can solve for Ny, as

—[on+ (1 —0)ag(l —n)]+ \/[an +(1-0)as(l—n)* +4(1 — 0)oagn?

Ni = 2(1 —o)agn
When ag = ﬁ then N; = o.
[ps1 = psol(1 = 0)Blvi(1) —vi(0)] = kg
Np(1=0)Bvi(1) —v1(0)] = ks
So we need to check
I's + ks
N = o 0 = B pra(i = o) + psi B =) — B =) =
I's + ks
N, (1 —
tl=o)Br B(1—6)(1 —o)as s + NyB(1— o) — B(1— o) = K
Np(1-0)Bl'g S
> Ks

(1481 = 0)1 - o)as’s - 81 - )
with equality when ag € (0,1). When kg is at the upper bound of (E.5), then ayg is given
by

Ny _ -
(1—5(1—0)+,8(1—9)(1—a)a5%> [1-56(1~0)]
N l—B0(1—0)] = o (1 (o) + B(L—0)(1— U)ozsj\;s>
Null= 5001 - )] = o (1= A1 a)+ 5101 - a)ast AL )
e = M=o —e0-f-a)

o(B(1—=0)(1—0)(1 —n+nNg))
and using the expression for Ny, in this case and some algebra,

n
ag = ——.
1—n+no

The condition for the L banks not searching is

[pr1 = prol(1 —o)BVi(1) =V1(0)] < &L

Mmg_min{l,asj\f} (1=o)M1) =] < rr

1 —agNg
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(1=0)Vi(1) =V1(0)] < &KL

Iy = (A = 0)pro(d = o)[vr(1) — v1(0)]
1= (1=pro)B(1-o)

ag — 0 could be an equilibrium. Indeed, by L’Hopital’s rule Ny, — 1, Hence Ng — 1 and

(1 —ags)Ns Ng
LTes)NS oS
1 —agNg n
(1 —as)Ns Ng
1 —agNg n

< K

[a-as

the L bank’s condition for no search becomes

Iy
1— - v
( 0)51_5(1_J)</€L
while the S bank’s condition for search becomes
I's
1 — _— =
Uy T
To conclude, when n > agNg, ag < n/(1 —n+no) <1 is given by (E.6) whenever
o(l—o0)B I's
— = Ts<ks<(l—-0)f————
[~ 3001 — o) T

Suppose now 1 —n(l—o0)>n. Then Ng=1—n+nNg and so

—[on+ (1 —0)ag(l —n)] + \/[Un +(1—0)as(l —n)* +4(1 — o)oagn?
2(1 —o)agn

NL(n,ag) =

and

Ni(n,as) =1—n+nNi(n,as)

while aig € (0, 1) is implicitly given by

Nj(n,as)(1 — 0)BTs

(1 +B(1 - 0)(1 — o)agXsmas) _ g a)) -
while vg = 1 whenever
Ni(n,1)(1 —0)Bl's
- >
(1+80-0)1-0) 200 50—} "

and ag = 0 whenever

(1-0)p

I's
T_B(l—o) ="

—(1—0)(1 — ) min{1, g5} (Tg + Kg)
1+ B(1 — 6) min{1, ag 52 }(1 — 0) + Ny min{1, 4~ }B8(1 — o) — B(1 — o)

E(c)] =
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Since n < 1/(2 — o) and n > agNg,

—(1—0)(1 = 9)as 502 (g 4 1)
14 B8(1 — 0)ag™s

EM(c)] =

s99) (1 _ 5) + Nj (n,a5)8(1 — 0) — B(1 — o)
—(1—0)(1 = )as ~22) (g + i)
1 81— 0) [1 = Ni(n.as) — (1 - fag Vo)

n

It is clear that the parameter space defines three distinct and non-overlapping but
connected regions. In each of these regions the equilibrium is well defined and unique. So

the equilibrium with a7, = 0 is unique. ]
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F Numerical Algorithm

Below we briefly present the numerical algorithm developed for finding steady state equi-
libria {as, oz, Ns, N, V, R, R,N, Q} of the model. The basic strategy of the algorithm is
to start from an initial guess and solve backward from subperiod 4 to subperiod 1 in order
to obtain an update.

