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A Continuous Time Derivations

Proof of Lemma 1. By the Principle of Optimality and the fact that after an infinitesimal

time interval At, the survival probability of an entrepreneur is e~ we have

V(t, iy, xt, wi) = max u(c) At + e~ (PHA)AE, (V(t+ At ip o, Xeoar Wirar)] +0(A) (A1)

cky, by

subject to k; > 0 and mk; + by + Q; > 0, and
Wiy At = Wt + ((1 — Tit)Rit(et)kt + T’tbt + etXt — Ct)At + O(At).
Furthermore, under the Poisson arrival rates of idiosyncratic shocks

E¢ [V(t+ AL, ippat, Xer At Wi at)] = efAif’*ifAtV(t + At, i, XAt Wit At)

+ (1 — e_)\itr’itAt> V(t -+ At, —it, Xt Aty wH_At) + O(At)
Using the fact that e* = 1+ z + 0(z) for z close to 0, we rewrite the previous expression as

Ef [V(E+ At ivear Xepar Werar)] = (1= Aqy, i AV (E+ Ab iy, Xyt Wi ar)
+ AZ't/*itAt‘/(t + Atl _ii’/ Xt+Ats thrAt) + O<At)

Plugging this into equation (A.1), we obtain

V(t, i, x¢, we) = max {u(ce) At + V(E+ At,de, Xppnr, Wegar) — (0 + A) AV (E+ AL, i, Xpyar, Wesat)

crky,by

FAi, i, A (V(E+ At, =iy, Xepoar, Wepar) — V(E+ AL iy, Xepar, Wepar)) +0(A)



Subtracting both sides by V (t + At, it, x¢, w4 a¢) and dividing both sides by At then take
the limit At — 0, noticing that

lim V(t iy, xp,wi) — V(E+ AL iy, Xppar, Weyar) OV OV dwy
At—0

At

oV

ot owdt  oxS*
we obtain (6).

O
Proof of Lemma 2. The total wealth conditional on investment productivity type, W;; is the

sum of wealth across agents /1 € [0, N¢| whose type equal to i

h
Wit at :/,h Wiyt
h:if =i

h h
w dt + w dt
h<N;: zHAt—z z’? i t+At h<Np: zHAt—z zi‘ —i t+Af
+/ w dt + o(At).
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We wrrite the first term as
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where
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Therefore,

/I’I<Nt R
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" Wy apdt
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We wrrite the second term as

/ w?—l—Atdt
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where

/tht:i’;:i <<w? + Qil) (1+ At (1= T-)R_jen) k™ + ™ —c"y)) — Q?+At> dt
=W_i;+0(1).

Therefore
h
dt = A_;;AtW_; o(At).
/h<N¢z wt—l—At 1,1 1,t+ ( )

=i

t+At_z lp=

And lastly,
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Therefore

Witiar — Wip = M((1 = ) Rier)kiy +reb;y — c;y) (Wip + e M;GiNy)
- d
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Dividing both sides by At and taking the limit At — 0,

dtllt = (1 = )Rie)kiy + rebjy — ci) (Wi + qeMiGiNi)
- d
— (Aimi +A) Wi+ A i Wy — %MiGtNt — qtM;GtN; + M Z;.
Rearranging, we arrive at (14). O

Proof of Lemma 3. To derive the partial differential equations for the wealth distributions,
we use the following measure

X
M;(t+ At w, x) = /hl(wfﬂr& > wand if', 5, = i and 2L = x)dh

where 1{} is the set indicator function. Since the population grows, we decompose the
measure to two components, one with i € [0, N¢| and the other with 1 € (N;, Ny p¢):

h h _ h h b
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Conditioning on the type at ¢, we write the first term as

h h . h
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Conditional on whether the death shock hits between t and t + At, we obtain
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Let ¢(.) denote the pdf associated to the cdf ®(.). Expanding further, and we arrive at
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Expanding further, we arrive at
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Lastly
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Let MY (t, w, x) = %ﬁtx), the last equation implies
1
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Taking the limit At — 0, we obtain

atl - Bwl w ((1—7)R;(er)ki, + bl — ¢l — g + n) — (Ai—i+A) M? + A M;Mo_i
Wi+0Qr
_ w—==t — q1xGy
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Now integrate both-side in x and let p;(t, w) = [ M?(t,w, x)dx, we arrive at (15). O

To facilitate the analyses of the dynamic equilibrium in this economy, let X; denote the

total wealth share of agents with high investment productivity:

X, — Wh i+ MpQ:
g Wi +Qr

The following result characterizes the dynamics of g; and X; as functions of the agents’

policy functions.

Lemma A.1. In a competitive equilibrium, the dynamics of the growth rate of total wealth is given
by

gr = (RH(et)k’f{lt + V;kb}k_llt — C*H,t) Xt
+ (R (er) 1T ribp s — Cf,t) (1-Xy)

Qs

+n .
Wi + Q¢

(A.2)



In addition, X; satisfies

dX -
d—tt = (8hs — 81 Xe(1—Xi) — (A +A) Xe + A (1 — Xi)
+ (MH — Xt) (THk?—I,tRH(et)Xt + TLki,tRL(et)(l — Xt))
< Qr
+ MpgA+n My — X;). A3
H Wi+ 0 (Mu ) (A.3)

Proof. From the definition of W;; we have

dW ) ) ) d
d—tt = Z(ki,tRi(et) + b}y — ¢ip) (Wip + g:MiGiNy) — %GtNt — &xqtGtNi
1
and 40 i
d_tt = %GtNt + gxQt +nQs.
Therefore
AWy dQy

=Y (ki yRi(er) + bjyre — ciy) (Wi + q:iMiGeNy) + nQy.

i

ar T ar

Dividing both sides by W; + Q;, we obtain

Wit + q:M;G Ny Qr
= Y (k¥ R;(e;) + b1y — ) —~ n ,
gt Z( it i(er) itht z,t) Wi + Q; Wi + Q¢

1

which is equivalent to (A.2).
Now, we turn to the dynamics of X;. From the definition of X;, we have

