7 Extensions

In this section, we investigate the generality of the baseline model by considering two extended
versions. First, we modify the model, going from fully endogenous growth to semi-endogenous
growth, which eliminates scale effects. Second, we introduce physical capital as a factor input
into the production of both intermediate goods and innovations. Our analytical results show that
the first-best optimal design for the patent instruments is robust to these realistic extensions.
However, the quantitative results differ in terms of the magnitudes of welfare comparisons between
the decentralized equilibrium and the optimal outcomes.

7.1 Semi-Endogenous Growth

In our baseline setting, the population size is normalized to unity and the equilibrium growth
rate of technology depends on the size of research labor, implying that scale effects are present,
the same as in the early endogenous Schumpeterian growth models (e.g., Grossman and Helpman
(1991) and Aghion and Howitt (1992)). Nonetheless, Jones (1995) and the subsequent studies argue
that in modern industrialized economies scale effects are not consistent with the observations of
growth. Hence, following Segerstrom (1998) and Chu and Furukawa (2011), we reexamine optimal
patent policy and its implications in a quality-ladder model with semi-endogenous growth that
removes scale effects, which is done by incorporating population growth and a fishing-out effect on
innovations.

The population in this economy (or the representative household) now grows at a constant rate
n € (0,p), and its size evolves according to N; = nN;. Consequently, the labor-market-clearing
condition becomes L; + L, ; 4+ L.; = N; if each individual is still endowed with one unit of time.
The household’s preference is given by

U= / " ot [InC; + ¢ln(L;/Ny)] dt, (35)
0

where C} is the per capita consumption. Furthermore, the law of motion for per capita assets is
V, = (R —n) Vi + Wi (1 — Ly/Ny) — Ey — Ty, where Ey = P,Cy and T; are the nominal consumption
expenditures and the lump-sum tax for each individual, respectively. Other notations are the same
as before.

Suppose that the arrival rate of innovations is subject to a fishing-out effect: innovations become
more difficult to produce as the aggregate technology advances, and the formulation is given by
At = (¢/Zt) Ly Therefore, along the BGP, the growth rate of technology requires a constant arrival
rate of innovations, implying that this steady-state (equilibrium) growth rate equals the population
growth rate, namely, ¢ = AMnz = n. In this case, the steady-state growth rate of technology becomes
independent of the population size, and thus, scale effects do not occur. Additionally, in Appendix
B, we derive the steady-state equilibrium labor allocations as follows:

Lt = ¢aﬂL$,t) (36)
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where A = n/Inz.

As for the social optimum shown in Appendix B, maximizing (35) subject to the constraints
Cy = ZyLy /Ny, Ly + Lyt + Ly = Ny, and Zy = ¢lnzL,; yields the optimal labor allocations along
the BGP:

L =Ly, (39)
o\ L
IDES (1 + o+ p) N, (40)
* n *
rt ; x,t (41)

Comparing the steady-state equilibrium and the social optimum indicates that this extended model
features the two similar allocative distortions as in the baseline model. Specifically, comparing the
ratio of L;/L, ; between the steady-state equilibrium in (36) and the social optimum in (39) reveals
that the distortion in the relative supply of labor (i.e., the first layer of distortion) is eliminated by
optimal patent breadth remaining at p* = 1/, which is still determined by the exogenous subsidy
rate for intermediate-goods production. Moreover, using this result and comparing (37)-(38) and
(40)-(41) generates the optimal profit-division rule, as follows:
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In the absence of scale effects on economic growth, s* continues to decrease in z, «, and o, as in
the baseline model. However, (42) implies that n/p has both a positive and a negative effect on s*,
and that which effect dominates is ambiguous. Intuitively, the profit-division rule pins down the
relative allocation of research labor against other labor inputs, which helps remove the distortion
on R&D (i.e., the second layer of distortion). Thus, we investigate this relation by comparing
the ratio of R&D-production labor between the steady-state equilibrium and the social optimum.
Combining (38) and (41) and rearranging it yields
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where both the numerator and the denominator increase as n/p increases. On the one hand, for a
Lr,t/Lm,t .1
Lie/Lh e’

in the steady-state equilibrium, too much R&D labor is allocated to overcome the fishing-out effect
caused by the increasing complexity of innovations. Thus, s* rises to offset this impact by depressing

the equilibrium R&D.? On the other hand, for a relatively large Inz, a higher n/p would decrease

Lrt/L . . . R . .
Li’tj 7+; there is too much manufacturing labor allocated in equilibrium. In this case, s* declines
Tt x,t

relatively small Inz, a higher n/p tends to increase compared to in the social optimum,

!See Appendix B for the level of Inz at which the positive effect of n/p on s* dominates the negative one.

