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Section A sets up notations. Section B provides a formal proof of the conditions
for the revert-to-discretion plan to be credible. Section C describes the details of the
Ramsey planner’s problem and the solution method, and reports the solution accuracy.
Section D provides detailed analyses of Markov-perfect equilibria and demonstrates
the existence of an equilibrium in which the government chooses to keep the nominal
interest rate at zero in both high and low states. Section E analyzes the implications of
repeated crises for the Ramsey outcome. Section F' constructs the revert-to-deflation
plan and examines its credibility.

Section G defines and analyzes the revert-to-discretion(N) plan in which the rever-
sion to a regime in which the central bank cannot manipulate future expectations lasts
for finite periods N. Section H provides some details on the fully nonlinear version of
the model. Section I provides detailed exposition of the mechanism behind the result
on how frequency and persistence of the shock affects credibility. Section J provides
detailed sensitivity analyses in the reduced-form parameter space, whereas Section K
provides the results of sensitivity analyses in the structural-parameter space. Section L
provides additional analyses on the revert-to-discretion(N) plan. Section M discusses
the discontinuity of the threshold crisis frequency at pp = 0.

A Notations

Throughout the paper, I use the following notations. For any variable x, its state-
contingent sequence is denoted by @ (bold font). In other words, @ := {z)(s*)}32,.
To help make this section self-contained, I write the consumption Euler equation

*The views expressed in this paper, and all errors and omissions, should be regarded as those of
the author, and are not necessarily those of the Federal Reserve Board of Governors or the Federal
Reserve System.
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and the Phillips curve here:

Xe€t(5") = XeErceia (s7h) = [ri(s") — Eympa (8] + s (1)
mi(s') = key(s') + BEm (s (2)

A state-contingent sequence up to time t and a continuation state-contingent se-
quence starting at time t are respectively denoted by x! and x;. In other words,
' = {xp(s®)}_, and x; = {z(s")}2°,. 2! (non-bold font) is used to denote a
particular realization of @', and should not be confused with ' (bold font).

For any variable x with a range X, x(s) denotes a state-contingent sequence with
s1 = s, which is defined by a sequence of functions mapping a history of states with
s1 = s to X. In other words,

z1:8— X
s x S5 X

x'(s) denotes a state-contingent sequence with sy = s up to time t. x,(s) denotes a
continuation state-contingent sequence starting at time t with s; = s, which is formally
given by the following sequence of functions.

Tyt 8 — X

Topp s x SFT 5 X
C'E(s) denotes the set of all competitive outcomes with s; = s. That is, for each s € §,

CE(s) :={(c(s),m(s),7(s)) € R x R* x R
|Equations(1) and (2) hold for all ¢t > 1 and for all s" € S" with s; = s}

CEx(s) to denotes the set of continuation competitive outcomes starting at period k
with s, = s. That is, for each s € S,

CE(s) == {(ck(s), mr(s), me(5)) € R™ x R™ x R
|Equations(1) and (2) hold for all ¢ > k and for all s" € S* with s; = s}

B Proofs

Proposition: The revert-to-discretion plan is credible if and only if wygm+(s) >
way(s') for all t > 1 and all s* € S".

Proof of “if”-part: Let o,"™ and 0, be the government and private sector strategies
associated with the revert-to-discretion plan. We need to show that, if wmm,t(st) >
wqy(s') for all t > 1 and all s* € §', (i) 0;*™ is admissible, (ii) given ¢;*", after any
history 7* and ', the continuation of o;*" and o™ induce a (¢;(s;), mi(s:), 7¢(s1)) €
CE(st), and (iii) after any history r

p
! and s', the sequence 7(s;) induced by o}*"



maximizes the government’s objective over CE[*(s;) given o, .

Proof of (i): Consider a history 7/~! and s* where r; = 7,4 j(s7) for all j < t—1 and all
s’ € S'. The continuation of 67" will induce 7;(s;) in which 71 (s"*) = rpam 1k (s7F)
for all k& > 0 and all s'** € S™* Call this sequence Tyums Take Crami(s;) and
Tramt(St). Clearly, (Cramt(St); Tramt(St), Tram+(st)) belongs to C'Ey(s:).

Now consider a history 7= and s in which rj # rmm’j(sj) for some 7 < t — 1.
The continuation of ¢7%™ will induce r; in which 71 (s"%) = rg 41 (s™™) for all k& >
0 and all st € S'**. Call this sequence ry;. Take cq(s;) and mg4(s;). Clearly,
(€at(st), mar(st), rar(st)) belongs to CE(s:).

These two cases cover all possible histories. Thus, after any history r'~! and s, the

continuation of ¢7*" will induce r(s;) that belongs to CE[(s;).
Proof of (ii): Consider a history 7! and s where r; = 14 (s?) for all j < t.
The continuation of o7*™ and o™ induces (c;(sq), m(s:), 7+(s:)) where Crop(stHF) =
Crami+k(STF), Tk (8777) = Tramprn (s7F), and ryx(s7F) = rpam e (s7F) for all k > 0
and all s't% € Stk Call this sequence (Cram.¢(5t); Tramt(5t), Trams(st)). Clearly,
(Cram,t(5t>a 7T7“am,t(£f)7 rram,t(st)) belongs to CEt(St)'

Consider a history 7' and s' in which r; # Tram,j(sj) for some j < t. The
continuation of o;*" and o,*" induces (¢, 7, 7;) where crrn(s7F) = capn(sth),
Tk (87F) = Tar(s77F), and ry g (877F) = rg i x(s7F) for all k > 1 and all s't* € SH*,
At time t, ¢;(s") = cpr(re, ') and mp = mpp(re(sh), s°).

Call this continuation sequence (Cgevt(St), Waevt(St); Taevt(st)). Clearly, the con-
sumption Euler equation and the Phillips curve are satisfied for all £k > 1. If r(s') =
ra:(s), it is clear that the consumption Euler equation and the Phillips curve is sat-
isfied at £ = 0 as well. At time t, the Phillips curve is satisfied trivially, and you can
rearrange the expression for ¢;(s') to confirm that the consumption Euler equation is
also satisfied. Thus, (Caev.t(St), Taevt(St), Taevt(st)) belongs to CEy(sy).

These two cases cover all possible histories. Thus, after any history 7' and s,
the continuation of o™ and ¢,*" will induce (c;(s;), m(s¢), 7e(s¢)) that belongs to
CEy(st).

Proof of (iii): By one-shot deviation principle, it suffices to show that, after any
history r/~! and s, there is no profitable deviation today from the government strategy
in order to prove (iii).

First, consider a history r*~! in which rj # rmmg(sj ) for some j <t — 1. In this

case, we want to show

u(car(s"), mai(s")) + BEawa 1 ()
> U(Cbr(rta St)7 Wbr(rta St)) + BEtwd,t+1(3t+1)

for all r, € R>g. The left-hand side is the value of following the instruction given by
the government strategy, and the right hand-side is the value of deviating from it. The
continuation value in the case of the deviation is Fiwg 11 (st“) because the government
and private sector strategies would induce the discretionary outcome from next period
on even in the case of the government deviation today. Notice that, by the definition
of the discretionary outcome,



U<Cd,t(5t>7 Td,t(st)) + 5Etwd,t+1(3t+1)
= max w( ey (1, 8¢), Tor (Tt 5¢)) + BEwa 1 (s
r€R>g

Thus, the aforementioned inequality holds, and there is no profitable one-shot devia-
tion.

Now, consider a history r* where r; = ryqm j(s?) for all j < t. We want to show
that
u(cram,t(st)a Wram,t(st)) + BEtwram,t—‘rl(SH_l)
> u(cp (e, 8¢), o (1, 5¢)) + ﬁEtwd,tH(StH)

for all r, € R>g. The left-hand side is the continuation value when the government
chooses the nominal interest rate consistent with the Ramsey outcome (i.e., r;(s") =
Tramt(8')), and the right hand side is the possible continuation values in the case of
deviation (i.e., r(s") # Tram(s")). Notice that the left-hand side of the inequality is
equal t0 Wram ("), If Wram (8) > way(s') for all ¢ > 1, then

u(cram,t(st)a Wram,t(st)) + ﬂEtwram,t+1 (5t+1)
)

- wram,t(st

> wgs(sh)

= max [U(cbr(rt, 8t), Tor (T4, 81)) + 5Etwd,t+1(st“)]
Tt

> u(ep(re), (1)) + BEawa 41 (s")

for all 7, € R>. Thus, there is no profitable one-shot deviation in this case as well.
These two cases cover all possible histories. Thus, there is no profitable one-shot
deviation after any history, and (iii) holds.

Proof of “only if”-part:

We want to prove that, if a plan is credible, then wygm (s") > way(s) for all ¢ > 1
and all s* € S'. We will do so by proving the contraposition, i.e., by showing that a
plan is not credible if wygm¢(s") < way(s') for some t > 1 and some s* € S'.

Let ¢, and s™ be such that wygm+(s™) < wa(s™). Then,

u(cram,tv (Stv )a Wram,t(stv)) + 5Etv wram,tv-‘rl (Stv+1)

< U(Cb’r(rdev,ta St)a 7Tbr<rdev,tu St)) + 6Etwd,t+1(st+1)

for some r4e,+ € R. Then, consider a government strategy that instructs the govern-
ment to choose 74, today and follow the discretionary outcome from tomorrow. The
strategy delivers the better value today than the continuation of the revert-to-discretion
plan, violating the third condition of credibility.



C Details of the Ramsey Outcome

C.1 Recursive Formulation

Following Adam and Billi (2006), I characterize the Ramsey equilibrium recursively
based on the saddle-point functional equation.! The saddle-point functional equation
corresponding to the infinite-horizon problem of the Ramsey planner is give by

Wt(5t7 ¢1,t—17 ¢2,t—1)
:miﬂ{yl,t,w,t}ma}({dt} h(Ct, T, U, ¢1,t71, ¢2,t717 V1,ts 72,t) + 5EtWt+1(5t+1, ¢1,t, ¢2,t)
where
h(Cm Tty Tty ¢1,t717 ¢2,t717 T1,t5 ’72,15)

Xe
B

and the optimization is subject to the ZLB constraint,

= e iag) -

5 P14-1Ce — D201 + V1,eXcCt + Vart [Wt — HCt]

Tt Z 07
and the following law of motions for ¢;, and ¢4,

¢1,t = T1,t,
D2t = Vo

Let hy = [st, ¢1.4-1, P24-1]. Let @3, be the Lagrange multiplier on the ZLB constraint.
The Ramsey equilibrium can be characterized by a set of time-invariant policy and
value functions, [c¢(h), w(he), r(h), ¢1(he), d2(he), @3(he)], that solve the saddle-point
functional equation above.

