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Proof. [For Equation (6)]: To derive the log-linear approximation to the price-dividend
ratio and asset returns, let mt = log (Mt) be the log intertemporal marginal rate of
substitution (IMRS). Plugging in the log-linear approximation to returns rt+1 ≈ k0 +gd,t+1 +
κ1zt+1− zt and the linear approximation to the log price-dividend ratio zt ≈ a0 + a1st + a2δt
in the Euler equation,1 I obtain

1 = Et (exp (mt+1 + rt+1))

= exp



γ (φs − 1) s̄+ log (β) + k0 + µc (1− γ)

+a0κ1 − a0 + a1κ1 (1− φs) s̄+ 0.5 (1 + a2κ1)2 σ2
δ

+ (−γ (φs − 1)− a1 + a1κ1φs) st
+ (a2κ1ρδ − a2 + (ρδ − 1)) δt

+0.5 (1 + a1κ1λ (st)− γ (1 + λ (st)))
2 σ2

c

+ (1 + a1κ1λ (st)− γ (1 + λ (st))) (1 + a2κ1)σcδ

 .

Replacing the sensitivity function λ (s) with its linear approximation λ (s) ≈ −aλ (s− smax)
in the above equation, and setting the coefficients in front of the state variables to zero, it
follows that

a2 =
ρδ − 1

1− κ1ρδ
, (1)

1The parameters κ1 and κ0 are determined endogenously as a function of mean price-dividend ratio by

κ1 = exp(E[zt])
1+exp(E[zt])

, and κ0 = − log κ1 − (1− κ1) log
(

1
κ1
− 1
)

.
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and a1 can be determined as the unique positive root of the following quadratic equation:2

0 =

(
2aλκ

2
1 −

2κ2
1

S̄2

)
a2

1 +

(
κ1φs − 1

0.5σ2
c

− aλσc,δκ1

0.5σ2
c

[1 + a2κ1]− 2aλκ1 (1 + γ) +
4γκ1

S̄2

)
a1

+

(
1

0.5σ2
c

aλ [1 + a2κ1]σc,δγ + 2aλγ −
γ (φs − 1)

0.5σ2
c

− 2γ2

S̄2

)
. (2)

Finally, a0 can be determined by the equation

a0 =
1

1− κ1


σ2
c

2

(
(a1κ1 − γ)2 1

S̄2 (1 + 2s̄) + 2 (1− a1κ1) (a1κ1 − γ) (1 + aλsmax)

+ (1− a1κ1)2 + (1− γ + (a1κ1 − γ) aλsmax) (1 + a2κ1)
σc,δ

0.5σ2
c

)
+γ (φs − 1) s̄+ log (β) + k0 + µc (1− γ)

+a1κ1 (1− φs) s̄+ 0.5 (1 + a2κ1)2 σ2
δ

 .

(3)
Plug this linear approximation on the price-dividend ratio back into Campbell-Shiller log-
linear approximation to returns to obtain

rt+1 ≈ (κ0 + µc − a0 + a0κ1 + a1κ1 (1− φs) s̄) + ((ρδ − 1)− a2 + a2κ1ρδ) δt

+ (a1κ1φs − a1) st + (1 + a1κ1λ (st)) εc,t+1 + (1 + a2κ1) εδ,t+1

≈ (κ0 + µc − a0 + a0κ1 + a1κ1 (1− φs) s̄) + (a1κ1φs − a1)

(
St
S̄

+ log
(
S̄
)
− 1

)
+ ((ρδ − 1)− a2 + a2κ1ρδ) δt + (1 + a1κ1λ (st)) εc,t+1 + (1 + a2κ1) εδ,t+1

≈ κ0 + µc − a0 + a0κ1 + a1κ1 (1− φs) s̄+ (a1κ1φs − a1)
(
log
(
S̄
)
− 1
)

+
a1κ1φs − a1

S̄
St + (1 + a1κ1λ (st)) εc,t+1 + (1 + a2κ1) εδ,t+1.