*Notice that in the numerator of (43), the marginal change of m with respect to s outweighs that of

Tnsto/m Tz Hence, a decrease (increase) in the numerator requires a higher (lower) s.



to stimulate R&D, which promotes innovations and maintains the steady-state equilibrium growth.

We then perform a quantitative analysis to evaluate the welfare differences between the decen-
tralized equilibrium and the optimal outcomes in this extension. For simplicity, our analysis focuses
on steady-state welfare.?> Denote lyt = Lyt/Ny, ey = Ly /Ny, and l; = Ly/N; as the per capita
level of production labor, of R&D labor, and of leisure, respectively, all of which are stationary in
the steady-state equilibrium allocations. Imposing the balanced growth on the household’s lifetime
utility (35) yields the steady-state equilibrium welfare function as follows

1
U=——|InCy+¢lnl + ——| | (44)
p—n p—n

where Cy = Zpl,, Zy = ¢lnzl, No/n, and the exogenous term Ny will be dropped. The parameters
are calibrated by the same values as before, and we set n = 0.0216, which is close to the long-run
average growth rate of the labor force in the US (roughly 0.02).* Thus, the first-best level of patent
breadth is still given by p* = 4/3, and the first-best profit-division rule is maintained at s* = 0.5.
In addition, the second-best outcomes are obtained by optimizing s under p = 1.3 in Table 5-(1)
and by optimizing p under s = 0.8 in Table 5-(2), respectively.® ©

It can be seen that the qualitative patterns of the welfare differences do not differ considerably
from those in the baseline model: (a) optimizing a mix of patent instruments yields more welfare
improvements than optimizing either of them individually; (b) optimizing u is much more welfare-
enhancing than optimizing s because the majority of the welfare gains in both Tables 5-(1) and
5-(2) are obtained by adjusting p. Moreover, the welfare effects of these patent instruments become
more significant. In contrast to the limited impact of optimizing s in the baseline analysis (as shown
by & in Table 1-(3)), under the current setting, the welfare gain of using the second-best optimal
s** rises to 0.26% for the market equilibrium in which 4 = 1.3 and s = 0.15 and to 1.04% on
average. Also, within the same ranges of the calibrated values, the welfare gains moving from the
second-best outcomes to the first-best outcome enlarge drastically under semi-endogenous growth
(i.e., the average is 2.89% for s** and 0.53% for p**) compared to under fully endogenous growth
(i.e., the average is 0.029% for s** and 0.001% for p**). This amplification may be because the

3 A more complete welfare analysis should take into consideration the dynamic transition of the household’s utility
from the initial steady state to the final one; however, such an analysis is much more challenging both analytically
and numerically in this class of models. Therefore, the current welfare analysis follows the usual treatment in
the literature to focus on steady-state welfare when deriving second-best patent policy and computing the welfare
differences between the decentralized equilibrium and the optimal outcomes, given that this approach does not
usually affect the numerical results by too much despite of neglecting the transitional welfare changes. See, for
example, Acemoglu and Akcigit (2012) and Chu, Cozzi, and Galli (2012).

4Data source: the Bureau of Labor Statistics.

SIn this numerical exercise, the steady-state welfare function relies on the household’s lifetime utility given by
(44). Under semi-endogenous growth, the welfare effect of patent instruments mainly depends on the channel of
R&D labor, which dominates the welfare effect through the channels of consumption production and leisure. Thus,
if v is too small (large), which makes the equilibrium R&D level low (high), the welfare improvement of optimizing
a coordination of patent instruments will be overstated (undermined). To balance these impacts on allocations, we
focus on a medium range of p € [1.24,1.3333] with a high level of s in Table 5-(2) and choose the steady-state
equilibrium value of ¢ = 1.3 in Table 5-(1), respectively, so that reasonable comparisons can be made against the
baseline setting.