The first-order necessary conditions characterizing the solution to the saddle-point
functional equation are given by

Xe
0=—Xet + Praxe — (ﬁl,t—lﬁ — a4k

1
0=—m— Bébl,t—l + Q24 — P21
0=+ P34

with ¢3,m = 0, @3, > 0, and 7, > 0. These conditions, together with the consump-
tion Euler equation and the Phillips curve, characterize the solution to the Ramsey
equilibrium.

1See Marcet and Marimon (2016) for the theory behind this recursive characterization of the
Ramsey planner’s problem.



C.2 Solution Method

The computational problem is to find a set of time-invariant policy functions, {c(-),
w(+), 7(*), &1(+), d2(+), #3(+)}, that solves the system of functional equations given by

Xec(hi) = XcEBi(hegr) = [7(he) = Egm(heg)] + st
m(ht) = ke(he) + BEm(hisr)
0 = —Ac(he) + 1 (he)xe — ¢1<ht_1>% — Go(hy)r
0= 71— u(hus) + balhe) — do(hey)

B
0 = ¢1(he) + ¢3(hy)

where hy = [st, 0141, P24-1]. Following the idea of Christiano and Fisher (2000), I
decompose these policy functions into two parts using an indicator function: One in
which the policy rate is allowed to be less than zero, and the other in which the policy
rate is assumed to be zero. That is, for any variable Z,

Z() = Lireyz1y Zune () + (1 = Iir(yz13) Zaw(:)-
The problem then becomes finding a set of a pairs of policy functions, [[cunc(-), czlb(-)] ,

[Yune (), Yo ()]s [Tune (), v ()], {[Punei(+), Pani(-)] Yooy } that solves the system of

functional equations above. This method can achieve a given level of accuracy with a
considerable less number of grid points relative to the standard approach.

The time-iteration method starts by specifying a guess for the value and policy
functions take on a finite number of grid points. Let X(-) be a vector of policy func-
tions that solves the functional equations above and let X9 be the initial guess of such
policy functions.” At the s-th iteration and at each point of the state space, we solve
the system of nonlinear equations associated with each problem to find today’s con-
sumption, output, inflation, and the policy rate, given that X (5_1)(-) is in place for the
next period. In solving the system of nonlinear equations, I use Gaussian quadrature
to evaluate the expectation terms in the consumption Euler equation and the Phillips
curve, and the value of future variables not on the grid points are evaluated with linear
interpolation. The system is solved numerically by using a nonlinear equation solver,
dneqnf, provided by the IMSL Fortran Numerical Library. For both models, I use 10
grid points for the Gaussian quadrature. If the updated policy functions are sufficiently
close to the guessed policy functions, then the algorithm ends. Otherwise, using the
updated policy functions just obtained as the guess for the next period’s policy func-
tions, I iterate on this process until the difference between the guessed and updated
policy functions is sufficiently small (||vec(X?*(5) — X*71(d))| < 1E-10 is used as the
convergence criteria).

oo

2For all models and all variables, I use flat functions at the deterministic steady-state values as
the initial guess.



C.3 Solution Accuracy

In this section, I report the accuracy of our numerical solutions for the models
with and without commitment. Following Fernandez-Villaverde, Gordon, Guerrén-
Quintana, and Rubio-Ramirez (2015), we evaluate these residuals functions along a
simulated equilibrium path. The length of the simulation is 100,000. We focus on
two key residual equations of the model—one associated with the consumption Euler
equation, the other associated with the sticky-price equilibrium condition—given by,

1
Riy = |cp — Evep — — (Bemppr — 1+ 64) |

C

R2,t = |7Tt — RC — 5Et7Tt+1|-

The residual R, ; measures the difference between the chosen consumption today and
today’s consumption consistent with the optimization behavior of the household, as
a percentage of the chosen consumption. The residual Ry; measures how much the
chosen inflation rate differs from the inflation rate consistent with the optimization
behavior of firms.

Table C.1: Solution Accuracy

¢ = [logyo(Res)] E [£] 95th-percentile of £
k = 1: Euler equation error —4.8 3.1
k = 2: Sticky-price equation error —6.5 —5.3

Table C.1 shows the average and the 95th percentile of the residuals for the two
equations for the models with and without commitment. Reflecting the large number
of grid points used to solve the model without commitment, the approximation errors
are very small. The average errors on the consumption Euler equation is 0.002 percent
(= 100 % 10~*®) with the 95th percentile being 0.08 percent (= 100 * 1073!). The
average errors on the sticky price equation is 0.01 basis points (= 400 % 100 x 107¢5)
with the 95th percentile being 0.2 basis points (= 400 * 100 * 107°3).

D Analyses of Markov-Perfect Equilibria

In this section, I analyze the existence and multiplicity of Markov-Perfect equilibria—
time-invariant solutions for the discretionary government’s problem described in the
main text. In addition to the equilibrium in which the ZLB binds only in the low state
(Type-I equilibrium), there are three other possible equilibria: one in which the ZLB
binds in both states (Type-II equilibrium), one in which the ZLB binds in neither states
(Type-III equilibrium), and the other in which the ZLB binds only in the high state
(Type-1V equilibrium). This section aims to understand how frequency and persistent
of the shock affect the existence of these four types of Markov-Perfect equilibria.

The first order necessary conditions for the discretionary government’s problem are
given by



c(H) = xc[(1 = pu)e( H) +pHC( )] + [ — pu)w(H) + pun(L)] —r(H) + H
(H) = re(H) + B[(1 - H) + pum(L)]
0= Ac(H) — ¢3(H) ( )
(L) = Xe[(1—pr)e(H )+pLC(L |+ [(1 = po)7(H) + prr(L)] —r(L) + L
<L) = k(L) + B[(1 — pr)m(H) + prm(L)]
0=Ac(L) — ¢3(L) + W(L)

together with one of the following sets of conditions regarding the nominal interest rate
and the Lagrange multiplier on the ZLB constraint, ¢s(-).

r(H)>0,7(L) =0,¢3(H) =0, and ¢3(L) <0 (for type-I Equilibrium)

r(H)=0,7(L)=0,¢3(H) <0, and ¢3(L) <0 (for type-1I Equilibrium)
r(H) > 0,7(L) > 0,¢3(H) =0, and ¢3(L) =0 (for type-IIT Equilibrium)
r(H)=0,r(L) >0,¢3(H) <0, and ¢3(L) =0 (for type-IV Equilibrium)

To check the existence of an equilibrium in which the ZLB binds only in the low
state (Type-I), you need to solve the system of linear equations above by assuming
(i) ¢3(H) = 0 and (ii) (L) = 0 and then check whether or not (i) »(H) > 0 and (ii)
¢3(L) < 0. If either one or both of these two inequalities are violated, this means that
there is no equilibrium in which the ZLB binds only in the low state.

The existence of other three equilibria can be checked in a similar way. For the
equilibrium in which the ZLB binds in the both states (Type-II), you first solve the
system of equations above by assuming (i) r(H) = 0 and (ii) (L) = 0 and then check
that (i) ¢3(H) < 0 and (ii) ¢3(L) < 0 to verify its existence. If either one or both
of these two inequalities are violated, then this means that there is no equilibrium
in which the ZLB binds in both states. For the equilibrium in which the ZLB does
not bind in both states (Type-III), you solve the system of linear equations above by
assuming (i) ¢3(H) = 0 and (ii) ¢3(L) = 0 and then check that (i) 7(H) > 0 and (ii)
r(L) > 0. Violation of either one or both of these two inequalities would mean that
there is no equilibrium in which the ZLB does not bind in both states. Finally, for the
equilibrium in which the ZLB binds only in the high state (Type-IV), you solve the
system of equations above by assuming (i) r(H) = 0 and (ii) ¢3(L) = 0 and then check
that (i) ¢3(H) < 0 and (ii) (L) > 0. Violation of either one or both of these two
inequalities would mean that there is no equilibrium in which the ZLB binds only in
the high state. In each of four alternative Markov-Perfect equilibria, I say the Type-A
violation occurs if the first of the two inequalities alone is violated, Type-B violation
if the second of the two inequalities alone is violated, and Type-C violation if both
inequalities are violated.

Figure D.1 shows the existence of four possible equilibria for different combinations
of pr and py. In each panel, white areas show the combinations of frequency and



persistence under which the equilibrium of a particular type exists. Colored dots
indicate that either one or both of the relevant inequality constraints are violated and
thus that the equilibrium does not exist. Different colors indicate different reasons for
why the equilibrium does not exist. Red, blue and black dots respectively indicate
Type-A, Type-B, and Type-C violations.

Figure D.1: Existence of Four Markov-Perfect Equilibria
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According to the top two panels, Type-I and Type-II Markov-Perfect equilibria
exist when frequency and persistence of the shock are sufficiently low. According to
the bottom two panels, Type-III and Type-IV Markov-Perfect equilibria do not exist
regardless of frequency and persistence. In what follows, I will take a closer look at
each possible equilibrium to understand why an equilibrium of a particular type does
and does not exist.”

Type-I: The ZLB binds only in the low state

Top-left panel in figure D.1 shows that the equilibrium in which the ZLB binds
only in the low state does not exist if either the frequency or the persistence of the
shock is sufficiently high. To understand why, figure D.2 plots how the solution to the

3See Nakata and Schmidt (2014) for analytical results.



system of linear equations above depends on p; and py. The left panels shows how
consumption, inflation, nominal interest rate, and the Lagrange multiplier that solves
the linear system vary with py, holding p; constant at 0.5. The right panels shows
how they vary with p;, holding py constant at 0.01.

Figure D.2: Allocations in Type-I Markov-Perfect Equilibrium
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Note: Left panels show how allocations and the Lagrange multiplier vary with py, holding pg = 0.01
while right panels show how they vary with pg holding py = 0.5. In all panels, solid black and dash
blue lines are for high and low states respectively. Shaded areas in the panels for the nominal interest
rate show the parameter region where the nominal interest rate is below zero, and the shaded area in
the Lagrange multiplier panels show the region where it is positive.