2Notice that λ′ (s) ≤ 1
S̄2 ; hence, it is natural to choose 0 < aλ < 1

S̄2 to approximate the sensitivity

function. Hence, the coefficient 2aλκ
2
1−

2κ2
1

S̄2 in the quadratic equation (2) is negative. Further, the constant
term in the quadratic equation satisfies

1

0.5σ2
c

aλ [1 + a2κ1]σc,δγ + 2aλγ −
γ (φ− 1)

0.5σ2
c

− 2γ2

S̄2
=

[(
1− κ1

1− κ1ρδ

)
σc,δ
σ2
c

+ 1

]
2aλγ.

If we assume
σc,δ
σ2
c
≥ −1, then the constant term in the quadratic equation is positive. Hence, there is a

unique positive root for equation (2). Notice that εc,t is the innovation in ct, and εδ,t is the innovation in dt
minus the innovation in ct. As long as the innovations in ct and the innovations dt are positively correlated
(i.e., consumption growth and dividend growth are positively correlated),

σc,δ
σ2
c
> −1 holds.
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Letting

α̂ = κ0 + µc − a0 + a0κ1 + a1κ1 (1− φs) s̄+ (a1κ1φs − a1)
(
log
(
S̄
)
− 1
)

(4)

βS =
a1 (1− κ1φs)

S̄
, (5)

βc = 1 + a1κ1
1− S̄
S̄

(6)

βδ = 1 + a2κ1 = 1 +
ρδ − 1

1− κ1ρδ
κ1 =

1− κ1

1− κ1ρδ
> 0 (7)

and further approximating λ (st) with λ (s̄) = 1−S̄
S̄

(obtained from the defintion of λ (st) in
CC), it follows that

rt+1 ≈ α̂− βSSt + βcεc,t+1 + βδεδ,t+1. (8)

Moreover, the habit level Xt can be further approximated as an exponentially weighted
average of past consumption,

Xt ≈
1− φs
φs

∞∑
k=1

φksCt−k, (9)

where φs is the measure of habit persistence. Since 1−φs
φs

∑∞
k=1 φ

k
s = 1. Substitute equation

(9) back into the definition of the surplus ratio, approximate to the first order, and simplify
to obtain

St ≈ S̃t ≡
∞∑
j=1

φj−1
s gc,t+1−j. (10)

Plugging equation (10) into equation (8), I can write down excess asset returns as follows:

rext+1 ≈ α− βS
∞∑
j=1

φj−1
s gc,t+1−j + βcεc,t+1 + βδεδ,t+1, (11)

where the constant α = α̂− rf . Thus, the derivation for equation (6) is complete.

Proof. [For Propositions 1&2]: First, replacing each term in equations (6) and (1) by its

spectral representation, and noting that the resulting equations are valid for all t, I obtain
the following equations for the orthogonal increment processes Zgc , Zr, Zεc , and Zεδ in the
spectral representations of {gt}, {rext }, {εc,t} , and {εδ,t}:

dZgc (λ) = dZεc (λ)

dZr (λ) = −βS
∞∑
j=1

φj−1
s e−ijλ · dZgc (λ) + βcdZεc (λ) + βδdZεδ (λ) .
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Notice that
∑∞

j=1 φ
j−1
s e−ijλ = e−i·λ

1−φse−i·λ . Solve for dZgc (λ) and dZr (λ) to obtain

dZgc (λ) = dZεc (λ)

dZr (λ) =

(
−βSe−i·λ

1− φse−i·λ
+ βc

)
dZεc (λ) + βδdZεδ (λ) .