5Notice that the second-best policy instruments in this exercise are given by corner solutions. Specifically, we
obtain the second-best optimal s** = 0 in Table 5-(1) and the second-best optimal p** = 1.3333 in Table 5-(2),
respectively.



steady-state welfare function is now measured in terms of the representative household rather than
for an individual; the population of the former grows at the rate of n, increasing the discount factor
in the welfare function (44).

Table 5: The welfare differences for semi-endogenous growth.

(Hp=13

S 0.1 02 03 04 05 06 07 08 09 1 average
& 3.13 3.23 341 3.60 3.78 3.98 4.17 436 4.56 4.76 3.93

& 0.26 035 0.53 0.71 090 1.08 1.27 146 1.65 1.84 1.04

13 287 2.87 288 288 2.89 289 290 290 291 292 2.89
(2) s=0.8

7 1.24  1.25 126 127 128 129 1.30 1.31 1.32 1.33 average
& 14.82 12.66 10.69 8.89 7.25 574 436 3.09 192 0.84 6.70
& 14.24 12.10 10.14 835 6.71 5.22 3.84 258 141 0.34 6.17
13 0.57 056 055 054 0.54 053 0.52 0.51 0.51 0.50 0.53

Notes: &1, &2, and £ denote the welfare gains in percentage between the equilibrium and the first-best outcome, be-
tween the equilibrium and the second-best outcome, and between the second-best outcome and the first-best outcome,
respectively.

7.2 Physical Capital Accumulation

In this subsection, we follow Chu (2009) to consider an extension of the semi-endogenous growth
model in the previous analysis by incorporating both capital and labor as factor inputs into the
production of intermediate goods and innovations.

The population size of the representative household is N; growing at the rate n € (0, p), and
the household’s utility function is still given by (35). However, the final goods now can be either
consumed by the household or invested in physical capital accumulation. To ensure balanced growth
(which will be described below), we choose final goods as the numeraire, implying that P, = 1.
Therefore, the law of motion for per capita asset becomes A; = (R —n) Ay + Wy (1 — Ly /Ny) —Cy —
T;, in which A; denotes the value of risk-free financial assets in the form of patents and physical
capital owned by each household member. The familiar Euler equation derived from the household’s
optimization yields the growth rate of per capita consumption, such that g. = C, /Cy = Ry — p.

The final-goods production follows (5), but the demand for intermediate-goods in industry
i becomes X;(i) = Y;/P,(i). The intermediate-goods production function is altered to X;(i) =
zq’f(i)ngt(i)LiTt@(i), where K, ;(4) is the capital inputs for producing intermediate goods i and 6 is
the capital share in production. Using cost minimization, the marginal cost of production for the
current leader in industry i is MCy(i) = (a/2%®) (Q:/0)" Wy /(1 — 0)) 77, where Qy is the rental
price of capital and 1 — « is the fixed rate of subsidy for intermediate-goods production that applies
to the cost of both capital and labor. Using the definition of patent breadth p, the monopolistic
price is given by (9), and the leader’s profit is II;(i) = (1 — 1/p¢) Pe(i)X¢(i) = (1 — 1/pe) Ys. The
factor payments for labor and capital are aW;Ly; = ((1 —0)/pt) Yy and aQiKyr = (0/p) Yy,
respectively.