As described in the main text, the household and firms have incentives to reduce
their consumption and prices even before the contractionary shock hits the economy
since the anticipation of future shocks increases the expected real interest rate and
reduces the marginal costs they face in the high state. The government lowers the
nominal interest rate to offset these effects. In equilibrium, consumption is positive,
inflation is negative, and the nominal interest rate is below the deterministic steady-
state in the high state. A higher frequency of shocks (py) means this anticipation effect
is stronger. The right panels in figure D.2 indeed show that high-state consumption
increases and high-state inflation and nominal interest rate decrease with py. When
the frequency is sufficiently high, the nominal interest rate in the high state is nega-
tive, violating the ZLB constraint. Therefore, Type-I equilibrium does not exist with
sufficiently large pg.
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The equilibrium also does not exist when persistence is sufficiently high. A more
persistent shock means that the household and firms expect to be in the low state longer
on average, which increases the expected real interest rate and decreases the expected
marginal costs in the low state. Thus, the household and firms reduce consumption
and prices in the low state by more in the economy with a higher p;, as depicted in
figure D.2. However, there is a cut-off value p; above which low-state consumption
and inflation that solve the first order necessary conditions turn positive. With more
persistence, low-state consumption and inflation are influenced more by the future low-
state consumption and inflation, and positive low-state consumption and inflation can
be self-fulfilling if persistence is sufficiently large. However, for such high persistence,
the Lagrange multiplier on the ZLB constraint becomes positive as the government
has the incentive to raise the nominal interest rate to lower consumption and inflation,
violating one of the inequality constraints that needs to be satisfied for the equilibrium
to exist.

The result described in the previous paragraph is related to those in Eggertsson
(2011), Christiano, Eichenbaum, and Rebelo (2011), and Carlstrom, Fuerst, and Paus-
tian (2014). Namely, they all show that, in the economy in which the policy rate is
determined by a standard Taylor rule and in which the high state is an absorbing state
(that is, py = 0), consumption and inflation at the low state switch their sign and
become positive when the crisis persistence becomes sufficiently high.* In their models
with a Taylor rule, an equilibrium still exists with a very high crisis persistence in
which the policy rate is above the ELB in the low state. However, in an economy in
which the central bank is optimizing, positive consumption and inflation in the low
state are not consistent with the optimizing behavior of the central bank, and thus the
equilibrium does not exist, as shown in this section. Note that this feature of the model
is present even in a fully nonlinear model. Christiano and Eichenbaum (2012) show
that, in a fully nonlinear Rotemberg model, there are two equilibria consistent with
the policy rate being at the ZLB in the low state, but with the policy rate above the
ZLB in the high state, provided that the low state is not too persistent. They report
that these equilibria cease to exist when the persistence of the low state is sufficiently
high.”

Type-II: The ZLB binds in both states

According to the top-right panel in figure D.1, the equilibrium in which the ZLB
binds in both states exists when the frequency and persistence are sufficiently low.
Figure D.3 shows that inflation and output are below their steady-states in both states.
Declines in inflation and output in the low state are much larger in this equilibrium than
those in the Type-I Markov-Perfect equilibrium. Similarly to the Type-I Equilibrium,
an increase in the shock persistence leads to larger declines in consumption and output
in the low state, and there is a cut-off value of p;, above which the low-state consumption
and inflation that solve the system of linear equations turn positive. According to the

4See Proposition 3 in Eggertsson (2011), page 91 in Christiano, Eichenbaum, and Rebelo (2011),
and page 1297 in Carlstrom, Fuerst, and Paustian (2014)
®See page Section 3.4 in Christiano and Eichenbaum (2012).
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right panels, consumption and inflation in both states increase with the frequency
in this equilibrium. Nakata and Schmidt (2014) analytically show that the region
of equilibrium existence for this case is identical to the existence region of the first
Markov-Perfect equilibrium.

Figure D.3: Allocations in Type-II Markov-Perfect Equilibrium
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Note: Left panels show hovxf Lallocations and the Lagrange multiplier vary Wpil‘;h pr, holding py = 0.01
while right panels show how they vary with pg holding py = 0.5. In all panels, solid black and dash
blue lines are for high and low states respectively. Light gray areas in the panels for the Lagrange
multiplier show the parameter region where one of low-state and high-state Lagrange multipliers is
positive, while dark gray areas show the parameter region where the Lagrange multipliers are positive
in both states.

The existence of such an equilibrium with this Type-II Markov-Perfect equilibrium
with permanently binding ZLB is at first surprising. If the government is optimizing,
why can the government keep the economy out of a permanent liquidity trap? The key
ingredient to understanding the existence of this equilibrium is the lack of commitment
by the government, i.e. the government takes future policy functions as given. If the
household and firms expect low consumption and inflation in the low state tomorrow,
they would like to choose low consumption and inflation even in the high state today.
The government would like to reduce the nominal interest rate in order to prevent the
declines in inflation and consumption, but it cannot do so if the ZLB constraint is
binding. Thus, below-trend consumption and deflation can be self-fulfilling in the high
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state.

The existence of a steady state in which the ZLB constraint binds in the absence
of any fundamental shocks is well-known since Benhabib, Schmitt-Grohe, and Uribe
(2002). However, the equilibrium properties of an economy in which fundamental
shocks generate fluctuations around the ZLB steady state are less known than those of
an economy in which fundamental shocks generates fluctuations around the standard
steady state. The closest to my result that the conditions under which the Type-I
equilibrium exists are identical to those under which the Type-II equilibrium exists is
a result in Armenter (2016) who shows that, in the same economy considered in this
paper, but with a more general shock process, if a Markov equilibrium exists, then
there is at least one additional Markov equilibrium.

Type-III and Type-IV: The ZLB does not bind in the low state

According to the bottom two panels in figure D.1, the equilibrium in which the ZLB
does not bind in both states (Type-III) and the equilibrium in which the ZLB binds
only in the high state (Type-IV) do not exist for any combinations of frequency and
persistence. In the hypothetical Type-III equilibrium in which the low-state nominal
interest rate is unconstrained, the government would like to lower the nominal interest
rate below zero in the low state in order to stabilize consumption and output, which
violates the inequality constraint that the nominal interest rate has to be positive
(Type-B violations). In the hypothetical Type-IV equilibrium in which the low-state
nominal interest rate is unconstrained, the reasons for non-existence are not always the
same and depend on the frequency and persistence of the shock.

To summarize, given a pair of (py, pr), we either have two equilibria—one in which
the ZLB binds only in the low state and the other in which the ZLB bind in both
states—or do not have any equilibria. In the main text, I construct the revert-to-
discretion plan—a plan in which the deviation from the Ramsey outcome would be
punished by the first of these two Markov-Perfect equilibria—and analyze the condi-
tions under which this plan can make the Ramsey outcome time-consistent. In the
next section, I will construct a plan in which deviation from the Ramsey outcome is
punished by the second Markov perfect equilibrium and study the conditions under
which such a plan can make the Ramsey outcome time-consistent.

E Implications of Repeated Crises for the Ramsey
Outcome

In this section, I explore the implications of repeated crises for the Ramsey outcome
under three scenarios that differ in (i) the duration of the crisis (k) and (ii) how many
periods the economy is in a normal state before the second crisis shock hits the economy

(m).
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E.1 Scenario 1l (k=1and m =1):

In figure E.1, the left panels show the dynamics of the economy when the crisis
shock hits the economy at time 1 and disappears afterward (s; = H and s; = L for all
t > 1). In the middle panels, the crisis shock hits the economy at time 1, disappears
at time 2, but another crisis shock hits the economy again at time 3, which disappears
next period (s1 = H, sy = L, s3 = H, and s, = L for all ¢ > 3). The right panels
show the difference between the left panels from time 1 and the right panels from time
3—when the second crisis shock hits the economy.

14



Figure E.1: Repeated Crises: Scenario 1
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Note: The third column shows the differences between the dynamics of the economy from time 1 in
the baseline case and those in the repeated-crises case from time 3—when the second crisis hits the
economy.

According to the figure, the crisis is slightly less severe when it is preceded by
another crisis than when it occurs at time 1. A less severe crisis is due to a larger
overshooting of consumption and inflation in the aftermath of the crisis, which is in
turn associated with more accommodative monetary policy stance. Mechanically, these
differences arise because of the differences in the initial lagged Lagrange multipliers.
When the crisis occurs at time 1, the initial lagged Lagrange multipliers are zero, as the
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economy start at time 1. However, when the crisis occurs at time 3 in the middle panel,
the lagged Lagrange multipliers (¢; 2 and ¢o5) are nonzero, reflecting the dynamics of
the Lagrange multipliers associated with the first crisis.

E.2 Scenario 2 (k=1 and m =9):

In figure E.2, the left panels show the dynamics of the economy when the crisis
shock hits the economy at time 1 and disappears afterward (s; = H and s; = L for all
t1). In the middle panels, the crisis shock hits the economy at time 1, disappears at
time 2, but another crisis shock hits the economy again at time 11, which disappears
next period (s; = H, s = = s10 = L, $11 = H, and s, = L for all ¢ > 11). The right
panels show the difference between the left panels from time 1 and the right panels
from time 11-—when the second crisis shock hits the economy.
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Figure E.2: Repeated Crises: Scenario 2

17

Baseline Repeated Crises Difference
002 0.02 | 'm
0 0 I ol H
| | |
—0.02W -0.02 ' -1 L
0 10 20 30 0 10 20 30 0 10 20
-3
x 10
0.2 0.2 2
B0 0 11!
| | [
—0.2 U ~0.2 ' ol
0 10 20 30 0 10 20 30 0 10 20
02
5m 5 | 0.02
o 0 {\ 0 0.01
| | |
5l -5 ' ol
0 10 20 30 0 10 20 30 0 10 20
A 4 [ o°m
= off! 2 ' —0.02||"
[ [ [
0 0 ~0.04 L
0 10 20 30 0 10 20 30 0 10 20
x107° x107° x 10~
0 0
| | |
& -2 2 —os5|[!
| | [
I I
4 4 -
0 10 20 30 0 10 20 30 10 20
x107* x107 x10°
5 0
| | [
<ol 0 ! -1/
5l -5 ' ol
0 10 20 30 0 10 20 30 0 10 20
-3
0 0 ] x 10
| [ |
z 05 If —05(f" | 0 \:/-\—_
-1l -1 ' -1
0 10 20 30 0 10 20 30 0 10 20
Time Time Time

Note: The third column shows the differences between the dynamics of the economy from time 1 in
the baseline case and those in the repeated-crises case from time 11-—when the second crisis hits the

As in the first scenario, the crisis is less severe when it is preceded by another
crisis than when it occurs at time 1. However, the differences are negligible in the
second scenario, reflecting the fact that the Lagrange multipliers have returned to
their stochastic steady states by the time the second crisis shock hits.®

6 At time 10, a period before the second crisis, the Lagrange multiplier on the consumption Euler
equation is zero because the policy rate is strictly positive. However, the Lagrange multiplier on



E.3 Scenario 3 (k=10 and m = 1):

The previous two scenarios consider situations in which the crisis shock lasts only
for one period. Now, I will examine the implication of repeated crises in which the
crisis shock lasts for multiple periods.