AWy, dQ
dX; = -+ Mu'g

Wi + Q¢

— tht-

From the dynamics of W

dWHt 1 = WHt
- =((I-1y)R ki by —cp)Xe — (A A :
it Wi o (- TmRale)ky, + by, — ¢ )Xo — (An+4) ="
Wit Z
+A ~—+M
Wit T T Wi+
B 2 My GiNy + 8:q:MuGiN;
Wi+ Qs



Therefore,
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Zt Y MyGiN: + gxq:tMuGiNy = MpQ,
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Wi + QO
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dX . _
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+ MpgA — A +(A+n .
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From the expression for g; in (A.2) and the definition of g}, above, we obtain

Qt

Wi+ Q¢
(A.4)

Plugging this into the previous expression for %, we obtain (A.3). O

8t = ~THRp(e0)kiy X — TR (e (1 = Xi) + (ke — 8L1) (1= Xi) =1

B General CRRA Utility Functions

In this online appendix, we show that most of the results for log utility extend to general
CRRA utility functions




where o # 1. In this case, the solution to the H]B equation (6) has the form:

1-0
VIt if o) = ol i) (wl +xlg;)

and v(.,.) satisfies:

ih
(o +A)o(t, i) — dult, i) = max Hu(c,k,b;t,0(t, i)
ot ckb M
+ A g (o(t, —iy —o(t, i) (B.1)
where
Hilc, k,b;t,0) = u(c) + (1 —0)o((1 — 1) Ri(er)k +rib — c) (B.2)

and the maximization problem is subject to (10).

In a BGP, the value functions in (B.1) become v(t,i) = 7;, where 7; satisfies

(0 +A)o; = max Hi(e, k,b;0;) + Aj—i(0_; — ;) (B.3)
where
Hi(c,k,b;v) = u(c) + (1 —0)v((1 — 7)R;(&)k +7b — c) (B.4)

and the maximization is subject to the constraints (10).
Theorem 1 extends to this model, including the last result on saving rate as shown in
the following lemma.

Lemma B.1. In Case 1 and Case 2 in the proof of Theorem 1,

(1 — TH)RH(E_) — my
1—m

—Cy >7—7Cr. (B.5)

Proof. We show this inequality for two cases separately: o < 1,and o > 1.

Case A 0 < 1: We first show that oy > 9; > 0. Indeed, from the definition of value
functions and from the fact that u(c) > 0 for all ¢ > 0, we have 7,3 > 0. Assume by
contradiction that 7y < ;. From the first-order condition in ¢ in (17), we obtain
)" =01-0)0. (B.6)

1

Plugging this into (B.3) and let 7¥ = (1 — ;) R;(€)k + 7b}, (since we are in Case 1 or Case
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2,7y > 7]) we rewrite (B.3) as

pHA+A; (1 — ;) —oc; =(1—o0)Ff (B.7)

|Q}|

Because 0 < oy < 71, >1> g—lg In addition, (B.6) implies that ¢j; > ¢} . Therefore,

=l

H

3 or, —% kY UH =k

P+ A+ AlL (1—_—) -0l <p+A+ALg (1—_—> —0cy,
UH L

which, together with (B.7) and ¢ < 1, contradicts the fact that 7;; > 7;. Therefore by
contradiction oy > 0. (B.6) implies that ¢j; < ¢j. (B.5) then immediately follows from
Ty > Tl

Case B o > 1. As for the case o < 1, we first show that 9; < oy < 0. From the
definition of value functions and from the fact that u(c) < 0 for all ¢ > 0, we have
oy,0r < 0. Assume by contradiction that o < 9;. Because oy < 79, < 0, (B.6) implies
that ¢;; < ¢j. So

p+}\+/\HL (1—?—1“) —O'E}FJZP—F/_\—F)LLH (1—?—H> —O'C_}:,
(2] oL

which, together with (B.7) and o > 1, contradicts the fact that 7;; > 7;. Therefore by
contradiction 7y > ;.1 We rewrite (B.3) as

p+A+A <1—$) P = o (FF ). (B.8)

Ui

Because 7; < 9y < 0, % >1> Z—fz In addition 7}; > 7}, therefore

- 0 = 0
p+A+AHL (1—_—L) —Trg<p+A+Arg (1—_—H> — 7.
UH oL
This inequality, together with (B.3) and with the fact that ¢ > 0, implies 7}; — ¢j; > 7] —
cr. O

It is easy to see that Theorem 1, Theorem 2 and Theorem 3 (Part 1) extend easily to
cases with general CRRA utility functions. While other results rely more crucially on log

utility function.

1(B.6) then implies that Cy > Cr.
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C AK Growth Model

In this section we assume that u(c) = logc and F;(k,1) = A;k where Ay > Ap > 0. We
further assume type-preserving wealth redistribution, and no population growth. These
assumptions allow us to sharply characterize the balanced growth paths.

Theorem 1 does not tell us which case happens depending on the exogenous param-
eters of the model. Under log utility, the following proposition completely characterizes

the equilibrium.?

Proposition C.1. In a stationary BGP, one of the following three cases happens:
Case 1: (Low m) If

M
— L >m>0, (C.1)
1 + H L
AHL+ALH
then7? = Apand X* <1 —m.
Case 2: (Intermediate m) If
M
ML >m > ﬁ, (C2)
1+ AHL+TALH
then ) N N
r=Ayg— ( _m) I;InL_m LH € (AL/AH)
and X* =1 —m.
Case 3: (High m) If
1>m> M, (C.3)

thenr* = Agand X* >1—m

Proof. Because u(c) = logc. From the HJB equation, (17), the first order condition in
consumption implies that ¢; = p + A.

We look at three cases in Theorem 1 and derive the conditions that determine which
case actually happens in equilibrium for each set of exogenous parameters.

Case 1: In this case 7 = A; < Ap. Therefore (kj;, b)) = <ﬁ, —%) . From the
bond market clearing condition (20),

m _
- X" +b(1-X*)=0
—m> T i )

Therefore, b} = %% and kf =1 — b}. Because k] > 0, X* <1 —m.