With the infringement of sequential innovations along a quality ladder and the profit-division



rule s; for the licensing agreement between the entrant and the incumbent, the no-arbitrage condi-
tions for the values of the second-most recent innovation and the most recent innovation are given
by (11) and (12), respectively. In the R&D sector, the arrival rate of innovations for an R&D firm j
is now a function of capital and labor such that A\(j) = @thit( j)L}q;e(j), where ¢ represents R&D
productivity that the R&D firm takes as given. Hence, in the symmetric equilibrium, the first-order
conditions for an R&D firm’s profit maximization are given by (1 — 0)V1 1@, (Kr’t/Lr,t)_e = oW,
and 0V1 104 (Ky ¢/ Lr,t)efl = 0Q¢, where 1 — o is the fixed rate of subsidy for R&D that applies
to the cost of both capital and labor. To remove the scale effects, the R&D productivity takes
a formulation such that ¢ = @(thqun;G)V_l/Ztl*ﬂ, where v € (0,1) captures the negative du-
plication externality and § € (—oo, 1) captures the knowledge spillovers externality, respectively.
Consequently, the aggregate-level arrival rate of innovations is given by A\ = cp(Kf7tLi;9)7 /Z} A,
and the growth rate of technology is g. = Z;/Z; = \Inz.

In the decentralized equilibrium, the final-goods market clears such that Y; = C;N; + I;, where
I; denotes the level of capital investment. The capital market and the labor market clear, such that
Kiy = Ky + Ky and Ny = Ly + Ly + Ly, respectively. The capital stock evolves according to
K; =Y, — C,N; — 6K, where § is the depreciation rate that satisfies the no-arbitrage condition for
capital such that Ry = Q¢ — 0. Using the intermediate-goods demand and (5) yields the aggregate
production function of the final goods, such that Y; = ZtKg,tLifte. On the balanced growth
path, each labor allocation grows at the rate n. Then, the growth rate of technology is given by
g. = v(0gr + (1 —0)n)(1 - B)~', where g denotes the capital growth rate. Also, the growth rate of
consumption per capita is g. = g, — n, where g, denotes the growth rate of final goods. Imposing
the BGP on the aggregate production function Y; yields g, = g, = n + g./(1 — 6), which implies
g. = n[(1 — B)/y —0/(1 —0)]~L. Thus, the steady-state arrival rate of innovations is given by
A = g./Inz, and the steady-steady real interest rate is Ry = R=p+g.=p+ gy — 1.

Denote the rate of capital investment by i, = I;/Y;. In Appendix C, we derive the steady-state
equilibrium labor allocations as follows:

o
Ly = (1 - Z) 1¢7M€Lx,ta (45)
L oo a(p—1) 1—s SA -1
Loi= |14(1— N, 46
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and the steady-state equilibrium R&D share of factor inputs and the rate of capital investment as
follows:

m aX(p—1) 1—s SA
= 4
1—-m o [p—n+)\+(p—n+/\)2]’ (48)
. 0 m gr + 0
= o (T2 e ()

where m = my = my, my = K, /Ky, and m; = L, /(N — Ly).
As for the first-best allocations, the social planner chooses leisure L;, the ratio of R&D allocation
my, and the rate of capital investment 7, to maximize the households’ lifetime utility, subject to the



constraints of final-goods production, labors, capital accumulation, and technology. The derivation
is shown in Appendix C. This optimization yields the optimal R&D share of factor inputs given by

l—-m* Ly, K;, p—-n+ (1-75)g.’
the optimal rate of capital investment given by
=011 51
i <+1_m*)R+5, (51)
and the optimal ratio of leisure and production labor given by
Lt - (1 —1 )mLI7t. (52)

Notice that the mix of p and s suffices to equate m/(1 — m) and i; under the steady-state
equilibrium (i.e., (48) and (49)) to m*/(1 —m*) and 4; under the social optimum (i.e., (50) and
(51)). Hence, comparing L;/Ly; in (44) and Ly/L}; in (52) reveals that optimal patent breadth
continues to be p* = 1/a. In addition, using this result and comparing (48) and (50) yields the
optimal profit-division rule such that

= —11/<D [1_ lioz ((1 - 1/<I>)/an—|—(1 —6)/@)] ’ (53)

where ® = Inz[(1—8)/v—60/(1—0)](p/n—1)+ 1. Obviously, s* in (53) reduces to the one without
capital accumulation in (42) when § =0,y =1, and 6 = 0.