In figure E.3, the left panels show the dynamics of the economy when the crisis
shock hits the economy at time 1, lasts for 10 periods, and disappears at time 11
(s1 = ... = 510 = H and s; = L for all ¢ > 11). In the middle panels, the crisis
shock hits the economy at time 1, lasts for 10 periods, disappears at time 11, but
another crisis shock hits the economy again at time 11, which again lasts for 10 periods
(s1=..=810=H,s11 =L, s19=..=89 = H, and s, = L for all t > 22). The right
panels show the difference between the left panels from time 1 and the right panels
from time 12—when the second crisis shock hits the economy.

When the crisis shock lasts for long periods, the Lagrange multipliers drift away
from zero, as shown in the fifth and sixth panels in the left column. When the crisis
shock disappears, the Lagrange multipliers start reverting back to their stochastic
steady states. The longer the crisis has lasted, the longer it takes for the Lagrange
multipliers to return to their stochastic steady states. If the second crisis shock hits
soon after the first crisis shock disappears, then the absolute values of the Lagrange
multipliers are still large. As a result, the extent to which the second crisis is less severe
than the first crisis is more pronounced when the preceding crisis has lasted for longer
periods.

However, as the second crisis shock continues, the initial differences in the Lagrange
multipliers diminish, making the differences between the first and second crises smaller.
By the time the second crisis shock disappears, the differences between the Lagrange
multipliers are so small that the magnitudes of consumption and inflation overshooting
are similar across the aftermaths of the first and second crises, in contrast to what we
saw in the first scenario.

the Phillips curve is slightly negative, reflecting the fact that inflation is slightly negative due to the
possibility of future crises. The deflationary bias is much smaller under the Ramsey outcome than
under the discretionary outcome, but is still present.
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Figure E.3: Repeated Crises: Scenario 3
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Note: The third column shows the differences between the dynamics of the economy from time 1 in
the baseline case and those in the repeated-crises case from time 12—when the second crisis hits the

F The revert-to-deflation plan and its credibility

In this section, I define the revert-to-deflation plan and examine their credibility.
First, let (caef(+), Taef(+), Taef(-)) be the set of policy functions that solves the
problem of the discretionary government in which the ZLB binds in both states. The



rtdef

; ,U;tdef ), consists of the following government strategy

revert-to-deflation plan, (o

rtdef

® TJ41

(81) = rmm,l(sl) for any s € S
a;tflef(rt_l, S = Prame(8) i 1) = rram(s7) forall j <t —1

Urtde f

gt (Tt_la St) = Tdef(St) otherwise.

and the following private-sector strategy

° a;ftdef(rt, s = (Cram ("), Tram (")) if 75 = rram,;(s7) for all j <t

° Jz’ttdef(rt, $") = (Cordef(Tts St), Tordef (71, St)) otherwise.

1
Cordef(5t,71) = EyCaep(Se1) — ~ [[Tt — EyTae(si41)] — 5ti|

C

Wbr,def<3t> rt) = chr,def(sta Tt) + BEt’/Tdef(St-i—l)

The government strategy instructs the government to choose the nominal interest rate
consistent with the deflationary outcome, but chooses the interest rate consistent with
the deflationary outcome if it has deviated from the Ramsey outcome at some point in
the past. The private sector strategy instructs the household and firms to choose con-
sumption and inflation consistent with the Ramsey outcome as long as the government
has never deviated from the Ramsey outcome. If the government has ever deviated
from the nominal interest rate consistent with the Ramsey outcome, the private sector
strategy instructs the household and firms to choose consumption and inflation today
based on the belief that the government in the future will choose the nominal interest
rate consistent with the deflationary outcome.

By construction, the revert-to-deflation plan induces the Ramsey outcome, and the
implied value sequence is identical to the Ramsey value sequence. It is straightforward
to show that the revert-to-deflation plan is credible if and only if wyam +(s*) > waese(s")
for all ¢ > 1 and all s* € S*. The proof proceeds in the same way as the proof for the
statement regarding the credibility of the revert-to-discretion plan.

Figure F.1 shows how the credibility of the revert-to-deflation plan depends on the
frequency and severity of the shocks. Blank areas indicate the combinations of (pg, pr)
for which the revert-to-deflation plan is credible. Blue dots indicate the combinations
of (pg, pr) for which the revert-to-deflation plan is not credible. Black dots indicate the
combinations of (py,pr) for which the revert-to-deflation plan is not defined because
the discretionary outcome does not exist.

According to the figure, the revert-to-deflation plan is credible for any pairs of
frequency and persistence, provided that the pair of crisis frequency and persistence is
consistent with the existence of the deflationary outcome.” To understand why, notice

"As described in online appendix D, the deflationary Markov-Perfect equilibrium (Type II-
equilibrium) does not exist, and thus the deflationary outcome cannot be defined when py and pj, are
sufficiently high
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Figure F.1: Credibility of the revert-to-deflation plan
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that the deflationary outcome is associated with deflation and consumption declines
even in the high-state. After the shock disappears, if the government were to renege the
promise of zero nominal interest rate and raises the nominal interest rate, the private
sector agents adjust their expectations and believe the economy will be followed by
deflationary outcome in the future. By reneging on the Ramsey promise after the
shock disappears, the government would see deflation and below-trend consumption in
the period of reneging, instead of above-trend consumption and high inflation. Inflation
and consumption in the high state of the deflationary outcome are so low that there is
no short-run gain from reneging on the promise. Thus, the revert-to-deflation plan is
credible for any combinations of frequency and persistence.®

G The revert-to-discretion(N) plan

One may feel that the private sector’s punishment strategy of reverting to the discre-
tionary outcome forever after the government’s deviation may be too harsh. In reality,
the household and firms do not live forever. The head of the central bank changes at
some frequencies. Even if the same central banker is in charge for an extended period

81t is useful to note that the “best” deviation in the aftermath of a crisis is not well defined.
Suppose that, right after the crisis shock disappears, the government wants to deviate from the
promise of keeping the policy rate at zero and raise the policy rate to € > 0, which would send the
economy into the deflationary outcome today and future. The government can achieve a higher welfare
by deviating by less, that is, by increasing the policy rate by 0 < € < e. If the government reduces the
deviation to zero, then that means there is no deviation (as a result, the government has no incentive
to deviate). However, the fact that the best deviation is not well defined does not mean that the
revert-to-deflation plan is not well defined. Even though the best deviation is not well defined in some
states, the revert-to-deflation plan is well defined because it specifies what happens to the economy
after any history of the government action and shocks.
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of time, central bank doctrines can change over the course of his/her tenure.” Based on
these considerations, I explore plans in which the punishment regime lasts for a finite
period of time and the economy reverts back to the Ramsey outcome afterward. After
introducing a few concepts, I formally define the revert-to-discretion(N) plan in which
the punishment lasts for a finite N periods and discuss a proposition that is useful in
analyzing its credibility. The results are discussed in the paper.

G.1 Setup

Definition of the resurrected Ramsey outcome: For any positive integer 7,
the resurrected Ramsey outcome starting at time j is defined as, and denoted by,

{ ramt( )7 Triamt(st)7 ramt( )}t j such that C’Z‘amt( ) = Cram,t— ]-‘rl( )7 ﬂ-iamt(st) =
'r’mm,tnﬁl(s;) and rmmt(st) = 'r’mmt i+1(s t-) where ¢t > j and st denotes a recent
history of s starting at time j (i.e., s} := {sj, Sitly -y St})-

This outcome specifies the outcome the Ramsey planner would choose if the econ-
omy hypothetically starts at time j. This will be the outcome the economy reverts to
after the punishment period ends at time j — 1. The resurrected Ramsey value start-
ing at time j is defined as the value sequence associated with the resurrected Ramsey
outcome starting at time j.

Government’s problem in the temporary punishment periods

Consider the following problem of the discretionary government in the final period
of the temporary punishment regime. Taking as given the fact that the resurrected
Ramsey outcome prevails starting from tomorrow, say 7T, the government chooses to-
day’s consumption, inflation, and the nominal interest rate in order to maximize the
value at T'— 1.

wr_1(s7-1) = max w(cr—1, mr-1) + BEr_1w /g, r(s7)
{CTfleRﬂTTfleR,TTfleRzo} ’

subject to

T T T
XcCr—1 = XcET—lcmm,T(ST) - [TT 1— b 17TramT(ST)] + S71

Tr—1 = KCr—1 + BETfle;m,T(si)

Let us denote the solution to this problem by {caz1(-), ma1(),7a1(-), wa1(-)}. The
discretionary government in the prior period takes them as given and maximizes the
value at time T-2. As such, the allocations and value during the temporary punishment
regime are recursively defined as follows. For any j > 2, the discretionary government’s
problem is given by

9For example, consider the gradual move toward transparency during the tenure of Alan
Greenspan.
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T—j+1
wyp_i(Sp_:) = max w(ep—_;,mr—:) + BEp_wg iv1(s5 7
T J( T J) {cr—s€R,mr—;€Rrr_; R0} ( T—j,'T J) /B T—j d,J+1( T—]J,-l)

subject to

XcCr—j5 = XcET—de,T—j+1(3T—j+1) - [TT—j - ET—j+17Td,T—j+1(ST—j+1)] + s

mr_j = ker—j + BEr_jmar—ji1(ST—j41)

Let {ca;(-),ma;(-),7a;(-), wq;(-)} be the solution to these problems at time T-j.
{ca;(-), ma;(-), raj(-), wa;(-)}j=; will be the allocations that would prevail during the
temporary punishment regime of length N.

G.2 Definition of the revert-to-discretion(N) plan

For any positive integer N, the revert-to-discretion(N) plan, (agtd(N), U;td(N))

sists of the following government and private sector strategies.