2One minor difference relative to Theorem 1 is that the growth rate of the economy is now totally
endogenous, instead of being determined exogenously by g, and n.
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Equation (A.3) becomes:

_Ag— AL

0= X* (1 — X*) + (1 — X*) A — X Agr. (C.4)

1—m
Let f(x) denote the right hand-side (with xstanding for X*). f(x) is quadratic in x and the
coefficient on the leading term, x, is negative. In addition f(0) > 0 > f(1). Therefore,
there exists a unique X* € (0, 1) that solves f(X*) = 0 (the other root is negative).
In order for X* < 1 — m, it is necessary and sufficient that f(1 — m) < 0, which is
equivalent to (C.1).
Case 2: In this case r* € (Ar, Ay). Therefore (ki;,b3;) = (ﬁ, —%) and (kj,b}) =
(0,1). The bond market clearing condition (20) implies that X* = 1 — m. Together with

equation (C.4), we obtain

0=(AH—17)m—(1—m)AHL+m/\LH.

Or
1 —m)Agy —mA
AH—T_’:( M)A MLH<AH—AL,
m
since 7 > Ar. This inequality is equivalent to (C.2).
Case 3: In this case 7 = Ay. Following the steps for Case 1, we arrive at (C.3). O

The case of log utility also allows us to determine in closed forms the Pareto tail index
of the stationary wealth distribution which is a solution to a quadratic equation similar
to (28). Therefore, we can also characterize how the degree of financial friction affects the
tail index, or equivalently top end wealth inequality.

Proposition C.2 (Financial Kutznet’'s Curve). In stationary BGPs, top end wealth inequality
varies in m differently depending on which case in Proposition C.1 the equilibrium belongs to:
Case 1 (Low m): Top end wealth inequality is increasing in m.
Case 2 (Intermediate m): Top end wealth inequality is decreasing in m.
Case 3 (High m): Top end wealth inequality is independent of m.

Proof. By Theorem 3, the tail index is a function of g7 (and Agr, ALH).
Case 1: As argued above, to show that % > 0 in this case, we just need to show
BL > 0.

m

Indeed, from the portfolio choices in Case 1 of Theorem 1 and by definition, the growth
rate of the economy is given by

gt =X* (—AH —mAL _

T p—i)+(1—X*)(AL—p—7\)-

13



Therefore
B Ay — AL

X*.
1—m

gi=AL—p-A-g =
Differentiating the last expression with respect to m, we get

dgz Ay—Ar,, Apg—ApdX*
= — X" — .
dm (1—m)2 1—-m dm

In addition, from the equation that determines X*, (C.4), using the Implicit Function The-
orem, we obtain
Ay—A
AX* (1{m)§ X*(1—-X*)
dm ~  An—AL * >
et (1=2X%) — (Arg + Anr)

where the inequality comes from the fact that X* is the higher root of (C.4), and thus,
ARZAL(1—2X*) — (Ary + Am) < 0.

Therefore, % < 0. By Theorem 4 (Part 1), % > 0.

Case 2: Similar to Case 1, to show that % < 0 1in this case, we just need to show
9L 0.

From the portfolio choices in Case 2 of Theorem 1 and by definition, the growth rate

of the economy is given by

g =X (M—p—i)ﬂl—x*)(f—p—)}).

1—m
Therefore
—% - _x *AH -7
SL=F—p-A-§ = T —m
_ (A=m)Ay, —mAry
m
So . ,
dgﬂf = _2/\HL > 0.

By Theorem 4 (Part 1), % < 0.
Case 3: In this case §;; = 37 = 0, therefore relative wealth distribution does not

change over time. O

Numerically, Moll (2012) finds a similar result in a production economy with a con-
tinuum of investment productivity types and we borrow the term “Financial Kutznet’s

Curve” from his analysis. As he explains, in Case 1, top end inequality is increasing in
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m because of the “leverage effect,” i.e., higher m allows the more productive agents to
borrow more at an interest rate determined by the rate of returns to the less productive
agents, this magnifies the differences in returns and increases wealth inequality. How-
ever, at higher m, i.e., in Case 2, top end wealth inequality is decreasing because of the
“return equalization effect,” i.e. higher m increases the demand to borrow by the more
productive agents which pushes up the interest rate earned by the less productive agents
(which is strictly higher than their own rate of return). This increase in interest rate re-
duces the differences in returns and decreases wealth inequality. If m is even higher, one
reaches Case 3 in which the interest rate earned by the less productive agents is pushed
up to the rate of return of the more productive agents. There is essentially no wealth
inequality (in a stationary BGP) in this case.

D Live-Fast-Die-Young Dynamics

Our model features the “live-fast-die-young” dynamics described in Gabaix et al. (2016),
as our calibration features a relatively short duration of the high return state (10 years)
and relatively high returns of type H to match the tail index. As shown by Gabaix et al.,
such dynamics generate fast transition for wealth distribution, including tail index and
top wealth shares. In this online appendix, we argue further that a shorter duration of
high return, i.e., higher Ap;, generates a higher transition speed for wealth distribution.
We fix other parameters as in the benchmark calibration, but vary the switching rate Ay,
tobe 1/5 and 1/2 from 1/10 in the benchmark. We simultaneously recalibrate Ay and
initial wealth distribution to keep the tail index and top 1% wealth share to be the same
as in the benchmark calibration. Then we consider the transition dynamics with the non-
uniform corporate tax cut, as described in Section 6.1, in models with different A L3
Figure D.1 reports the results. As shown, a higher Ay corresponds to a lower dura-
tion of high return states, and leads to a faster transition speed of both top wealth shares
and tail index. Notice the top 1% shares and tail indices in the starting and ending pe-
riods agree across models by construction. As for the sensitivity with respect to the Agy,
parameter, the half life for the transition of top 1 % wealth share is around 40 years in the

benchmark calibration and around 20 years in the model with Ay = 1/2.