It follows that the multivariate spectrum is given by

2πf11 (λ) = σ2
c

2πf22 (λ) =

∣∣∣∣ −βSe−i·λ1− φse−i·λ
+ βc

∣∣∣∣2 σ2
c + β2

δσ
2
δ

+2Re

(
κ1

e−i·λ

1− φse−i·λ
+ βc

)
βδσcδ

2πf12 (λ) =

(
−βSe−i·λ

1− φse−i·λ
+ βc

)′
σ2
c + βδσcδ

=

(
βS
(
φs − ei·λ

)
1 + φ2

s − 2φs cos (λ)
+ βc

)
σ2
c + βδσcδ.

For the cospectrum Csp (λ), the real part of the cross spectrum f12 (λ) ,

2πCsp (λ) =

(
βS (φs − cos (λ))

1 + φ2
s − 2φs cos (λ)

+ βc

)
σ2
c + βδσcδ.

Therefore, the derivative of the cospectrum is

C ′sp (λ) = βSσ
2
c

sin (λ) (1 + φ2
s − 2φs cos (λ)) + 2φs sin (λ) (cos (λ)− φs)

(1 + φ2
s − 2φs cos (λ))2

=
βSσ

2
c sin (λ)

(1 + φ2
s − 2φs cos (λ))2

(
1− φ2

s

)
≥ 0,

and the portion of covariance contributed by components at frequency λ is increasing in the
frequency λ. By definition, the coherence and the phase are, respectively,

h (λ) =
|f12|√
f11f22

tan (φ12 (λ)) =

βS sin(λ)
1+φ2s−2φs cos(λ)

σ2
ε(

βS(φs−cos(λ))
1+φ2s−2φs cos(λ)

+ βc

)
σ2
c + βδσcd

. (12)
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At the frequency λ = 0, the cospectrum is

Csp (0) =

(
−βS

1− φs
1 + φ2

s − 2φs
+ βc

)
σ2
c + βδσcδ

=

(
1− a1κ1 −

a1 (1− κ1)

S̄ (1− φs)

)
σ2
c + βδσcδ.

Therefore, the low-frequency correlation between consumption growth and asset returns is

negative if and only if
(

1− a1κ1 − a1(1−κ1)

S̄(1−φs)

)
+ βδ

σcδ
σ2
c
< 0.

By differentiating equation (12), the sign of the slope of the phase spectrum can be
examined. To see this, start with

φ′12 (λ)

∝ −
[
βS (φs − cos (λ))σ2

c +
(
βcσ

2
c + βδσcδ

) (
1 + φ2

s − 2φs cos (λ)
)]
· βS cos (λ)

+βS sin (λ) ·
[
βS sin (λ)σ2

c + 2φs
(
βcσ

2
c + βδσcδ

)
sin (λ)

]
,

where “∝ ” denotes that both sides of “∝ ” have the same sign. Rearrange and simplify to
obtain

φ′12 (λ)

∝ −a1 (κ1φs − 1)

S̄
+ 2φs

(
1 + a1κ1

1− S̄
S̄

)
+ 2φsβδ

σcδ
σ2
c

−
{

1 + a1κ1
1− S̄
S̄

+ βδ
σcδ
σ2
c

+ φ2
s +
−a1κ1S̄φ

2
s

S̄
+
a1φs
S̄

+ βδφ
2
s

σcδ
σ2
c

}
cos (λ)

≥ −
[
1− a1κ1 − a1

1− κ1

S̄ (1− φs)
+ βδ

σcδ
σ2
c

]
(1− φs)2 .

The inequality above requires the assumption

(1− a1κ1)
(
1 + φ2

s

)
+
a1κ1

S̄
+
a1φs
S̄

+ βδ
(
1 + φ2

s

) σcδ
σ2
c

> 0, (13)

which is true if the correlation between the innovations of return and consumption is positive.

Thus, the phase spectrum is increasing as long as
(

1− a1κ1 − a1(1−κ1)

S̄(1−φs)

)
+ βδ

σcδ
σ2
c
< 0 and the

correlation between the innovations of return and consumption is positive.