, con-

G.2.1 The government strategy

For t =1, set agff(N)(sl) = T'ram,1(s1) for any s; € S.

For ¢ > 2, determine a;ftd (N)(st) as follows.
Case 1: If rj, = rpgmi(s®) for all 1 <k <t — 1, then

o () = Py ()

Case 2: If 7y # Trami(s®) for some 1 < k <t —1, let kM be the period of the first
deviation from the Ramsey policy. In other words, if 71 # 74m,1(51),

D =1 (3)
Otherwise,
k) = min{k > 1|r, # Tmm,k(sk) and ry_; = Tmm,k—l(sk_l)} (4)

Case 2.A [when k") =t — 1]: Set a;ftd(N) (rt=1 st) = ran(sh)

Case 2.B [whent — N < EO < — 2]: Let j:=1t— D,

. U;Zfl(N)(rt_l, s =rans1—j(se) i re_pr1 = Tani1-n(Se—py1) forall 1 <h <j—1

rtd(N)

ot (71 s") = r4(sy) otherwise.

Case 2.C [when k) <t — N —1]: If rpayy; # ran—j+1(spw ) for some 1 < j < N,
o o ) = ra(s)
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If rpay; = rav—jri(spoy;) for all 1 < j < N, then set m = 1 and follow the steps
below.
Recursive steps to follow if you are following the resurrected Ramsey outcome

Case 1: If r, = rk(m>+N+1(sk) for all k™ + N +1 < k <t —1, then

ram,k

o 0 Vs =l N

Case 2: If r}, # rk(m)+N+l(sk) for some k™ + N +1 < k <t —1, let k™D be the

ram,k

period of the first deviation from the resurrected Ramsey policy starting at k™) +N+1.
Em) 4 N4+1 ( k(m)+N+1)

In other words, if rym n 11 # Ty im) 4y 41

gD = gm) 4 N 41 (5)
Otherwise,

E(m+1) _ min{k > k(m) + N+ 1|7“k + Tf{i’;)jgNJrl(Sk) and rp_q = rf;:jgi\/;rl(skfl)} (6)
Case 2.A [when k(™*) =¢ —1]: Set agf,fl(N)(rt_l, st = ran(s)
Case 2.B [whent — N < flm+l) < ¢ — 2]: Let j:=t— L(m+1)
o U;,tg(N)(Tt_last) = raN+1-j(St) if Te—pt1 = raNt1-n(St—ps1) for all EmAD 41 <
hﬁk“’”’”—i—j—l

rtd(N)

gt (rt=1, st) = r4(s;) otherwise.

Case 2.C [when k™Y <t — N —1]: If T+ 4 j 7 rd7N_j+1(sk(mH)+j) for some
k(m-}—l) +1 S] < k(m—i—l) + N,

o ol N (1 sty = ry(sy)

If rpomenyj = TaN—jr1(Spm+n ;) for all 1 < j < N, then set m = m + 1 and go back
to the beginning of the recursive step.

At each time t, this government strategy instructs the government to choose the
nominal interest rate consistent with the Ramsey outcome as long as the past govern-
ment has not deviated from the Ramsey prescription. If the past government devi-
ated from either the Ramsey prescription or the resurrected Ramsey outcome at some
k <t— N — 1, but chose the nominal interest rate consistent with temporary pun-
ishment regime afterward, then the strategy instructs the government to choose the
nominal interest rate consistent with the resurrected Ramsey outcome. If the govern-
ment deviated from either the Ramsey or resurrected Ramsey policies in the recent past
t— N <k <t-—1, then the strategy instructs the government to choose the nominal
interest rate consistent with the temporary punishment regime. If the government has
ever deviated from the temporary punishment regime during some punishment peri-
ods, then the strategy prescribes the government to choose the nominal interest rate
consistent with the discretionary outcome.
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G.2.2 The private sector strategy

rtd(N)

For any positive integer t, determine o, ; (rt, s') as follows.

Case 1: If rj, = rpgmi(s®) for all 1 <k < ¢, then

d
e U;ft (N)<Ttv St) = (Cmm,t(st>7 71—Tomz,t(st))

Case 2: If 7y # Tyamui(s¥) for some 1 < k < ¢, let k) be the period of the first
deviation from the Ramsey policy. That is, k&(!) is given by equations (3) and (4).
Case 2.A [when k() = t]: Set o™ (4t gt) = (can(st), man(st))

p,t
Case 2.B [whent — N —1 < k® <t —1]: Let j :=t — k1),

° U;,ttd(N)(rtaSt) = (Cd,NJrl*j(St)a77d,N+1*j(5t)) if 74— pi1 = raNt1-n(St—ng1) for all
1<h<j—1
° U;,ttd(N)(rta s') = (ca(st), ma(st)) otherwise.

Case 2.C [when k) <t — N —2]: If Te 4 7 Td,N—j+1(Sk ;) for some 1 < 5 <N,

o o, ™M (rt,s") = (ca(se), ma(s1))

If rpayy,; = rd,N_jH(sk(l)ﬂ) for all 1 < j < N, then set m = 1 and follow the steps
below.
Recursive steps to follow if you are following the resurrected Ramsey outcome

Case 1: If rp, = Tk(m)J“NH(sk) for all k(™ + N 4+ 1 <k <t, then

ram,k

(m) (m)
o TNt gy = (R ENFL(gh) RN L (1)

Case 2: If 1, # rf;gjgNH(sk) for some k™ 4+ N +1 < k <, let k™D be the period
of the first deviation from the resurrected Ramsey policy starting at k™ + N +1. That
is, k(™1 is given by equations (5) and (6).
Case 2.A [when k(") =t — 1]: Set a;’ttd(N)(r'f7 sty =ran(st)
Case 2.B [when t — N < k(m*) <t — 2]: Let j :=t — k(m*+D),
. U;Tf(N)(Tt,St) = (Cd,N+1—j(St),7Td,N+1—j(St)) if rip = Td,N+1—h(3t—h+1) for all
EortD) 41 < h < EmHD) 45— 1

° O_’rtd(N)

Dt (rt, s) = (ca(st), ma(st)) otherwise.

Case 2.C [When k(™) < ¢ — N —1]: If Trom+1)4j 7 Ta,N—j+1(Sgem+n ;) for some
k(m+1) +1 S] < k(m+1) +N,

o oMt st = (ca(se), malse)
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If 74041 15 = Tan—jr1(Speman o) for all 1 < j < IV, then set m = m + 1 and go back to
the beginning of the recursive step.

At each time t, this private sector strategy instructs the household and firms to
choose consumption and inflation consistent with the Ramsey outcome as long as the
past government has not deviated from the Ramsey prescription. If the government
deviated from either the Ramsey prescription or the resurrected Ramsey prescription
at some k£ < t — N, but chose the nominal interest rate consistent with temporary
punishment regime afterward, then the strategy instructs the household and firms to
choose consumption and inflation consistent with the resurrected Ramsey outcome. If
the government deviated from either the Ramsey or resurrected Ramsey policies in the
recent past t — N — 1 < k < t, then the strategy instructs the household and firms to
choose consumption and inflation consistent with the temporary punishment regime. If
the government has ever deviated from the temporary punishment regime during some
punishment periods, then the strategy prescribes the household and firms to choose
consumption and inflation consistent with the discretionary outcome.

It is straightforward to show that the revert-to-discretion(N) plan is credible if and
only if (1) Wram(s") > wan(s:) for all t and s € S* and (ii) wa;(s:) > wa(s;) for
all 1 < j < N. The first condition makes sure that the government does not have
incentives to deviate from either the Ramsey or resurrected Ramsey outcomes. The
second condition guarantees that the government does not have incentives to deviate
from the strategy’s prescription in the temporary punishment regime.

H Details of the Nonlinear Model

In this section, I describe some details of the fully nonlinear model considered in
the main text.

The model is a standard New Keynesian model with imperfect-competition in the
product market and nominal rigidities in the form of quadratic price-adjustment costs
(so-called Rotemberg pricing). The model is standard and its description can be found
in Boneva, Braun, and Waki (2016) and Nakata (2017), among many others.

The only exogenous shock of the model is the shock to the discount rate in the
household’s utility function and is denoted by d,. J; evolves according to a two-state
Markov process. Transition probabilities are given by

PrOb(5t+1 = 5crisis’§t = (5normal) = DN (7)
PI“Ob((SH_l = 5cris’i5|5t = 5crisis) = Pc (8)

where Oqrisis > 1/6 and pormar = 1. py is the probability of moving to the cri-
sis state next period when today’s state is normal, whereas pc is the probability
of staying in the crisis state next period when today’s state is the crisis state. Let
D := {dnormat; dcrisis } The competitive outcome of the fully nonlinear economy is given

by a state-contingent sequence of consumption, output, inflation, and the nominal in-
terest rate, {Cy(0), Ny(8%), Yy (0"), I1,(8"), Ry(6")}5°, such that, for all ¢ > 1 and §* € S,
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(i) Ci(") € R, N(6%) € R, Y (") € R, II,(6*) € R, Ri(6") € Rsg where R denote a set
of real numbers and R>( denote a set of non-negative real number and (ii)

Ci(0") 7% = B0 R (8") By Cry (671) XLy (671) ! (9)
Nt((5t> t t t\Xn t\Xe
Cy(04)xe [‘P(Ht(é ) = DIL(6%) — (1 = 0) — ON,(6")"C(6") }
_ Nt+1(5t+l) t+1 t+1
= 55tEtm@(Ht+1(5 ) = DIa (677) (10)
Yi(d") = Go(8") + £ [I0(6") = 1] *Yi(8") (11)
Y,(8Y) = Ny(6Y) (12)

The government’s objective function at period t is given by the expected discounted
sum of future utility flow of the household

00 7j—1
V[Q((St) =k, Z It [H 54 U(Cisjy Niys) (13)
j=1 k=0
where the utility flow at each period is given by the following function.
Cl_Xc N1+Xn
U(C,N):= (14)

_1_Xc_1+Xn

The problem of the discretionary central bank is to choose allocations, prices, and
the policy rate today to maximize the welfare, taking as given the future value and
policy and functions as given:

C]fl*Xc Ntlfxn
- Xe B 1- Xn
where the optimization is subject to the equations characterizing the competitive out-
come given by equations (9-12). Let {Wy(.), Ca(.), Na(.), Ya(.), Ia(.), Ra(.)} be the
set of time-invariant value and policy functions that solve the Bellman equation above
in which the ZLB only binds in the low state. The discretionary outcome is defined
as, and denoted by, the state-contingent sequence of consumption, labor supply, out-
put, inflation, and the policy rate, {Cy+(6"), Nat(0"), Yar(6"), I+ (8%), Rar(0")}52, such
that Cy.(6") := Ca(st), Nag(0") := Na(sy), Yar(6") == Ya(ss), Hgs(6%) := Ha(s:), and
R44(6") := Ry(s:) and the discretionary value sequence is defined as, and denoted by,
{Wa(6")}2, such that Wy, (0%) := Wa(sy).