3For fair a comparison, we fix the final corporate tax rate for type L to be 35%, and recalibrate the final
corporate tax rate for type H to keep the final tail index the same as in the benchmark transition exercise.
This is different from the exercise in Gabaix et al. (2016, Online Appendix 1.4) in which the final steady-state
tail index changes as they vary the rate of switching from high to low growth and the speed of convergence
is partially affected by the change in tail index.
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Figure D.1: Transition Paths of Top Wealth Inequality after Corporate Tax Cuts

E Welfare Analysis along Transition Paths

Since the value function of agents is homogeneous in wealth, the model generates very

neat welfare analysis. Consider the value function V" in Section 3, rewritten here

1
Vit i, x,w) = o(t, i) +
0

X log(w + xq).

As shown, the value consists of two parts. The first part v(t,7) only depends on invest-
ment productivity type i, and the second part p%‘\ log(w + xq:) depends on current wealth
and labor productivity type x*. From the HJB equation for v(t,i) in (8), we further see
that v(t, 1) is fully determined by the paths of investment returns. Therefore, the welfare
changes can be decomposed into changes in investment returns and changes in human
wealth.

Notice with log utility, the consumption equivalent variation CEV solves the follow-

ing:

log(1+ CEV (i, x,w))
(p+A

) =V (0,i,x,w) —V"0,i,x,w),
CEV(i,x,w) ~ (p + Z)[erw(O, i,x, W) — Vh(O, i,x,w)],

where V). is the value after a shock hits. We calculate welfare changes at the aver-
age level and for agents with different wealth and labor productivity levels at the initial

“Notice that w (and the distribution of w) is a state variable that does not change on impact, g; is a
forward looking variable that changes immediately when the shock hits.

16



stationary distribution. The gain from increased returns depends only on the investment
productivity types. The loss from decline in human wealth is larger for agents with higher
labor productivity x, but declines as wealth w goes large, as shown by p% log(w + xq;).

F Elasticity of Substitution

Table F.1: Steady State Statistics with Different Elasticities of Substitution

KY EY Interest Rate Tail Index Top 1%

Rate Index  Wealth Share
Initial Steady State 3.00 0.650 3.00% -2.00 24.3%
Nonuniform corporate 7y =1.5 3.08 0.646 3.01% -1.55 35.3%
tax cut Cobb-Douglas 3.03 0.650 3.00% -1.51 37.9%
v=07 3.01 0.651 3.00% -1.49 39.3%
v =125 3.05 0.648 3.01% -1.53 36.7%
Financial deregulation 7y =1.5 3.21 0.640 3.02% -1.40 42.6%
and corporate tax cut ~ Cobb-Douglas 3.00 0.650 3.00% -1.31 56.8%
v=07 292 0.651 2.99% -1.27 66.5%
v=125 3.09 0.647 3.01% -1.35 49.4%

While the main calibration in Section 5 uses the estimate for the elasticity of substitu-
tion from Piketty and Zucman (2015), the literature is still far from reaching a consensus
on its estimate. For example, Karabarbounis and Neiman (2014) report an average of
1.25 , smaller than Piketty and Zucman’s and Oberfield and Raval (2014) report a signif-
icantly lower estimate, 0.75. In this appendix, we assess the effects of corporate tax cut
and financial deregulation reforms on aggregate variables and wealth inequality in mod-
els calibrated with different elasticities of substitution between capital and labor. Table F.1
reports statistics for the final steady states after two reforms described in Section 6 that
generate the dynamics of aggregate statistics and top wealth inequality consistent with
data under our benchmark calibration v = 1.5.

First of all, the sufficient statistics formula described in Theorem 3 does not depend
on the particular production function, i.e., the effects of production functions on wealth
inequality are reflected in the aggregate statistics. Therefore, targeting the same aggregate
statistics gives the same tail index, and with the same initial distribution function and
earnings distribution, gives the same wealth distribution. This is extremely convenient

for comparing reforms in models with different production function parameters as these
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models agree on wealth distribution once aggregate statistics are set to match the same
targets.

Now, after policy changes, wealth inequality move in the same direction in all calibra-
tions. However, capital to output ratio and labor share move in opposite directions if the
elasticity of substitution is greater than 1 and in the same direction if the elasticity of sub-
stitution is smaller than 1. Labor share remains constant if the elasticity of substitution
is exactly equal to 1, i.e., Cobb-Douglas production functions.> All in all, only models
with the elasticity strictly greater than one can generate the joint dynamics of increasing
wealth inequality, increasing capital to output ratio, and decreasing labor share observed
in the U.S. data since the 1980s.

G Earnings Inequality and Wealth Inequality

In this online appendix, we examine the effects of earnings inequality on wealth inequal-

ity in the benchmark model in Section 3 and in an extension with stochastic life-cycles.

G.1 Benchmark Model

In this subsection we investigate the importance of earnings inequality for wealth in-
equality the benchmark model in Section 3. We consider two families of distributions for
permanent earnings: log-normal and Pareto distributions.

First, we consider the log-normal distribution of x; as in the baseline calibration. Table
G.1 (columns 2-4) shows different statistics of the wealth distribution when we vary oy.
As oy varies from 0.75 to 1.25, the top 1% income share, displayed in the last row in the
table, increases from 5.7% to 12.7%. This variation in income share is in the range of
observed wage income shares in the U.S. documented in Piketty and Saez (2003, Figure
IX). Despite the significant variation in income inequality captured by the top 1% income
share, the top end inequality does not vary significantly. In particular, both top 1% and top
0.1% wealth share varies by less than 1% from the baseline calibration (second column).

Second, we consider cases in which x; follows a Pareto distribution with Pareto expo-
nent :

Pr(x; > x) o< x .

From the top income shares estimates of Piketty and Saez (2003), we can back out the

SThe intuition for this result is discussed at length in Piketty (2014). For example, for the case with

homogenous returns, EY = 1 — A7/ (=1 (KY)""1/7 which is increasing in KY if 7 < 1 and decreasing
inKYify > 1.