Proof. [For Proposition 3]: Replacing each term in equations (12) and (13) by its spectral
representation, and noting that the resulting equations are valid for all t, I obtain the
following equations for the orthogonal increment processes Zgc , Zr, Zx, Ze, Zu, and Zη in
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the spectral representations of {gc,t}, {rext }, {xt}, {et} , {ut} , and {ηt}:

dZgc = e−iλdZx + σdZη

dZx = ρe−iλdZx + ϕeσdZe

dZr =
φ− 1

ψ

1− κ1mρ
κ1mϕeσdZe + ϕdσdZu.

Define A1m =
φ− 1

ψ

1−κ1mρ , rearrange, and solve for dZgc and dZgc to obtain

dZgc =
ϕeσe

−iλ

1− ρe−iλ
dZe + σdZη

dZr = κ1mA1mϕeσdZe + ϕdσdZu.

Thus, the multivariate spectrum is given by

frr = σ2
ξ = (κ1mA1mϕeσ)2 + (ϕdσ)2

fgg =

∣∣∣∣e−iλ ϕeσ

1− ρe−iλ

∣∣∣∣2 + σ2

fgr =

(
e−iλ

1− ρe−iλ

)
κ1mA1mϕ

2
eσ

2 + ϕdσ
2ρηu

=
e−iλ − ρ

(1 + ρ2 − 2ρ cos (λ))
κ1mA1mϕ

2
eσ

2 + ϕdσ
2ρηu

Solving for the cospectrum Csp (λ), the real part of the cross spectrum f12 (λ) , yields

Csp (λ) =
(cos (λ)− ρ)

(1 + ρ2 − 2ρ cos (λ))
· κ1mA1mϕ

2
eσ

2 + ϕdσ
2ρηu.

Taking the derivative and rearranging the equation yield

C ′sp (λ) =
sin (λ) (ρ2 − 1)

(1 + ρ2 − 2ρ cos (λ))2 ·
φ− 1

ψ

1− κ1mρ
κ1mϕ

2
eσ

2.

From the expression of fgr , under the assumption of ρηu = 0, I can solve for the phase

spectrum φ12 (λ) :

tan (φ12 (λ)) =
− sin (λ)− ρ
cos (λ)− ρ

.
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Thus, taking the derivative, it follows that

φ′12 (λ) ∝
d− sin(λ)−ρ

cos(λ)−ρ

dλ
∝ − cos (λ)2 + ρ cos (λ)− sin (λ)2 − ρ sin (λ)

= ρ (cos (λ)− sin (λ))− 1 < 0,

where “∝ ” denotes that both sides of “∝ ” have the same sign. Thus, the phase spectrum
is always decreasing.

Assume that the consumption and return dynamics are given by

rext+1 ≈ α− βC x̃t + εr,t+1.

x̃t = ρx̃x̃t−1 + εx̃,t

ct = Tt + x̃t

Tt = Tt−1 + ξt, (14)

where βC > 0 captures the countercyclical expected return behavior in the model, εr,t,
εx̃,t, and ξt are corresponding i.i.d. shocks with corr (ξt, εx̃,t) < 0. This trend-cycle
representation of consumption is equivalent to the one-channel long-run risk model. We
only need to define ρ = ρx̃, µ = E (ξt+1) , xt ≡ (1− ρx̃) x̃t, ηt+1 ≡ ξt+1−µ+εx̃,t+1

σ
, and

et+1 ≡ (ρx̃−1)εx̃,t+1

ϕeσ
. Then, consumption growth can be represented as: gc,t+1 = µ+xt +σηt+1,

and xt+1 = ρxt + ϕeσet+1. Hence, when the cyclical component is low (i.e., x̃t < 0), the
expected consumption growth rate in the BY model xt is high. Moreover, corr (ηt, et) = 0

implies that corr (ξt+1, εx̃,t+1, ) =
−σεx̃
σξ

< 0.