For each 9; € D, the problem of the Ramsey planner is to choose a state-contingent

sequence of the model’s variables at time 1 in order to maximize the welfare of the
household:

W,(5,) =  max {

Ct,N¢,Yt, 11 Ry :| * Btht%—’—l(ét—’_l) (15)

t—1

- t—1 Ctlixc Ntlixn
max E - 1) — 16
(C(51),N(51),Y (61).1(61), R(5:)}€CE(Sy) tzl b kl;[O k L . 1- XJ (16)
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subject to the equations characterizing the competitive outcome. The Ramsey outcome
is defined as the state-contingent sequence of consumption, labor supply, output, infla-
tion, and the nominal interest rate that solves the problem above. In other words, the
Ramsey outcome is a competitive outcome with the highest time-one value. The Ram-
sey outcome is denoted by {Cram.+(0"), Nram.t(0"), Yiam.e(0"); Wram ¢ (8"), Rram(6°)}52,.
The value sequence associated with the Ramsey outcome is denoted by {W,.am+(6%)}524,
and will be referred to as the Ramsey value sequence.

A plan, credibility of a plan, and the revert-to-discretion plan in the fully nonlinear
economy are defined analogously to their counterparts in the semi-loglinear economy.
As in the semi-loglinear model, I follow Adam and Billi (2006) and characterize the
Ramsey equilibrium recursively, using the lagged Lagrange multipliers as pseudo state
variables.

I More on the Main Results

In this section, I elaborate on the mechanism behind the two results highlighted in
section 4. The first result is that there is a threshold crisis frequency above which the
revert-to-discretion plan is credible and below which it is not credible. The second result
is that there exists a threshold crisis persistence above which the revert-to-discretion
plan is credible and below which it is not credible.

Figure 1.1: The short-run gain and the long-run loss of deviating from the Ramsey
policy (with alternative shock frequencies)

0.8 w w 0.2
——Long-run loss
06— Short-run gain 0
0.4t -0.2
0.2t -0.4
Cont. value of following
| the Ramsey plan |
0 -0.6 .
Cont. value of deviating
from the Ramsey plan

-0.2 : : : : -0.8
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
100p,, 100p,,

Note: On the left panel, the long-run loss shows the loss in the continuation value if the government
deviates from the Ramsey policy at t=>5, given by SEjs [wmmﬁ(sf") — wd,@(sﬁ)])7 and the short-run
gain shows the gain in today’s utility flow if the government deviates from the Ramsey policy at t=5,
given by [u(cqs5(s%), ma5(s")) — w(Cram,5(s”); Tram,5(s°))], where s, = L for 1 < ¢ < 4 and s5 = H.
On the right panel, the continuation values of following and deviating from the Ramsey plan at t=5
are respectively given by BE5w,am 6(s%) and BEswq6(s%) where s; = L for 1 <t < 4 and s5 = H.

Frequency: Red and black lines in the left panel of figure 1.1 show how the short-run
temptation and the long-run loss of deviating from the Ramsey path at time 5—right
after the crisis shock disappears in the scenario depicted in figure 4 in the main body
of the paper—vary with the crisis frequency (pg), respectively. Since the magnitude
of the overshooting of consumption and inflation does not materially depend on the
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crisis frequency, the short-run temptation to renege on the Ramsey promise does not
materially depends on the crisis frequency, as captured by the flat red line. However,
the long-run loss of reneging on the Ramsey promise depends importantly on the crisis
frequency. In particular, the long-run loss increases with the crisis frequency.

The long-run loss of deviating from the Ramsey policy and thus of following the

discretionary path thereafter increases with the crisis frequency because an increase in
the crisis frequency reduces the continuation value associated with the discretionary
outcome by more than it reduces the continuation value associated with the Ramsey
outcome. While the crisis is associated with mild declines in consumption and inflation
under the Ramsey outcome, it is associated with large declines in consumption and
inflation under the discretionary outcome. As a result, the same increase in the crisis
frequency reduces the discretionary value by more than it reduces the Ramsey value,
as shown by the right panel of figure [.1. Accordingly, the long-run loss of deviating
from the Ramsey path, which is the difference between the continuation Ramsey and
discretionary values, increases with the crisis frequency.
Persistence: Red and black lines in the left panel of figure [.2 show how the short-run
temptation and the long-run loss of deviating from the Ramsey path at time 5—right
after the crisis shock disappears in the scenario depicted in figure 5 in the main body
of the paper—vary with the crisis persistence (pr), respectively. On the one hand,
since the magnitude of the overshooting of consumption and inflation is large when the
shock is more persistent, the short-run temptation to renege on the Ramsey promise
is larger when the shock is more persistent, as captured by the red line. On the other
hand, the long-run loss of reneging on the Ramsey promise is higher when the shock
is more persistent the crisis persistence. In particular, the long-run loss increases with
the crisis persistence.

Figure [.2: The short-run gain and the long-run loss of deviating from the Ramsey
policy (with alternative shock persistence)

0.012 . ; 0 . .
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See the note on figure 1.1

The long-run loss of deviating from the Ramsey policy and thus of following the
discretionary path thereafter increases with the crisis persistence because an increase in
the crisis persistence reduces the continuation value associated with the discretionary
outcome by more than it reduces the continuation value associated with the Ramsey
outcome. Under both the discretionary and Ramsey outcome, an increase in the crisis
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persistence makes the crisis more severe. However, the Ramsey planner mitigates
the adverse effect of a more persistent shock by promising to overheat the economy
by more in the aftermath of the crisis. As a result, the same increase in the crisis
frequency reduces the discretionary value by more than it reduces the Ramsey value,
as shown by the right panel of figure [.2. Accordingly, the long-run loss of deviating
from the Ramsey path, which is the difference between the continuation Ramsey and
discretionary values, increases with the crisis persistence.

J Sensitivity Analysis—Reduced-Form Parameter
Space

In this section, I examine how each reduced-form parameter of the model affects the
set of (py,pr) under which the revert-to-discretion plan is credible. In the following
section, I examine how each structural parameter affects the credible region.

Figure J.1: Credibility of the revert-to-discretion plan: Sensitivity Analysis

L: Severity of the shock (: Discount Factor

=—— | =-0.0054
L=-0.0301

0 20 40 60 80 100 0 20 40 60 80 100
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: Slope of the Phillips curve xc: Inverse IES
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—— =0.048

xc=2
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A: Weight on consumption volatility
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Note: In all charts, colored lines (and dots for the case with p;, = 0) show the threshold frequency
above which the revert-to-discretion plan is credible.
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J.1 Severity of the shock (L)

The top-left panel of figure J.1 shows the credible region under two alternative
values for the shock size. In one scenario in which L = —0.0054, the (absolute) size
of the shock implies 5 percent decline in the crisis output under the discretionary
outcome, smaller than the 7 percent decline in the baseline parameterization. In the
other scenario in which in which L = —0.0301, the size of the shock implies 25 percent
decline in the crisis output under the discretionary outcome, larger than in the baseline
parameterization.

According to the panel, the effect of the shock size on credibility of the revert-
to-discretion plan is ambiguous when py, is high, the threshold crisis frequency above
which the revert-to-discretion plan is credible is higher when the absolute size of the
shock is larger. When py, is low, the threshold crisis frequency is higher when the
absolute size of the shock is smaller.

To understand this result, the left and right panels in figure J.2 show the impulse
response functions for the discretionary /Ramsey outcomes and values in the economies
with small and large shocks (that is, small and large |L|), respectively. The contrac-
tionary shock is assumed to take a low value for the first eight periods and to return to
the high value afterward. In this figure, (py,pr) = (0.04/100,0.8) and other parame-
ters are set to their baseline values, except for the parameter being investigated.

Comparison of the IRF's for consumption and inflation across two economies shows
that a more severe shock leads to larger declines in consumption and inflation under
both discretionary and Ramsey outcomes. However, the Ramsey planner can promise
a higher inflation, a larger consumption boom, and a longer period of zero nominal
interest rates to mitigate the declines in consumption and inflation during the period
of contractionary shocks. Thus, a marginal increase in the shock severity leads to larger
marginal declines in consumption and inflation in the low state in the discretionary
outcome than in the Ramsey outcome, implying large marginal declines in both the
high-state and low-state values. This means that the long-run loss from reneging on
the Ramsey promise and reverting back to the discretionary outcome is larger in the
economy with more severe shocks.

On the other hand, as the Ramsey promise entails a higher inflation and larger
consumption boom, the short-run gain from reneging on the promise is also larger
with a larger shock. As such, the overall effects are mixed. For the specific choice of
parameter values used in figure J.2, the Ramsey outcome is credible if the shock size
is sufficiently small.

J.2 Discount rate (3)

The top-right panel of figure J.1 shows how the threshold crisis frequency depends
on the crisis persistence for two alternative values of 5. A low value of 0.99 is a common
value in the literature, used for example in Eggertsson and Woodford (2003). A high
value of 0.9984 is the estimate from Smets and Wouters (2007). According to the panel,
the threshold crisis frequency is lower when ( is higher for any py.

To understand this pattern, the left and right panels in figure J.2 show the impulse
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Figure J.2: The discretionary/Ramsey outcomes and values with alternative sizes of
the shock

L = —0.0054 (Credible) L = —0.0301 (Not Credible)
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Note: The long-run loss shows the loss in the continuation value if the government deviates from the
Ramsey policy at t = 9, given by SFEq [wmm,lo(slo) — wd’lo(slo)]), and the short-run gain shows the
gain in today’s utility flow if the government deviates from the Ramsey policy at ¢ = 9, given by
[U(Cd,g(sg),ﬂ'chg(sg)) — u(Cram,o(s?), ﬁramg(sg))], where s; = L for 1 <t <8 and s9 = H.

response functions for the discretionary/Ramsey outcomes and values in the economy
with small and large discount factors, respectively. The contractionary shock is as-
sumed to take a low value for the first eight periods and return to the high value
afterward. In this figure, (py,pr) = (0.04/100,0.8) and other parameters are set to
their baseline values, except for the parameter being investigated.