18



Table G.1: Top Wealth Shares with Different Earnings Distributions

Data (1980) Log normal, 0y = Pareto, { =
0.75 0.93 (benchmark) 1.25 3.0 2.2 1.5
Top 1% income share 8.2% 5.7% 8.2% 12.7% | 54%  82%  9.5%
Top 10% wealth share 67.1% 64.3% 64.7% 65.2% | 64.0% 64.2% 64.7%
Top 5% wealth share 47.2% 47.2% 47.5% 47.8% | 47.0% 47.2% 47.4%
Top 1% wealth share 24.1% 24.1% 24.3% 24.6% | 23.8% 23.9% 24.2%
Top 0.1% wealth share 11.0% 11.0% 11.6% 12.4% | 104% 10.8% 11.5%

estimates of { to be between 1.5 and 3 (lower exponent corresponds to higher earnings
inequality). Table G.1 (column 4-7) shows different statistics of the wealth distribution
when we vary {. We can see again that varying earnings inequality by changing the
exponent of the productivity distribution does not change wealth inequality significantly.

A caveat of this exercise is that, for tractability, we only model permanent earnings
inequality since x;/G; is constant over agents’ lifetime. When changes in earnings in-
equality are associated with the temporary components of earnings, the effects on wealth
inequality is likely to be more important. Indeed, Kaymak and Poschke (2016) show
that rising earnings inequality accounts for more than two thirds of the increase in top
end wealth inequality in the U.S. from the 1970s until recent years.6 In their model,
wealth inequality arises from very large, and temporary earnings shocks a la Castaneda
et al. (2003). Because these shocks are temporary, agents with high earnings shocks
save a significant fraction of the earnings leading to high growth rates of their wealth
and thus high wealth inequality. Consequently, earnings inequality and its changes are
quantitatively important determinants of wealth inequality as shown by Castaneda et al.
(2003) (in steady states) and Kaymak and Poschke (2016) (over transitional paths). In our
model, earnings shocks are permanent, therefore, they do not affect saving rates. The
high growth rates of wealth come instead from high investment returns. Consequently,
changes in earnings inequality matter little for wealth inequality in our model. Following
the same reasoning, the following subsection, Online Appendix G.2, presents a stochastic
life-cycle model, in which earnings shocks are not permanent, and therefore changes in

the earnings process also have stronger effects on wealth inequality.

®Empirically, Saez and Zucman (2016) also argue for changing earning inequality as one of the main
causes of changing wealth inequality, the other being changing saving rates.
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G.2 Model with Life-Cycles

For tractability, we incorporate life-cycles to the benchmark model using stochastic retire-
ment and death shocks. We assume that agents are born with productivity x; > 0 which
grows at rate g,. Over their lifetime, young agents are hit by Poisson shock of intensity A,
upon which they retire. Retired agents do not receive labor income from human wealth
and face a death shock of A,. This leaves the fraction of young agents in the economy

A+ 1

My = 27"
YT FA

where 7 is the population growth rate. To keep the aggregate labor supply the same as
the benchmark, we assume that the mean labor productivity M, =1/ My.
Let Q; denote the present discounted value of future labor income for each agent, i.e.

human wealth (as if they never retire):

00 t
h / h !
Q; :/0 exp (—/0 ”t+t’1dt1) erpp Xy pdt,

th
dt

Since x' grows at the rate g, we also have Q = g;x/, where

[e9) t/
"= /0 P (_/0 (r““fi - gx) dt,l) erpdt’.

The dynamics of g; can be described by

which satisfies

= T’tQt etxt

dqt:(

E Vt—gx)Qt—et-

Let V¢(t, x, w) denote the value function of the employed agent. The HJB equation for
V¢is

= ave ave ave
(p+A)Ve— e = maxlog(c) + ——gxXt + —— (Rh(et)k+rtb —c+ext)
t ckb ox ow
+Aih i <Ve(t —il, Xt Wl — Ve, zt,xi‘,w’f))
+ A, (Vr(t i wl) — Ve, i, i, w’f)) (G.1)

where the maximization problem is subject to the constraints w' = k+ b and 0 < k and
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Table G.2: Top Wealth Share with Uninsurable Retirement Shock

Baseline A, =0 Ay = 61—5 A = 21—5
oy =093 0.75 125 | 0, =093 0.75 1.25
Top 10% 64.7% 58.5% 41.0% 40.3% 42.3% 35.8% 33.1% 39.7%
Top 5% 47 5%  43.7% 29.1%  28.8% 299% | 24.0% 22.1% 27.3%
Top 1% 24.3%  23.0% 13.4% 13.4% 13.6% 9.4% 8.8% 11.0%
Top 0.1%  11.6%  11.1% 5.6% 54% 5.8% 3.0% 2.8% 3.2%

0 < mk+ b+ Qff, and where V" denote the value function of the retired agent which
satisfies
oV’ oV’

5r — Maxlog(e) + 5

+ A (VI =il ) = Vi, i),

L=

(0+A) V' — (Ry (e)k +7ib —c)

subjecttowi’ =k+band 0 < kand 0 < mk + b.

Due to the uninsurable retirement risk, the solutions to young agents” decision prob-
lems are not linear in total wealth and hence it is not sufficient to track only the type-
specific aggregate wealth to solve the equilibrium. Instead, one needs to track the joint
distribution of age, productivity type and wealth and loses much of the analytical tractabil-
ity in our benchmark model. To solve for the stationary BGP in this model, we extend the
method described in Achdou et al. (2015) to allow for heterogeneous returns.