Comparing the steady-state equilibrium and the social optimum indicates that this extended
model features four layers of allocative distortions: (a) the distortion on the relative supply of
labor, given by L/L,; (b) the distortion on the relative allocation of R&D in labor, given by
L,/Lg; (c) the distortion on the relative allocation of R&D in capital, given by K,/K; and (d)
the distortion on the investment for capital accumulation, given by i. However, the above result
demonstrates that the optimal coordination of patent instruments is sufficient for correcting all
these distortions and reaching the first-best outcome. The reason is straightforward. Along the
BGP, the R&D share of factor inputs is identical under both labor and capital, implying that the
distortions (b) and (c) coincide with each other and can be removed simultaneously. Furthermore,
as shown in Chu (2009), the discrepancy between the steady-state rate of capital investment and the
first-best rate (i.e., distortion (d)) stems from the markup u in addition to the difference between
the equilibrium R&D share of capital and its socially optimal share (i.e., distortion (c)). More
importantly, the discrepancy between the steady-state ratio of leisure and production labor and its
first-best counterpart (i.e., distortion (a)) stems from the markup p in addition to the difference
between the steady-state rate of capital investment and the first-best rate (i.e., distortion (d)).
In other words, once the wedges in allocations caused by the markup and the R&D share of
factor inputs (i.e., m/(1 —m)) are eliminated, all of the above four distortions are simultaneously
remedied; thus, the first-best outcome can be restored. This objective is achievable by employing
patent breadth together with the profit-division rule to adjust the effects of u and m/(1 — m).



As for the comparative statics of the optimal profit-sharing rule, observing (53) shows that s*
continues to decrease in « and o, as in the prior models. In addition, combining (47) and (50)
yields the labor allocation in R&D relative to manufacturing, such that

Lyy/Lyy 11—« 1-s s [i’(p/n—l)—l—l—ﬁ]

* ¥ I + = :| ’ (54)
Ly /Ly, o |[®lnz(p/n—1)+1 (Plnz(p/n—1)+1)2 v
where ® = (1—f3)/y—0/(1 —6). Therefore, like the similar reasoning applied in (43), s* is strictly
decreasing in z, but it could be increasing or decreasing in n/p, 3, and 0, depending on the size of
Inz.

We denote l; = L¢ /Ny, Iyt = Lyt /Nt, and kyp = Ky /Ny similarly as in Section 7.1. To quantify
the welfare comparisons between the decentralized equilibrium and the optimal outcomes in this
extension, imposing balanced growth on (35) yields the steady-state equilibrium welfare function
given by

U=—1 |ncy+ ol + 9| (55)
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where Cy = (1 — ) Zo(1 — m)Pk§IL=0, Zo = [plnz(NgmPk§I1=0)7 /g ]V OB g, = g./(1 — 0) =
[(1-8)/y—0/(1—-0)]"'n/(1—6), and the exogenous terms Ny and ko will be dropped. Here, we
continue to focus on steady-state welfare and then derive the second-best outcomes by optimizing
s under g = 1.3 in Table 6-(1) and by optimizing y under s = 0.8 in Table 6-(2), respectively (See
Footnote 3). The parameters are again calibrated as previously, except that we set n = 0.01 to
match the long-run average growth rate of the US population.” There are four structural parameters
{0,6,v, P} that are new in this numerical exercise. First, we set the annual depreciation rate § on
physical capital and the capital-share parameter 6 to their conventional values of 0.08 and 0.3,
respectively. As for {7, 3}, we use R = 0.08 as the market level of real interest rate, which is
in line with the historical rate of return on the US stock market. Accordingly, maintaining the
first-best value of s* at 0.5 as in our previous analysis, the calibrated value of the R&D duplication
externality v and that of the knowledge spillovers externality § are approximately 0.98 and 0.23,
respectively. The first-best level of patent breadth p* remains at 4/3.

As shown in Table 6, the qualitative patterns of the numerical results are analogous to those in
the previous analysis.® It is worthwhile to note that the size of welfare gains in this exercise is even
much larger than those in the previous models. For example, in Table 6-(1) where s is optimized
given the level of u, starting off with the market equilibrium in which u = 1.3 and s = 0.15, &1, &,
and ¢ increases from 0.033%, 0.004%, and 0.029% in the baseline model (or 3.13%, 0.26%, 2.87%
in semi-endogenous growth without physical capital) to 6.99%, 0.44%, and 6.55% with physical
capital. Furthermore, compared to the setting of no capital in the last subsection, optimizing s in
the presence of physical capital accumulation can better enhance welfare for all equilibrium levels
of s, with the upper bound of the welfare gain increasing from 1.84% to 3.19% and the average
increasing from 1.04% to 1.78%. The range of these welfare sizes thus falls in line with Chu (2009).