When g is large, inflation today depends more on future marginal costs. As a result,
a promise of future inflation is more effective in mitigating the declines in inflation in
the low state and the Ramsey planner promises higher inflation in the economy with
higher 5. However, this effect is quantitatively negligible, as the comparison of solid
black lines in the right and left column in figure J.3 shows. As a result, the short-
run gain from reneging on the Ramsey promise and thus stabilizing consumption and
inflation are essentially insensitive to the discount rate.
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Figure J.3: The discretionary /Ramsey outcomes and values with alternative discount
rates

B = 0.99 (Not Credible) B = 0.9984 (Credible)
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Note: The long-run loss shows the loss in the continuation value if the government deviates from

the Ramsey policy at ¢ = 5, given by SFs [wmm,ﬁ(SG) — wdﬁ(sG)]), and the short-run gain shows the
gain in today’s utility flow if the government deviates from the Ramsey policy at t = 5, given by
[u(cd,5(s5)77rd’5(85)) —u(Cram.5(s°), 77,1”,%5(85))]7 where s; = L for 1 <t <4 and s5 = H.

On the other hand, with a higher 5, the same difference between the discretionary
and Ramsey continuation values translates into a larger difference between discounted
continuation values. As a result, a high discount factor implies a larger long-run loss
of reneging on the promise. Accordingly, the threshold py above which the revert-
to-discretion plan is credible is lower in the economy with a larger 5. This result is
consistent with previous literature on credible plans which has shown that a sufficiently
large  can make the Ramsey policy credible in various contexts (see, for example, Chari
and Kehoe (1990), Phelan and Stacchetti (2001), and Kurozumi (2008).)
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J.3 Slope of the Phillips Curve (k)

The middle-left panel of figure J.1 shows the credible regions for two alternative
values of the slope of the Phillips curve. The low (high) value of 0.003 (0.048) is
consistent with the Calvo probability of 90 percent (65 percent), as opposed to 81
percent in the baseline parameterization. 90 percent is the value used on studies such
as Erceg and Lindé (2014). 65 percent is the value in line with the estimate of this
parameter from pre-crisis studies, such as Smets and Wouters (2007). According to
the panel, the threshold crisis frequency is lower when the value of x is higher.'?

To understand this pattern, the left panels in figure J.4 show the impulse response
functions for the discretionary/Ramsey outcomes and values in the economy with a
small k. The right panels show the same objects in the economy a large x. The
contractionary shock is assumed to take a low value for the first four periods and
return to the high value afterward. In this figure, (pg,pr) = (0.1/100,0.6) and other
parameters are set to their baseline values, except for the parameter being investigated.

Comparison of left and right panels tells us that the declines in consumption and
inflation in the low state are exacerbated under both discretionary and Ramsey out-
comes under more flexible prices (i.e. higher slope of the Phillips Curve). When the
prices are more flexible, the same shock leads to larger deflation in the low state, which
in turn amplifies the decline in low-state consumption by increasing the expected real
interest rate. However, the Ramsey planner mitigates those declines by promising a
higher inflation, consumption booms, and a longer period of the ZLB. Thus, a marginal
increase in the slope parameter leads to larger marginal declines in consumption and
inflation, and thus values, in the discretionary outcome than in the Ramsey outcome.
Accordingly, the long-run loss from reverting back to the discretionary plan is larger
in the economy with more flexible prices.

On the other hand, the Ramsey promise of higher inflation and larger consump-
tion booms means that short-run gain from reneging on the promise once the shock
disappears is higher under a more flexible price environment. Quantitatively, for the
calibration considered in this paper, the second effect dominates the first effect. The
threshold value of py above which the revert-to-discretion plan is credible is lower for
any given py,.

J.4 Inverse IES (x.)

The middle-left panel of figure J.1 shows the credible regions for two alternative
values of the slope of the Phillips curve. A low value of 1/6.25 is the value used in
Adam and Billi (2006). A higher value of 2 is used in Christiano, Eichenbaum, and
Rebelo (2011). According to the panel, x. has ambiguous effect on credibility of the
revert-to-discretion plan. When py, is low, the threshold crisis frequency is higher when
X is lower. When py, is high, the threshold crisis frequency is higher when y. is higher.

10Note that, in this exercise, I change the value of x, holding the value of A constant. An alternative
way to conduct a sensitivity analysis is to change the value of A together with «, reflecting the fact
that, when the objective function is derived as the second-order approximation, A\ = /6 where 6 is
the degree of substitutability across intermediate goods in the original fully nonlinear model.
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Figure J.4: The discretionary/Ramsey outcomes and values with alternative slopes of
the Phillips curve
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Note: See the note in figure J.3

To understand this result, the left panels in figure J.5 show the impulse response
functions for the discretionary/Ramsey outcomes and values in the economy with a
small shock. The right panels show the same objects in the economy with a large
shock. The contractionary shock is assumed to take a low value for the first eight
periods and return to the high value afterward. In this figure, (pg, pr) = (0.1/100,0.7)
and other parameters are set to their baseline values, except for the parameter being
investigated.

Comparison of the IRFs across left and right panels shows that a higher x. implies
larger declines in consumption and inflation in the low state under both discretionary
and Ramsey outcomes. When the inverse IES is high, the household’s consumption
decision is more sensitive to the fluctuations in s;. Since firms’ pricing today depends
on consumption today, inflation today is more sensitive to the fluctuations in s, with a
higher y.. While the Ramsey planner can mitigate declines in low-state consumption
and inflation by future promises, the discretionary government has no tool to mitigate
them. As a result, a marginal increase in the inverse IES leads to larger marginal
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Figure J.5: The discretionary /Ramsey outcomes and values with alternative risk
aversion
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declines in low-state consumption and inflation under the discretionary outcome than
in the Ramsey outcome. Since lower low-state consumption and inflation reduce values
in both states, the long-run loss from reneging on the promise is large with a smaller
Xe-

On the other hand, higher promised consumption and inflation with a larger y.
mean that short-run gain from reneging on the promise is larger when y. is larger.
Thus, the overall effect of y. on credibility of the revert-to-discretion plan is mixed.
Similarly with the severity of shocks, while the threshold frequency is higher when
the inverse IES is larger in the economy with highly persistent shocks, the threshold
frequency is lower when the inverse IES is larger in the economy in which the shock
persistence is low.
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J.5 Weight on consumption volatility (1))

The bottom-left panel of figure J.1 shows how the credible region depends on the
weight on consumption volatility (A\). A low value of X is the value that would be
consistent with the lower value of k if we had used the microfounded value of A (that
is, A = 5 where 0 is the degree of imperfect substitution across intermediate goods). A
higher value of A = 1/16 is a value that would give equal weights to the consumption
volatility and the (annualized) inflation volatility. In practical applications at central
banks, this weight is often used in analyzing optimal policy.!’ According to the panel,
the threshold frequency is lower when the value of X is lower, regardless of the crisis
persistence.'” Note that, as in the case for x, this sensitivity analysis on A is conducted
in the reduced-form parameter space. That is, I keep the value of x constant as I
change the value of .

To understand this result, the left panels in figure J.6 show the impulse response
functions for the discretionary/Ramsey outcomes and values in the economy with a
small weight on consumption volatility in the government’s objective function. The
right panels show the same objects in the economy with a large weight. The contrac-
tionary shock is assumed to take a low value for the first four periods and return to the
high value afterward. In this figure, (py,pr) = (0.04/100,0.8) and other parameters
are set to their baseline values, except for the parameter being investigated.

A larger A means that the government cares more about consumption volatility
relative to inflation volatility. Under the discretionary outcome, a greater concern for
consumption volatility exacerbates the deflation bias in the high state, in turn ampli-
fying deflation and consumption drops in the low state. The Ramsey planner can mit-
igate this effect by promising a higher, and more prolonged, inflation and consumption
booms in the future, and marginal increases in the weight on consumption volatility
reduces the low-state consumption and inflation, and also the values in both states,
by more under the discretionary outcome than under the Ramsey outcome. Thus,
the long-run loss of reneging on the promise, and therefore accepting the continuation
value associated with the discretionary outcome, is higher.

On the other hand, promises of higher inflation and consumption hikes mean that
the short-run gain of deviating from the promise is larger. Quantitatively, the second
effect dominates the first effect unless the persistence of the shock is very high. For
most values of pr, the threshold frequency above which the revert-to-discretion plan
is credible is higher when the central bank places a greater weight on consumption
volatility in its objective function.

HSee, for example, Ajello, Laubach, Lépez-Salido, and Nakata (2016).

2Kurozumi (2008) and Sunakawa (2015) similarly find that the credible region decreases with A
in the model with stabilization bias in the sense that the threshold 8 above which the Ramsey policy
is credible increases with .
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Figure J.6: The discretionary/Ramsey outcomes and values with alternative weights
on consumption stabilization
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Note: See the note in figure J.3

K Sensitivity Analysis—Structural Parameter Space

If the semi-loglinear model is seen as the approximation to the Calvo model, the
reduced-form parameters of the semi-loglinear model are related to the structural pa-
rameters of the Calvo model as follows:

_ (1_()5)(1 _ﬁa) Xc + Xn
K= > b (17)

K
A=~ 1
97 (8)

where [ is the discount factor, y. is the inverse intertemporal elasticity of substitution
for consumption, y, is the inverse intertemporal labor supply elasticity, 6 is the elas-
ticity of substitution among intermediate goods, and « is the probability that firms
cannot reoptimize their prices. Note that 8 and y. show up directly in the semi-
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loglinear model. With f = 0.9925 and yx. = 1, the values of the structural parameters
consistent with the baseline values of k and A are (x,, 8, «) = (1,0.5,10,0.81).

Figure K.1 shows how the structural parameters of the Calvo model affect the set
of (pg,pr) under which the revert-to-discretion plan is credible.