Table G.2 reports the top wealth share in the stationary equilibrium with retirement
shock. The first column is the baseline economy without retirement shock copied from
Table 3. The second column corresponds to an intermediate case where the arrival rate
of the retirement shock is set to zero, but young agents cannot borrow, i.e., w} > 0. Such
constraint automatically arises when retirement shock hits with positive rate since retir-
ing with zero or negative wealth generates utility of minus infinity. Therefore, the con-
straint on borrowing itself creates precautionary saving motive for young agents to self
insure the investment productivity shock even in the absence of positive retirement shock.
Comparing the first and second column, we see that though the borrowing constraint and
the induced precautionary saving creates more saving at the bottom and lowers the top
wealth shares, the effects are overall very small, especially for the very top. This is consis-
tent with results in Benhabib et al. (2015) that with labor income and capital income risk,
agents’ saving function keeps to be asymptotically linear in wealth as wealth becomes
large, and the growth rate of wealth at the top is not affected by labor income risk.

The third column of Table G.2 sets the arrival rate of retirement shock A, = 1/65.
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To calibrate a realistic fraction of young agents in the economy, we set the death rate of
retired agents A, = 0.1. This corresponds to an average retirement age of 65 and average
life span of 10 years after retirement. Adding the realistic retirement shock lowers the top
wealth share significantly. This is because retired agents face a higher rate of death shock,
which significantly lowers their saving rate. Consequently, young agents also discount
future wealth more and save less. The lower aggregate wealth in the economy drives
up interest rate and differences in returns but the general equilibrium effects are small.
The thinner tail is largely driven by the differences in saving rates; again, the saving
function is asymptotically linear in wealth and the growth rate of wealth at the top is not
affected by precautionary saving motive due to the labor income risk. This is evident as
we vary income risk by changing the standard deviation of labor productivity (as done in
Subsection G.1). As shown in the fourth and fifth columns, the top wealth shares do not
move much. Notice that since agents receive zero income after retirement, the differences
in labor productivity when they are young are indeed close to permanent with respect to
the whole life span.

The labor income risk matters more for top wealth shares as income shocks become
more transitory. To illustrate this point, in the last three columns of Table G.2, we set
the arrival rate of retirement shock at a much higher level A, = 1/25, and vary labor
productivity of the young agents the same way as before. As shown, a higher rate of
retirement shock further lowers top wealth shares since young agents save less as they
expect to be more likely to enter the retirement stage when they discount future wealth
more heavily. But top wealth shares vary even more as we change the standard deviation
of labor productivity. This is because a higher rate of retirement also means the income
differences of young agents are more transitory, and for precautionary saving motive the
dispersion of transitory income shocks have larger effects on agents’ saving rates upon
receiving different labor income shocks. We expect if agents face labor income process
with highly transitory shocks, the dispersion of labor income shocks is crucial in shaping
the wealth distribution, a mechanism highlighted in Kaymak and Poschke (2016).

H Additional Empirical Analysis

One of the main objects studied in our paper is the tail index of the wealth distribution,
assuming that the distribution follows the power law at the right tail. However, the exist-
ing literature on top end wealth inequality has never explicitly investigated at what point
in the wealth distribution the right tail is well approximated by the power law (Figure
2 in Diamond and Saez, 2011 addresses the same question for income distribution). For
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Figure H.1: The distribution of wealth from SCF in 2010.

example, in two prominent studies and surveys of Pareto power law for wealth distri-
bution, Gabaix (2009) writes casually “It seems that the tail exponent of wealth is rather
stable, perhaps around 1.5 [...]” and similarly, Benhabib et al. (2011) write “The top 1% of
the richest households in the United States hold over 33% of wealth and the top end of
the wealth distribution obeys a Pareto law, the standard statistical model for heavy upper
tails.[...]” The authors, as well as many others, do not specify at what point in the wealth
distribution, the power law is a good approximation. Therefore we did our own investi-
gation using the SCF data in 2010. Figure H.1 plot log tail probability (or equivalently log
rank) as a function of log wealth. It shows that starting from around the top 10% in the
wealth distribution (= $750,000), the distribution is well-approximated by a power law
with coefficient around 1.30:

logPr(W > w) = const — 1.30 - log w.

The very top of the distribution is thinner than what is predicted by the power law. But
Vermeulen (2017) shows that we can improve the fit by adding observations with extreme
wealth from Forbes’ billionaire list.

In the remaining of this online appendix, we present additional empirical analyses on

returns to wealth using PSID data.
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Figure H.2: Statistics of 2-year returns to wealth
Notes: Lines are mean estimates. Shaded areas are 2 standard error bands. Standard errors in
parentheses are computed based on bootstrap procedures with 200 repetitions.

H.1 Correlation of returns to wealth in later waves of PSID

After 1999, PSID surveys households once every two years and contains wealth informa-
tion every wave. In order to compute the 2-year returns to wealth, we need to observe
capital income every year. We use a linear interpolation to impute capital income in the
year not surveyed. For example, the return from 1999 to 2001 is defined as (capital in-
come in 1999 + capital income in 2000) / (core asset in 1999). Capital income in 2000 is
surveyed in year 2001 but capital income in 1999 is not in the survey. Hence we impute
capital income in 1999 = (capital income in 1998 + capital income in 2000) / 2, of which
capital income in 1998 is surveyed in year 1999.

Figure H.2 depicts the mean and standard deviation statistics of 2-year returns with-
out capital gains, and the correlation of 2-year returns over time. As shown, there is
substantial heterogeneity in returns: the standard deviation of annualized returns stays
stably around 11% compared to the mean annualized returns of around 4% during this
episode. Returns to wealth are highly persistent as shown in the third panel: the 2-year
correlation stays significantly positive at around 0.4. Compared to results based on 5-year
returns in Section 2, both standard deviations and correlations are higher due to shorter
horizons in between. There is a weak pattern that the correlation of returns has increased
in recent years, but we do not want to over interpret this result since the estimates of these

correlations are with relatively large standard errors.
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H.2 Persistence in returns indicated by wealth mobility

In this subsection, we show that the conditional wealth mobility is indicative of persistent
returns to wealth. We exploit the panel feature of PSID and assess wealth mobility by
inspecting the transition probability from one wealth class to another between survey
waves.