"Data source: World Development Indicators. Although the choice of n is changed in this exercise, the implied
growth rate of technology is g, = 0.028, which is only slightly lower than the counterpart in the previous subsection
(ie., 0.0216).

8The second-best policy instruments in this subsection are still given by corner solutions, yielding the second-best
optimal s** = 0 in Table 6-(1) and the second-best optimal p** = 1.3333 in Table 6-(2), respectively.



This pattern on the changes in the welfare sizes is also true for the scenario where p is optimized
given the level of s, as shown in Table 6-(2).

The reasons for the above changes are twofold. First, the current model follows the foregoing
semi-endogenous growth model to use a utility function stemming from the representative house-
hold, which is embedded with a larger discount factor than the one for an individual. Second, four
layers of distortions exist in this model as mentioned. Specifically, in addition to the distortions
in labor allocations {L, L,, L, }, distortions in the rate of capital investment i and the R&D share
of capital inputs {K,, K,} are introduced. Because of these extra distortions, the steady-state
welfare level in the current model tends to be considerably lower than in the first-best outcome
and in the second-best outcomes, and optimizing one patent instrument alone or a mix of them
effectively remedies two more layers of distortions in this variant than in the previous ones. Thus,
it is not surprising that welfare improvements in this exercise turn out to be more remarkable when
appropriate policy interventions are executed.

Table 6: The welfare differences for semi-endogenous growth with physical capital accumulation.
(1) p=13

S 0.1 02 03 04 05 06 07 08 09 1 average

& 6.99 7.15 748 7.81 814 849 883 9.19 955 991 8.42

& 0.44 0.60 0.90 1.21 1.3 1.85 2.18 251 284 3.19 1.78

13 6.55 6.56 6.58 6.60 6.62 6.64 6.66 6.68 6.70 6.72 6.63

(2) s=10.8

W 124 125 126 1.27 128 129 13 131 1.32 1.33 average
& 31.82 27.11 22.84 1896 15.41 1217 9.19 645 392 158 14.24
& 30.73  26.06 21.82 17.97 14.46 11.24 828 5.56 3.06 0.73 13.29
¢ 1.09 1.05 102 099 096 093 090 088 0.86 0.84 0.95

Notes: &1, &2, and & denote the welfare gains in percentage between the equilibrium and the first-best outcome, between the
equilibrium and the second-best outcome, and between the second-best outcome and the first-best outcome, respectively.

Appendix B

In this appendix, we derive the labor allocations in the steady-state equilibrium and in the social
optimum, respectively, under semi-endogenous growth. Additionally, we show the comparative
statics of the optimal profit-division rule in (42).

Steady-State and Optimal Labor Allocations

With the arrival rate of innovations being subject to the fishing-out effect, normalizing W,
to unity implies that Vi, V14, and Vo, all grow at the rate n along the balanced growth path.

Therefore, using (11) and (12), we obtain that V5, = % and Vi = [Rtl:ﬁiA + (Rt_i;\Jr/\)Q] I1,.
Moreover, combining the monopoly profit (i.e., IT; = (1 — 1/p)N¢E}), the FOC for the R&D labor
(i.e., Viy = 0L;t/N), and the labor-market-clearing condition (i.e., Ly+Ly ¢+ Ly = Nt), a few steps

of simplification yield % — o/ %(i{(/% )ﬂb), where we also use the leisure-consumption relation




(i.e., WiLy = ¢E;N;) and the production-labor share of output (i.e., aW;L, ¢ = EN;/p). These
conditions imply that FE; is constant, given that labor inputs grow at the rate n along the BGP.
Thus, we can derive the relationship between R; and E; as follows:

l-s sA _o(l/E —1/(ap) — §)
Ri—n+X (R —n+\)? A1 —1/p) '

(B.1)

From (B.1), we know that R; is an increasing function of E;, so the Euler equation implies that
Et /E; is also increasing in E;. In addition, when E; — 0, Ry — n — A and Et /E; < 0 because
n < p. Then, the steady-state equilibrium value of F; must be positive. Hence, setting the Euler
equation to zero yields F = a/\(u—l)[(p—n)(1—s)fﬁ7(p—n+A)2+a(1+au¢)7 which implies R; = p along the
BGP.