Figure K.1: Sensitivity Analysis
Structural-Parameter Space
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One way to understand how a change in a structural parameter affects the credibility
of the revert-to-discretion plan is by understanding (i) how it affects the reduced-form
parameters and (ii) how the associated changes in the reduced-form parameters affect
the credibility of the revert-to-discretion plan. Suppose that we want to understand
how an increase in the Calvo parameter («) affects the threshold crisis frequency. A
higher « is associated with a lower xk and a lower A. As shown in section 5.2 and online
appendix J, a lower x is associated with a higher threshold crisis frequency, while a
lower \ is associated with a lower threshold crisis frequency. As a result, the threshold
crisis frequency under o = 0.9—shown in the right panel of figure K.2—is lower than
that associated with the reduced-form reduction in s consistent with o = 0.9—shown
in section 5.2 and reproduced in the left panel of figure K.2. Overall, the threshold
crisis frequency is a bit higher under a = 0.9 than under the baseline value of @ = 0.81
(0.1/100 versus 0.04/100 when p;, = 0.8).

As another example, let’s consider the effect of increasing x. in the structural
parameter space. A higher y. is associated with a higher x and A. According to the
sensitivity analyses conducted under the reduced-form parameter space, a higher y.,
k, and A are associated with a higher, lower, and higher threshold crisis probability,
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Figure K.2: Sensitivity Analysis for
in the Reduced-Form Parameter Space (left) versus Structural Parameter Space
(right)
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respectively. According to figure K.3, the threshold crisis frequency under y. = 2
conducted in the reduced-form parameter space—shown in section 5.2 and reproduced
in the left panel of figure K.3—is a bit higher than that under y. = 2 conducted in
the structural parameter space—shown in the right panel of figure K.3. Overall, the
threshold crisis frequency under x. = 2 is slightly higher than that under x. = 1 if s
and A are altered according to equations (17) and (18) at the same time Y. is altered
(0.05/100 versus 0.04/100 when pr = 0.8).

Figure K.3: Sensitivity Analysis for y.
in the Reduced-Form Parameter Space (left) versus Structural Parameter Space

(right)
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L Additional Analyses on the Revert-to-Discretion(IN)
Plan

How quickly the threshold crisis probability increases as the punishment duration
becomes shorter depends on the parameter values used. In particular, I find that, when
the crisis persistence is higher (that is, the average duration of the crisis is longer) or
when the crisis is more severe, the threshold crisis probability increases more rapidly
as the punishment duration shortens.

To illustrate this point, figure L..1 shows how the threshold crisis probability changes
with the punishment duration for six variations of the Great Recession scenario of
Denes, Eggertsson, and Gilbukh (2013). The top-left panel is their GR calibration. In
next four panels, I set one of the five key parameters of the model to a value consistent
with their GD calibration. For example, in the top-middle panel, y. is set to a value
from the GD calibration (that is, 1.153), but all other parameter values are set to those
under the GR calibration. Finally, in the bottom-right panel, the size of the shock is
increased to obtain a 30 percent decline in consumption during the crisis, as in the GD
calibration.

Figure L.1: Threshold Crisis Frequencies with Various “Modified” GR Calibrations

GR(Baseline) GR(alt-x ) GR(alt-x)
0.6 0.6 0.6

0.4 0.4 0.4

0.2 0.2

100pH
100pH
100pH

o

nN

40 80 120 160 200 910 80 120 160 200 910 80 120 160 200
N N N

GR(alt-1) GR(alt-pL) GR(alt-L)
0.6 0.6 0.6

0.4 0.4

0.2 0.2

100pH
100pH
100pH

0
40 80 120 160 200 910 80 120 160 200 40 80 120 160 200
N N N

The figure shows that the sensitivity of the threshold crisis probability to N depends
on each parameter. The top-middle, top-right, and bottom-left panels show that the
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use of the values consistent with the GD calibration for x., x, and A does not affect
the sensitivity much. However, the bottom-middle panel shows that, even when all
other parameter values are set to the GR, the use of py, that is consistent with the GD
calibration (that is, 0.902) increases the sensitivity of the threshold crisis probability
to N. Finally, the bottom-right panel shows that increasing the size of the shock to
make the recession as severe as under the GD calibration also increases the sensitivity
nontrivially.

These results indicate that the difference in the sensitivity of the threshold crisis
probability to N depends importantly on the crisis persistence as well as the crisis
severity.

M On the Discontinuity of the Threshold Crisis
Frequency at p; =0

In the footnote to “Result 2” in the main body of the paper, I state that “The
statements in Result 2 are more complicated than those in Result 1. The reason
is that the threshold crisis frequency is discontinuous at p;, = 0. In particular, the
threshold crisis probability drops suddenly as p; approaches zero from above, which
can be seen in figure 3. Online appendix M explains why this discontinuity arises. Note
that, while the credible region is discontinuous in py, it is continuous in py; as stated
in Result 1, holding all other parameters constant—including p;—there is a threshold
crisis probability above which the revert-to-discretion plan is credible and below which
it is not credible.”

In this section, I explain why the threshold crisis frequency is discontinuous in py,.
The explanation proceeds in two steps. In the first step, I show that the incentive to
deviate from the Ramsey outcome (the “short-run gain” minus the “long-run loss” in
the language of online appendix I) depends on how long the crisis shock has lasted
(that is, the realized shock duration). In particular, the incentive to deviate from the
Ramsey outcome is typically the largest when the realized crisis duration is a few years.
In the second step, I point out that, while there is a small but strictly positive prob-
ability that the crisis shock lasts for many periods when p; = ¢ > 0, the crisis shock
cannot last for more than one period when p; = 0. Thus, the maximum incentive to
deviate from the Ramsey outcome occurs after a one-period crisis when p;, = 0. As the
incentive to deviate is lower in the aftermath of a one-period crisis than it would be
in the aftermath of a long-lasting crisis, it follows that the threshold crisis frequency
does not need to be as high under p;, = 0 as under p;, = e.

Step 1:
For the revert-to-discretion plan to be credible, the incentive to deviate from the
Ramsey outcome—which I define to be the (short-run) gain in today’s utility flow

minus the (long-run) loss in the continuation value, as they are defined in section 3—
has to be negative in all states of the world. In particular, for the revert-to-discretion
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plan to be credible, it is not enough that the incentive to deviate from the Ramsey
outcome is negative in the aftermath of a crisis that has lasted for one quarter; the
incentive to deviate from the Ramsey outcome has to be negative in the aftermath of
an N-period crisis for any positive integer N.

What is the relationship between the realized duration of the crisis and the incentive
to deviate from the Ramsey outcome? One key feature of the Ramsey outcome—which
is probably not well known outside the ZLB literature but is consistent with Eggertsson
and Woodford (2003)—is that the magnitudes of the overshootings in inflation and
consumption depend on how long the crisis shock has lasted, or the realized duration
of the crisis shock.’ As shown in figure M.1, which shows the Ramsey outcome under
40 different realizations of the crisis shock under the baseline parameterization with
pg = 0.05/100 and p;, = 0.80, the magnitude of the overshooting in inflation, shown
in the top-left panel, is the largest when the realized shock duration is a few years.
When the realized crisis duration increases further, the magnitude of the inflation
overshooting in the aftermath of the crisis converges to a finite value. When the crisis
shock lasts for only one quarter, the inflation overshooting is relatively modest. The
same pattern holds true for the magnitude of the consumption overshooting, though
the fact that the largest consumption overshooting occurs when the realized shock
duration is a few years is a bit difficult to see from the top-right panel.

Figure M.1: IRFs under different shock realizations
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As the short-run gain from deviating from the Ramsey outcome in the aftermath of
a crisis is determined by the magnitudes of the overshootings in inflation and consump-

13See figure 3 of Eggertsson and Woodford (2003).
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tion, the short-run incentive to deviate from the Ramsey outcome also depends on the
realized crisis shock duration. In particular, the short-run incentive is the largest when
the realized crisis shock duration is a few years, as can be seen in the bottom-left panel
of figure M.1.

The long-run incentive to deviate from the Ramsey outcome in the aftermath of a
crisis also depends on the realized duration of the crisis shock. According to the bottom-
right panel of figure M.1, the long-run incentive is the smallest when the realized shock
duration is a few years. This pattern arises for the following reason. In the Ramsey
outcome, the overshooting of inflation and consumption is followed by a moderately
persistent undershooting of inflation and consumption, as can be seen in the top two
panels of figure M.1. And, the magnitude and persistence of the undershooting depends
on the crisis shock duration, typically increasing with the realized shock duration.

Figure M.2: The incentive to deviate is the largest
in the aftermath of a crisis lasting for a few years
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Putting these two pieces together—the relationship between the short-run incen-
tive to deviate from the Ramsey outcome and the realized crisis duration on the one
hand and the relationship between the long-run incentive to deviate from the Ramsey
outcome and the realized crisis duration on the other hand—the overall incentive to
deviate from the Ramsey outcome is the largest when the realized crisis shock duration
is a few years, as shown by the dashed red lines in figure M.2. If the maximal incentive
to deviate from the Ramsey outcome is negative, then the incentive to deviate from the
Ramsey outcome in all states of the world and the revert-to-discretion plan is credible.
Otherwise, the revert-to-discretion plan is not credible. When py = 0.05/100, the
maximal incentive to deviate from the Ramsey outcome is negative, and the revert-
to-discretion plan is credible. When py = 0.04/100 or py = 0.03/100, the maximal
incentive to deviate from the Ramsey outcome is positive, and the revert-to-discretion
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plan is not credible. These results are consistent with figure 3.
Step 2:

Suppose that py, is above zero. When we change p; by a very small amount, the
mapping shown in figure M.2—the mapping between the realized crisis shock dura-
tion and the incentive to deviate from the Ramsey outcome—changes by a very small
amount, and therefore the threshold crisis frequency changes by a very small amount.
As a result, the threshold crisis frequency varies continuously with p;, as shown in
figure 3 and figure J.1.

When p;, = 0, the determination of the threshold crisis frequency becomes qualita-
tively different. When p; = 0, the crisis shock cannot last for more than one quarter.
As a result, what matters in determining the credibility of the revert-to-discretion plan
is the incentive to deviate from the Ramsey outcome in the aftermath of a one-period
crisis. For the reasons described earlier, the incentive to deviate from the Ramsey out-
come in the aftermath of a one-period crisis is not as high as that in the aftermath of a
longer-lasting crisis. Thus, a smaller crisis frequency is enough to keep the incentive to
deviate in the aftermath of a one-period crisis negative. As a result, when p;, decreases
from ¢ > 0—a case in which a long-lasting crisis can occur—to 0—a case in which
a long-lasting crisis cannot occur—the threshold crisis frequency declines discontinu-
ously. This discontinuous decline of the threshold crisis frequency at p;, = 0 can be
seen in figure 3 and figure J.1.
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