We first divide households into 3 wealth classes based on their net wealth in a particu-
lar year t. Each wealth class consists of equal number of observations (weights adjusted).
We call the bottom 1/3 households bottom class, middle 1/3 middle class, and top 1/3 top
class. We further categorize households based on the returns to wealth that they received
in the same year’. We call households which received returns lower than the median
within each wave the low return group, and which received returns higher than the me-
dian the high return group. Then we compute the transition probability between wealth
classes from year ¢ to the next survey year t + s, conditional on being of a particular return

group in year t.

Table H.1: 5-Year Transition Probability Between Wealth Classes, 1984-1999
t+s— Bottom Middle Top Bottom Middle Top

tl Low Return High Return
Bottom  0.52 041 0.08 037 049 0.14
Middle  0.18 059 023 0.11 057 0.32

Top 0.05 020 075 0.02 0.10 0.89

Tables H.1 reports the results for 5-year transition probability for samples from t €
{1984,1989,1994} and s = 5. Each row corresponds to the wealth class in the starting
year and each column corresponds to the wealth class in the ending year. For example,
in Table H.1, 0.52 in the first row and first column means that the probability of being in
bottom class in year t + s conditional on being in the bottom class and low return group in
year t is 52%. These statistics are constructed for each wave of survey and then averaged
across waves.

We highlight in bold pairs of statistics to compare. First, the upward mobility, the
probability of transiting from bottom class to top class, is higher if a household received a
higher return to wealth in the starting year. This indicates that households which initially
received higher returns were likely to persist in their higher returns and moved up the

wealth class ladder. We would not expect to observe such patterns if returns to wealth

Notice return here is defined as capital income in year t divided by wealth in year #, which is different
from the return during year f to year t + s defined in Section 2.
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were ii.d. draws. Similarly, the downward mobility - the probability of transiting from
top class to bottom class - is lower if a household received a higher return to wealth in the
starting year.

Table H.2: 5-Year Transition Probability Between Wealth Classes, 1984-1999
t+s— Bottom Middle Top Bottom Middle Top

ts | Staying Low Low to High
Bottom  0.41 048 010 0.26 0.62 0.2
Middle  0.12 062 026 0.08 0.63  0.29
Top 0.04 018 079  0.02 019 079

High to Low Staying High
Bottom  0.28 055 017 025 053 0.22
Middle  0.11 052 037 0.06 0.61 033
Top 0.02 011 0.87 0.01 0.09 091

To strengthen the arguments that the persistence in wealth classes is indicative of the
persistence in returns to wealth, we compute the same transition probability further con-
ditional on return groups in both starting and ending survey years. Table H.2 reports
the results. "Staying Low" corresponds to households who started within the low return
group in year t and stayed in the low return group in year t +s. Definitions are simi-
lar for "Low to High", "High to Low", and "Staying High" groups. As shown, coming
from the low return group, households were more likely to transit out of the bottom class
if they switched to the high return group. Similarly, coming from a high return group,
households were more likely to stay in the top class if they continued to receive high re-
turns. Nevertheless, even conditioning on return groups in both years, households which
received higher returns in the starting year were still more likely to transit out of the bot-
tom class or stay in the top class. This finding indicates that the initial returns do persist

for many years.

I Wealth Inequality in the Standard Neo-Classical Growth
Model

The textbook Ramsey-Cass-Koopman neoclassical growth model does not feature wealth
inequality because the agents in the model put equal weights on the utility of their off-
springs and on their own. In the decentralized version of the model, this assumption
implies that family assets are equally divided among family members at every instant. A

simple way to obtain wealth inequality in the model is to assume that the agents put zero
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weights on the utility of their offsprings. Under this setup, the offsprings are born with
zero financial assets and start out with only human wealth, i.e., the present discounted
value of future labor income.

Human wealth grows at the same rate as the growth rate of economy’s income per
capita, x, driven by the exogenous growth rate of labor augmenting technological change.
Existing agents save their assets at the equilibrium interest rate r and consume at the rate
¢, so their total wealth (human plus financial wealth) grows at the rate r — ¢ — x relative
to the total wealth of the new born. Therefore if ¥ — c — x > 0, wealth inequality will
grow without bound. In order to obtain bounded inequality, we can assume death shocks
(arriving at the Poisson rate A), and wealth of the dying agents are redistributed equally,
or according to a thin tail redistribution function, to the new borns.

Under these assumptions, we show that the stationary wealth distribution has Pareto
tail and the tail index is given by:

QZM_
r—Cc—X

Lower tail index corresponds to higher top end wealth inequality. Therefore this formula
confirms Piketty (2014)’s intuition: lower population growth rate, or higher interest rate,
or lower the technological growth rate all correspond to higher top end wealth inequality.

The disadvantage of this formula is that the consumption rate ¢ might not be observ-
able. Using the equilibrium conditions to solve out for ¢, we show that

A EY 1
9—(”;) (”ﬁr_x)f

where EY and KY are the labor share and capital-output ratio. This formula tells us that

lower labor share or higher capital-output ratio correspond to higher top end wealth in-
equality. This result is also consistent with Piketty (2014)’s narratives.

In the next Subsection, we reproduce the standard neoclassical growth model from
Barro and Sala-i Martin (2004) to set up the notations and make it explicit why there is
no wealth inequality in such a model. In Subsection 1.2, we present a simple modification
that leads to a fat-tail wealth distribution and derive the formulae for the tail index.

I.1 The Standard Neo-Classical Growth Model

Consider the standard neoclassical growth model (Ramsey-Cass-Koopman) as presented
in Barro and Sala-i Martin (2004) with population growth and exogenous labor-augmenting
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technological growth.

Time t is continuous and runs from 0 to co. Population at time ¢ is

L(t) =e"
where n > 0 is population growth rate. C(#) is total consumption at time t and c(t) = %
is consumption per capita.

Each household (agent) maximizes overall utility, U, as given by
U= / u(c(t))e™ertdt, 1.1)
0

where p > 0 is the discount rate and the instantaneous utility function:3

Implicitly, (I.1) assumes that each agent puts equal weigh on her utility as well as on the
utility of her offsprings.