Consequently, from the production-labor share of output and the FOC for R&D labor, (B.1)
implies Lrt — oAw=1) | 1-s SA

p Lyt o p—n+A (p,nJr)\)?
easy to derive the steady-state equilibrium labor allocations in (36)-(38).

. Making use of the leisure-consumption relation, it is

As for the optimal labor allocations, the social planner maximizes (35) subject to the con-
straints of consumption production, technology, and labors, yielding the following current-value
Hamiltonian:

Zt(l — mt)(Nt — Lt)
Ny

where m; = Ly /(Ny — L) is the ratio of R&D labor and 7 is the costate variable associated with

the law of motion for technology. Therefore, the FOCs for L; and m; are given, respectively, as

L
Hi=1In + (blnﬁt + 1 [my(Ny — Ly)plnz] , (B.2)
t

follows:

OH, 1 b
— O —_ _——= 1 N B.3
oL =V TN T T, hmeelns (B.3)
OH, 1
o= = m(N; — Ly)lnz; B.4
Oy [ ne(Ne — Lt )plnz; (B.4)
oH, 1
—_— = — — 7 . B-5
27, = 7, ne(p —mn) — e (B.5)

Applying 1—my = Ly +/(N¢—Ly) in (B.3) and (B.4) yields (39). Then, manipulating (B.5) and using
the fact that Z; = nZ; along the BGP yields a differential equation such that 7; Z; —i—mZt = pmeZi—1.
Integrating this equation with respect to time implies that 7,Z; = 1/p. Using this result with (B.4)
and the definition of Z; yields (41). Finally, combining (39), (41), and the labor-market-clearing
condition yields (40).

Comparative Statics of the Optimal Profit-Division Rule

First, we find out the range of n/p and Inz to ensure that s* in (42) lies between 0 and 1, that

— —(/p)+/ (A=) (n/p)/o

and Inz € (Inzy,1Inzg), where Inz; = jy

is the boundary for s* to be greater than 0, respectively.

11—«
o

is, n/p < is the boundary for s* to

be less than 1 and an(] = W
Next, from (42), s* decreases as z, o, and/or « increases. Nevertheless, n/p has both a positive

and a negative effect on s*. To see the conditions under which the positive effect dominates the



negative one, taking the derivative of s* with respect to n/p yields

88* _ J(lnz — 1)2 - (?j;;/;%Q (B 6)
a(n/p) (1 —a)lnz ’ )

where the denominator is positive. Thus, whether or not ds*/9(n/p) is positive depends on the
sign of the numerator, which is determined by the sign of @ + ¢ — 1 and the magnitude of Inz.
There are two cases to be considered.

(1) Suppose a+0 —1 > 0. Then, the numerator in (B.6) can be viewed as a function of Inz, and
+ — 14 Vato-l
— T Vo(l-n/p)’

1—,/2t2=l =¥ where Y < :=2. Also, it is easy to verify that Inz" > Inzg > max {Inz",Inz; } and
< a+20—-1-2+/o(at+o—-1) __
-« =

= = X, where 0 < x <. Thus, comparing
Inz~ and Inz; implies the following four possibilities for the effect of n/p on s*:

(i) when n/p € (x,X), the set of Inz that makes s* bounded between 0 and 1 and increasing in n/p
is empty;

(ii) when n/p € (x,X), the set of Inz that makes s* bounded between 0 and 1 and decreasing in
n/pis (Inz1,Inzp);

(iii) when n/p € (0, X)’ the set of Inz that makes s* bounded between 0 and 1 and increasing in

the roots of the numerator are Inz To guarantee that Inz~ > 0, we assume n/p <

that Inz™ ; Inz; if and only if n/p

n/pis (Inz1,lnz7); and

(iv) when n/p € (O, X)v the set of Inz that makes s* bounded between 0 and 1 and decreasing in
n/pis (Inz—,Inzp).