Proposition 4: It can be shown that consumption and excess returns has the following
property:

dCsp (λ)

dλ
< 0 for λ ∈ (0, π)

if and only if

βC

(
σ2
εx̃

+ σξ,εx̃
1 + ρx̃
1− ρx̃

)
+ σεr,εx̃ (1 + ρx̃) < 0. (15)

Proof. [For Proposition 4]: First, rewrite the consumption and return dynamics as
below:

gc,t+1 = ξt+1 + x̃t+1 − x̃t
x̃t+1 = ρx̃x̃t + εx̃,t+1

rext+1 = α− βC x̃t + εr,t+1, where βC > 0. (16)

Then, replacing each term in equation (16) by its spectral representation, and noting that
the resulting equations are valid for all t, I obtain the following equations for the orthogonal
increment processes Zgc , Zr, Zx̃, Zεx̃ , and Zεr in the spectral representations of {gc,t}, {rext },
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{x̃t}, {εx̃,t} , and {εr,t}:

dZgc = dZξ +
(
1− e−iλ

)
dZx̃

dZx̃ = ρx̃e
−iλdZx̃ + dZεx̃

dZr = −βCe−iλdZx̃ (λ) + dZεr (λ) .

Rearranging the above equations yields

dZgc = dZξ +
1− e−iλ

1− ρx̃e−iλ
dZεx̃

dZr =
−βCe−iλ

1− ρx̃e−iλ
dZεx̃ + dZεr .

Thus, the cross spectrum between consumption and excess returns is given by

2πf12 (λ) =
−βC

(
eiλ − ρx̃

)
1− 2ρx̃ cos (λ) + ρ2

x̃

σξ,εx̃ +
−βCeiλ + βC

1− 2ρx̃ cos (λ) + ρ2
x̃

σ2
εx̃

+

(
1− ρx̃eiλ − e−iλ + ρx̃

)
1− 2ρx̃ cos (λ) + ρ2

x̃

σεr,εx̃ + σξ,εr .

Solving for the cospectrum Csp (λ), the real part of the cross spectrum f12 (λ) , it follows
that

2πCsp (λ) =
−βC (cos (λ)− ρx̃)σξ,εx̃ − βC (cos (λ)− 1)σ2

εx̃
+ (1 + ρx̃) (1− cos (λ))σεr,εx̃

1− 2ρx̃ cos (λ) + ρ2
x̃

+σξ,εr .

Taking the derivative of the above equation and rearranging the resulting equation yield

C ′sp (λ)

∝
(
βC sin (λ)σξ,εx̃ + βC sin (λ)σ2

εx̃
+ (ρx̃ sin (λ) + sin (λ))σεr,εx̃

) (
1− 2ρx̃ cos (λ) + ρ2

x̃

)
+

2ρx̃ sin (λ)
(
βC (cos (λ)− ρx̃)σξ,εx̃ + βC (cos (λ)− 1)σ2

εx̃
− (1 + ρx̃) (1− cos (λ))σεr,εx̃

)
= (1− ρx̃)2 sin (λ) βCσ

2
εx̃

+ βC sin (λ)σξ,εx̃
(
1− ρ2

x̃

)
+ σεr,εx̃ sin (λ) (1− ρx̃)2 (1 + ρx̃)

=
[
(1− ρx̃)2 sin (λ)

]
×
[
βC

(
σ2
εx̃

+ σξ,εx̃
(1 + ρx̃)

(1− ρx̃)

)
+ σεr,εx̃ (1 + ρx̃)

]
.

Thus,
dCsp (λ)

dλ
< 0 for λ ∈ (0, π)

if and only βC

(
σ2
εx̃

+ σξ,εx̃
1+ρx̃
1−ρx̃

)
+ σεr,εx̃ (1 + ρx̃) < 0. Moreover, if the correlation between

innovation in the trend and the cycle is positive, the derivative of the cospectrum can be
positive, and hence the cospectrum can be increasing from low to high frequencies.
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