Let A; denote the total assets in the economy with earn the (equilibrium) rate of re-
turns 7(t). In addition, w(t) denotes the wage rate paid per unit of labor services. There-
fore, the evolution of the total asset A; is:

dA(t

% =r(t)A(t) + L(H)w(t) — C(t).
The assumption that each agent puts equal weigh on her utility as well as on the utility
of her offsprings translates to total assets being divided equally across agents. Each agent

then owns
A(t)

Consequently, there is no wealth inequality in this economy. From the evolution of the

total assets,
da(t)
dt
At time t, competitive firms produce goods, pay wages for labor input, and make

= r(t)a(t) +w(t) — c(t) — na(t). (I.2)

rental payments for capital inputs. Each firm has access to the constant returns to scale

production technology:

8u(c) = logcifo = 1.
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Y(t) = F(K(t), L()T(H) = L(OT(H)f (%)

where T'(t) is the level of technology which grows at the rate x > 0: T(t) = e*".

In a competitive equilibrium, firms rent capital from the households: K(t) = A(t),

and
() = Fe(K(8), LOT(1)) = 6K(t) = f' (k()) — ok(2),

where k(t) = %ﬁ = % Similarly

—

w(t) = T(FL(K(D), LOT() = T() (£(k(1)) = k() f (k1)) -
Plugging in these identities into (I.2), we obtain
k(t) = F(k(E)) — &(t) — (x +n + 8)k(D), (L3)

c(t)
()"

From the households’ optimization problem, we obtain the Euler equation:

where é(t) =

() _r)—p
c(t) o’
which implies . A
c(t) _et) . _ fik(t) =6 —p—ox (L4)

c(t)  c(t)
Setting l%(t) = ¢(t) = 0, (I.3) and (1.4) provide two equations that determine the steady
state (l%*,é*) of the economy.

o

I.2 The Standard Neo-Classical Growth Model with Wealth Inequality

We consider the environment as in the standard model presented in the previous section
with exogenous population growth and labor augmenting technological growth. How-
ever, in order to generate wealth inequality in the model, we assume that the agents do
not put weight on the utility of their offsprings. To prevent wealth inequality to grow
without bound, we assume that the agents are hit with death shocks, arriving at the Pois-
son rate A. Upon her death, an agent’s wealth is divided equally among the new borns.

The inter-temporal expected utility of an agent i born at time ¢ is then
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l:[:/ e_(PJFA)t/u(Cf;H/)dt'. (L.5)
0

The asset (financial wealth) of agent i evolves according to

a'(t) = r(t)a'(t) + w(t) — ci(t).

Let h; denote the human wealth of each agent, i.e., the present discounted value of future
wages:

h(t) = / e B Oy (1)),
t

or in differential form:

Then the total wealth of agent i, b’(t) = a’(t) + h(t) evolves according to:

bi(t) = r(H)b(t) — c'(b). (L6)

Agent i then maximizes the objective function (I.5) subject to constraint (I.6). It is easy to
see that the maximization problem is homogenous. Therefore the optimal consumption
is linear in total wealth

i A
Ci’ Ct t’

where ¢(t) depends on the whole path of future interest rates. The HJB equation that
describes how ¢; depends on r; can be found from a HJB equation similar to (B.1). The
following derivations also apply under the assumption that ¢; is exogenously given.

In a competitive equilibrium, we have
K(t ——/ ai t)di,
( ) Tt ( )

where Z(t) denote the set of agents at time ¢ and K(t) denote the aggregate capital.
Aggregating (1.6) across agents, and let B(t fI bl )di, we have

B(t) = (r(t) — &(t))B(t) + nL(t)h(t),

where the last term captures the human wealth of the new borns.
We also have B(t fI t)di+ L(t)h(t) = K(t) + L(t)h(t). Therefore,

B(t) = K(t) + nL(t)h(t) + L(t)(r(t)h(t) — w(t)).
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Comparing the two expressions for B(t), we arrive at

K(t) = (r(t) — e(t))Ke + (w(t) — e(t)h(t))L(t).

Consequently,

k0 = 5 (04 ) = 00 = €ORO) + (200 = ) ~ (n-+ k),

where 0(t) = ((; and A(t) = hit)
In a balanced growth path:

(r* — é(r*))lAc* + (@ — 6(r*)fz*) —(n+ x)IAc* =0 (I.7)
and .
=
r*—x

This equation determines the balanced growth path.
Now, we turn our attention to the stationary wealth distribution in the balanced growth
path. Let w'(t) = (17)15 L) Ok After algebra simplifications, we arrive at

w(t) = (" =e(r’) — x)w(t),

conditional on the death shocks not hitting at t and ¢ + dt. If an agent is hit by the
K(t)

death shock, the agent is replaced by new borns with financial wealth (O 7 +n and hu-

man wealth /(t), which corresponds to normalized wealth

K(t)

t
()

Ain—'_h() i(
t)y/L(t)

Therefore, the measure of agents with relative wealth exceeding w, M;(w(t) > w), satis-

\_/\_/

S+
+h* '

ool
X‘>>

fies:
Mipar(w(t + At) > w)
= (1= AA)M; (w(t) + (rF —e(r*) — x)w(t) At > w)
+(A+n)L (t)Atl{k*Ai%* } + o(At).
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Subtracting M;(w, t) from both sides and dividing them by At , then taking the limit
Mi(w(t)zw),

Ly

At — 0, we obtain the following PDE for p(t,w) =

ot aw Xin

T i

a_p aP (r —6(7*)—x)At—(A+n)p(t,w)+()\+n)1{i{* A e }

In the stationary BGP 2 L =0and p(t,w) = p*(w), so

o
This leads to the Pareto distribution p*(w) = (%)79 with w* = © k”ﬁ,j " and the tail
index 0:

A+n

6= re—¢é(rt) —x’

From (1.7), after simplification, we have

* N k*
r*—e(r*) —x =n—
h* + k*
Therefore
0= (1+§) <1+}f—>
n J*
A EY 1
= (”;) <1+ﬁr*_x)'
where EY = Zy"— and KY = ]’;—*
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