A brief description of the algorithm follows:

e Step 1. Given an initial guess for {ag, oz, Ng, Nz, V, R, R}, follow Appendix A to
derive (N, Q). Follow the conditions in Lemma 3 and 4 to update (R,R). Repeat

step 1 until (R, R) converge.

e Step 2. Use Proposition 7 and 8 to obtain («ag, ar, Ng, N1, V). Repeat steps 1 to 2

until (ag, ar, Ng, N1, V) converge.

e Step 3. Follow Lemma 1 and 5 to derive the implied distributions of rates in the

core and periphery markets.
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G Search for a Backup Partner

In the model, only single banks can search for a partner. Here, we briefly consider an
extension in which banks with one partner can search for a new one to build a backup
relationship. Having a backup relationship may be desirable because it improves a bank’s
bargaining position in the periphery market. We assume that at the end of a period a
bank with two partners needs to choose one of the two potential partners to continue the
relationship in the next period. The other one will be broken. Hence, banks always start
a period with either 0 or 1 partners. Before the periphery market opens, banks S can pay
a cost kg to contact a bank L. Similarly, banks L can pay a cost k1 to contact a banks
S. We use N to denote the measure of banks I with no partner, and Ny; to denote
the measure of banks L with 1 partner. We define Ngg, Ng1 for banks S similarly. So we
denote by ag,, the measure of banks S with m = 0,1 partner that search for a business

partner and by ay,, for banks L with m partner. Hence, for banks not searching, we have:

Banks not searching \ Prob. of getting a new partner ‘
— . asoN.
L ,OLO - mln{17 n(l—aL()]ff(;,ofgéLlNLl)}
. naroN,
S pPSo = mln{]" l—asoNgg—ng‘lNSW}

pro is the probability that a non-searching bank L can get a new partner. Note that
there are no voluntary breakups in equilibrium. Hence, a bank L can get a new partner
only by meeting a single bank S. We define pgo for banks S similarly. For searching

banks, we have:

’ Searching banks \ Prob. of finding a new partner ‘
1—aso)N, . 1—asoNsg—as1 N,
L pL1 = 1—041(\57()]\8500—)0‘:;]\751 min{1, n((alLiO]VLi}[ra;lN;;z[}
5 ps1 = n(l_aL(fR[LO_aLL(/JlNLl) min{l, OéSOJL\;)SO'Li‘OOés1]I<fIS1 )
The fraction of single banks S searching is still
1 if [ps1 — psol(1 — o)Blv1(1) — v1(0)] > ks
aso =40 if [ps1 = psol(1 = 0)B [v1(1) — v1(0)] < kg
[0,1] otherwise
and the fraction of single L banks searching is
1 if [pr1 — prol(1 — o) B[Vi(1) — Vi(0)] > kr
arp =140 if [pr1 — prol(1 — o) B[Vi(1) = V1(0)] < kr

[0,1] otherwise

The fraction of banks S with a partner searching is
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1 if [ps1 — psol(1 —o){6(1 — Pr) [Vi(1) = Vi(0)] + (1 — 0) PLv1(1) — v1(0)]} > ks
as1 =40 if [ps1 — pso](1 = o){6(1 — Pp) [Vi(1) = Vi(0)] + (1 — O) Prloi(1) — vi(0)]} < ks
[0,1] otherwise
where P, = api1pr1 + (1 —ap1)pro is the probability of a bank L having a backup partner.
Here, the value of getting a backup partner is to improve the bargaining position in the
periphery market if the counterparty cannot find one. The fraction of banks L with a
partner searching is
1 if [pr1 — pro](1 — o){(1 = 0)(1 — Ps)[v1(1) — v1(0)] + 6P [Vi(1) = V1(0)]} > ki
ary = {0 if [pr1 — prol(1 — o){(1 = 0)(1 — Ps)[v1(1) — v1(0)] + 6Ps [Vi(1) — V1(0)]} < kL
[0,1] otherwise
where Ps = ag1ps1 + (1 — as1)pso is the probability of a bank S having a backup partner.
Again, the pairwise periphery market rate for a loan between two partner banks is given
by

®(Rs Ry) n V(c)
Z(Rs,RL) Z(RS,RL)7

1+ ’Z(R87 RL7 C) =
where

BP®(Rs,Rr) = (1-10)[vs3(Rs,0,0) —v3(Rs — 2(Rs, Ry1,),0,0)]
+0[V3(RL + 2(Rs, R1),0,0) — V3(Rp,0,0)]

and
V(c) = (1=o){0(1 —cp)es[Vi(1) = Vi(0)] = (1 = 0)(1 — cs)ep[va(1) — v (0)]}-

Therefore, there is a non-zero relationship premium involved in trades in the periphery
market if only one side of the transaction has a backup partner. In particular, for a fraction
(1 — Pg)Pp, of loans from banks S to banks L, the relationship premium lowers the loan

rate.
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