In other words, the numerator and ds*/d(n/p) are positive (or negative) if Inz is sufficiently small
(i.e., Inz < Inz™ in (iii)) (or large (i.e., Inz > Inz; > Inz~ in (ii) and Inz > Inz™ in (iv)).

(2) Suppose a+o0—1 < 0. Then, the numerator in (B.6) is positive, so s* is strictly increasing in
n/p, regardless of the level of Inz. However, this case does not apply when subsidies to intermediate
goods and research are relatively small (namely, o and o are relatively large), which is more likely
to occur.

Appendix C

In this appendix, under the extended version of the blocking-patents model with physical capital
accumulation, we derive the allocations of labor and capital in addition to the rate of capital
investment in the steady-state equilibrium and in the first-best outcome, respectively.

The rate of capital investment is denoted by i; = I;/Y;. As for the steady-state equilibrium allo-

cations, on the balanced growth path, using (11) and (12) yields V ; = R;;;Jr/\ + (Rt*;}!\‘i’/\)z] I1;,
where R; = g.+p = g, —n+p. Moreover, combining this condition with the capital factor payment
and the FOC for capital in R&D (i.e., aQi Ky = (6/p1) Yr and 0V) 14 (Kr’t/[,m)e—l = o)) yields
(48), implying that my; is stationary, given that p, s, and A are constant along the BGP. Then,
using capital accumulation i; = (gr + §)K;/Y:, the capital factor payment, and the no-arbitrage
condition for capital (i.e., Q; = Ry + ) yields (49), implying that i; depends on m and is thus
stationary.

Next, using the labor factor payment (i.e., aWiLg,; = ((1 —0)/ut) Yz), the FOC for labor in
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R&D (i.e., (1-0)Vi 44 (Kr,t/Lm)fa = oW}), and the relation between V; ; and II; yields (46), which
implies that m;; is stationary and confirms m = mj, = m,;. Furthermore, the final-goods resource
constraint implies (1 — 4;)Y; = C¢N;. Combining this constraint together with the labor factor
payment and the leisure-consumption condition (i.e., WyL; = ¢CN¢) yields (45). Substituting (45)
and (46) into the labor-market-clearing condition yields (47).

As for the first-best allocations, the social planner chooses L;, m;, and 4; to maximize the
households’ utility subject to the constraints of Y; = ZtKgytLglthg, K, =i,Y,—0K;, N, = L+ Lo+

L,+, and Zy = cplnz(thL}n;e)VZf , yielding the following current-value Hamiltonian:

Zt(l — mt)Kf(Nt — Lt)l_e
Ny

. L . _
Hy = In(1 — 1) + ¢lnﬁi+Ck,t [ZtZt(l —my)K{(Ny — L)% — 6Kt}

+Co [Z,@Bmnge(Nt — Lt)W(lfe)golnz} )
(C.1)

where (;; and (, are the costate variables associated with the law of motion for capital and for
technology, respectively. Therefore, the FOCs for L;, m;, and i; are given, respectively, as follows:

OH; ¢ Ny— Ly . '
oL, 0= 1-0 1, 1+ Qe Yy + C 792245 (C.2)
OH 1—m )
Tt = 0= Cv9:-Z L= 1 eV (C.3)
Ty my
OH .
# =0= (1 — i)Y = 1 (C4)
it
0H; . )
0K, (p—n)Cht — Crot = O (14 CopieYs + C2079:21) = (Ry + 6)Cro K (C.5)
OH; : .
7z, (p=n)Ct — Gt = 14 Gepitr = [p—n+ (1 = B)g:] G121, (C.6)

where we use the fact that g;, = —gy = —gc + n in (C.5) and that g, = —g. in (C.6) along the
BGP. Combining (C.3) and (C.6) immediately yields (50). In addition, substituting (C.3) and (C.4)
into (C.5) and applying the law of motion for capital yields (51). Finally, combining (C.2)-(C.4)
and using the definition of m* = L}, /(Ny — Ly) yields (52).
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